Theorem ( Bermon 1986) . for any groph G whose
edges ore partihoned nto 4uwo Spanni drees,

one with degrees h(v) ond +e othes with
degrees KW, Hhere is another such pardihon of

+he e.dses .

* Cameron ond Edmonds Sfound on alaeri thm
to get from one poarbhon 4o ane
. C.Omple\ﬁ"'ls 18 unirnewmn

The Indermediate Sp@mﬁwﬁ Tree. Problem (1$TP) :

L

Let G be o groph. Let H and K be spaaning
trees of & Witk degrees h(V) ond K(v) .

Is Here o < nninj 4ree. T (besides H or
Such dhat e degree of v in T is between
hCv) ond KRGV for all verlices v 2

I£ sacha T exists, i+ s colled on
intermediote +ree. of H and K .

! 12

,|
have
intermediate. 2
dree -
32
] t

*I8 H ond K are €dae digjoint and hW) 3 KO
" for Some v s ¥ Sel\ows v?u-om theorem ahove
ot H and K have an Intecwedi o, +ree.




TISTP s NP-complc'fe. since +He -Follouu'ms
problem 18

Given o. smpk conl-o;a'ms 4we distinat HamiHonian
padhs With ends w and v, S Hhere onclher
such Howilionian Pon ?

‘PPOO# s lbased on a P"OO‘e b g).p&d]mi'l'riou
and  Steiglita (1273) that the” following is MP-
c.ousple-le.'.

G'iven o aroph G  containmg o Hamiltenion
poth , does G contain o HWamiltonian
circut ?



Are Here an Sraplv\s G In which no pair
of spamlns ees hos an intermediate Jree 2

Yes . A hos 3 ‘P""""ﬂ trees
K3

No +we S Pona +rees |<3 hove, an
'm-\rermed}a.\-f:. -‘:ée. - D¥

In ‘£a«.c.+, K3 is esscu-l-;o\ln Hne, only such
Smpl\‘.

Theorem Let G be a connected graph with no
loops and ot leost +heee spanting  trees.

No +4wo stM\'H\S 4reecx o:ﬁ G hove on
inter mediote +rge

i and onlyg 1%

the greph G' oblined $rom G by repeatedly
rémoving vertices of Jdeqree |\ g a_g .

we. G \ooks like :

N



Pr'oof.'
=7) Suppese G' has m vertices. Thea m23,
I+ s easy 40 show “‘hat G' must be simple.
If m=37] we're done.
pose me2d., G must contain a ceycle C
oE \enqth 38 K& m. Suppose K24,
Czlvi,va, ., v, V)) .
Somé spanm'ns +ree H of G nmust
Condoin -

V, o=:.. \'.*
Tn H: ‘
Va V,
Let K= Hivwu-\UVy and Ts Hiviu-vy\, .
TIn k:vu[--'-“’-u ! v.]r--- —\v..
Va S v v,
Then T s an niermediate -l-reeaf.’ H ond
K @ Thas Ks3, = m2S.
So G contains ot least one of:
e S .
both of whickh \ead 1o contradichons,

Similor 4o e akeve.
({=) Creor. a

Note ' We can restrict our atlenhon Jo
swple connecd ed 3l~apk.s which contain no

vertices o% dcsree ohe ,



Suppese there exist verkices u and w s.t.

= h(v-1  i§ vau
Kev) = h(v)+t $ vew
h(v) else
Then we call H and K o skew pair

e’ Any intermediote 4ree of o skew
Pa\rk hos™ He some degree seguence as H
- .

Whot R\u&s o# s dnmus tcee PON'S ‘\ovc
no InNermediote tree ®

° Reqpired edae m\.\smj

 Same odegree seg

€.9. Tn Ky: r"\ ?
o SKew 4rees f
€.q. Ta KS . /\



Suppose H and K have diffecrent degree
Seguences ond are not sWew trees.

There evist venheces u ond W s.t.
hu) - RéL) 20
h(w)- K)o

ond

Then h(u) 2 =7 dhere 1S vertex vy
od Jacem'l 40 W naf- n Uh i gue pa.-l'k in H
c.omsu-hhj W ond W.

QK ““ 4
In B : fForm T s
wl s

H and T are sSkew P“;" 5 SO T+ K-, and

¢ Kl) & W)=\ = tl) £ k(L)
e h(w) £ tlw) = hD¥\ £ KwW)
e ()= h(x) for o\ vertices xduw.

_n\u.s, §£ edae wV sn G, H and K have
en \nwhrecmediale el

IR edge wv s not n G, then H and K
have an intermediate Jree in GU Lwny |



\In Kn; n2S:

eI H and K oare spann;n.j stars -

H/R Z\K

then H and K hove oan indermediate
tree  (inLoct, Hhere ace 277 -2 of them).

T4 H s reot mspann'm star, dhen
Kn contoins of \east 2 other spanning

-tru:‘ with +he same degree seguence
as :

« I R s o path, there are
(n-2)! >3 sparning drees with Hs
degree sequence

e I£ H is net o path, then B centoins:

AN - TT1
LI



We hove just proved the gollowiua <

Theorem. Tf£ h2S, then every pawr
Spm\uﬁ trees of Un hos own nderm ediote
tree.

@ ) Moreover, i€ W ond K have different degree
€S ond are nrot skew pairsS, then

they have onintermediate dree whose degree
segience ohiffers fHrom Hhat of H and K.

Theorem. IT£ nzd, me4, then D
s vue Lor Wn,wm.

Ce N all pessible
G & «: ODm edges

And IS more senem.\ result s true’

Theorem. Let G be He complede K-partite
raph for which ne set in K-partiion contoing
or 3 wverheces. Let+ n be He number of

sets in \U-parhhen c,o\\hlains exackly 1 verd-ew,

T4 e n=O and K22 , or
s K2n+125 y orf
. K=n:S§S

then @ s teve Ffor G.



Bui\d'ms bigger graphs in which e"“';l pair
i# SPawnfms trees hos an intermediate
ree -°

Reca)l: * cut vertex discornects srapk f deleled

° bloe®R s moaxmal subqraph con-l-a.'ma
no cud verdices.

Theocem. Let G be a simple connecled graph.
T @D s drue &r G, }tcn e s 'l'fué.s s
for every block of 6.

Whot chout ke converse ©

“Lewvial
B =

‘Theorem. Let G be o simple connected graph
n which every cut vecdeX 8 n of mmost

one nontrivial T bloe of &
TL @) i3 drue Sor every block of G,

Hom @D 'S +rue Lfor G.

.e. (G looks like*

bleck )
€dat



