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Introduction Aperiodic media

Motivation : Quasicrystals

1984 (’82) D. Shechtman, I. Blech, D. Gratias, J.W. Cahn,
“Metallic phase with long-range orientational order and no translation
symmetry”, Phys. Rev. Letters. (Schechtman : Nobel 2011).
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Introduction Aperiodic media

A Delone set D of parameters (r ,R) is a point set in Rd , uniformly discrete
(r ) and relatively dense (R).

Delone set Penrose tiling lattice

ΛR Λr

Al71Ni24Fe5
Steinhardt et al. 2015

Let D be the space of
Delone sets.
Convergence of Delone sets
(natural/rubber topology)

D

B1/ε(0)

Bε

Dn

dist(D,Dn) < ε
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Introduction Aperiodic media

Patterns

A pattern Repetition of patterns

Example :

’90 and on : Hof, Baake, Moody, Lagarias, Solomyak, Lenz, Stollmann, Veselić,
Müller, Richard...
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Introduction Aperiodic media

Delone operators on L2(Rd ) :

HD =−∆ + ∑
γ∈D

u(·− γ), D a Delone set,u ∈ C ∞
c (Rd )

Let D be the space of Delone sets and consider D 3 D 7→ HD .

• If D is a lattice, the spectrum of HD is absolutely continuous.

• Lenz-Stollmann’06 : in the space of all Delone sets of parameters (r ,R),
with 2r < R, under convenient conditions on u, there exists an interval I
where the spectrum of HD is generically purely singular continuous.

a priori HD is not translation invariant.
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Introduction Aperiodic media

What about localization for Delone operators ? [Germinet-Müller]

Is the "geometric diversity" in the space of Delone sets rich enough to
produce pure point spectrum ? and dynamical localization ?

Yes !

Theorem
Given a Delone set D ⊂Rd , there exists a family of Delone sets Dn such that

i. Dn converges to D in the topology of Delone sets.

ii. HDn converges to HD in the sense of resolvents.

iii. HDn exhibits localization at the bottom of the spectrum for all n ∈ N. In
particular, exhibits pp pectrum.
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Introduction Random Operators

Examples from the theory of random Schrödinger Operators.

Random Displacement Model :

Hω =−∆ + ∑
j∈Zd

u(x− j−ωj )

where ωj are iid, small vectors around
zero.
Localization holds at low energies
[Klopp-Loss-Nakamura-Stolz’12]
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Introduction Random Operators

Examples from the theory of random Schrödinger Operators.

Bernoulli Anderson Model :

Hω =−∆ + ∑
j∈Zd

ωju(x− j)

where ωj ∈ {0,1} are iid Bernoulli r. v.
Localization holds at low energies
[Bourgain-Kenig’05, Germinet-Klein’11].

A new version of an old method was needed. Key ingredient : unique
continuation principles [Bourgain-Kenig’05].
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Introduction Random Operators

Delone operators as random operators : Bernoulli r.v.

Let D be the space of all Delone sets.
Take D0 ∈ D and write D = D0∪D1,
with D,D1 ∈ D. Let

VDω
1

(x) = ∑
γ∈D1

ωγu(x− γ)

x ∈ Rd , with ωγ ∈ {0,1}, and
consider the operator

HDω =−∆+VD0 +VDω
1

on L2(Rd ).

D0

D1

D = D0
⋃
D1

Theorem ((Germinet)-Müller-RM)
Let D0 ∈ D. There exists a set Ω̂⊂ Ω of full probability measure such that
HDω , ω ∈ Ω̂ exhibits localization at the bottom of the spectrum.
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Introduction Random Operators

Delone-Anderson operators

Let D be the space of all Delone sets. Take D0 ∈ D and write D = D0∪D1,
with D,D1 ∈ D. Let

VDω
1

(x) = ∑
γ∈D1

ωγu(x− γ)

HDω =−∆ + VD0 + VDω
1

on L2(Rd ).

I Localization for −∆ + VDω
1

with regular r.v., i.e. Hölder-cont. probab.
distribution.
Boutet de Monvel-Naboko-Stollmann-Stolz’06 (D0 periodic)
Germinet’08, Klein’12, Germinet-Müller-RM’15.

I Localization for −∆ + VDω
1

with Bernoulli r.v.
Bourgain-Kenig’05, Germinet-Klein’13 (works for Delone).
Damanik-Sims-Stolz’02 (d = 1, D0 periodic)

Lack of ergodicity.
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Introduction Random Operators

Almost-sure spectrum

A pattern Repetition of patterns

The set D satisfies the property of strict uniform pattern frequency(SUPF) if
for every pattern D∩K , K compact,

1
Ld ]{K̃ ∩D; ∃y ∈ (x),y + (K ∩D) = K̃ ∩D}

exists when L→ ∞ and the lim is strictly positive.

If D has the SUPF and 0 ∈ suppω0 ⇒ σ(−∆ + VD0 )⊂ σ(HDω ) a.s. and
σ(HDω ) = σess(HDω ).

Proof : Weyl sequences.
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Localization

The Multiscale Analysis

In order to prove that Hω exhibits dynamical localization in
E ∈ R, one needs to prove the decay of the resolvent of the
operator Hω restricted to a cube ΛLk for a sequence of cubes
ΛLk ↗ Rd , with good probability.

ΛL(x)

in

out

That is, for θ > 2d and ξ > 0, there exists {Lk}k such that

P
(
‖χout

(
Hω|ΛLk

−E
)−1

χin‖ ≤
1

Lθ
k

)
≥ 1− 1

Lξ

k

The method is an induction over scales. The main ingredients are :

• the decay of the resolvent for an initial length L0 (initial step)

• a control on the probability that singularities of the resolvent appear.
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Localization

Key ingredient of the proof of Bourgain-Kenig’05 : a Quantitative Unique
Continuation Principle.

Key to obtain initial step of the MSA : a Quantitative Unique Continuation
Principle.

Theorem (RM-Veselić’12, Klein’12, Veselić et al....)
Let ψ be an eigenfunction of HΛ = (−∆ + V )Λ, with V bounded, D a Delone
set of parameters (r’,R’) and B(γ,δ) a ball around the point γ. There exists a
constant CUCP > 0, depending on R′ but independent of Λ, such that,

∑
γ∈D∩Λ

‖ψ‖B(γ,δ) ≥ CUCP‖ψ‖Λ.

≥

ΛΛ

S

CUCP×

This allows to consider a background bounded potential not necessarily
periodic.
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Localization

The initial step for the MSA (no Lifshitz tails !) :

∑
γ∈D∩Λ

‖ψ‖B(γ,δ) ≥ CUCP‖ψ‖Λ.

With large probability, Vω,Λ ≥ VΛ, VΛ a Delone potential. Then, the effect of
adding a Delone potential to −∆ + VD0 is

infσ((−∆ + VD0 )Λ + VΛ)≥ infσ(−∆ + VD0 ) + CUCP ·Cu.

Consequence : HDω restricted to a cube Λ with Dirichlet b.c. has a spectral
gap above E0, with good probability.

⇒ Decay of the resolvent by the Combes-Thomas estimate

⇒ localization via the multiscale analysis.
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Applications

Topological description of the set Ω
Let Ω̂⊂ Ω be the set of configurations ω such that HDω exhibits (dynamical)
localization.

Denseness

Lemma
Let D0 ∈ D, and E0 = infσ(HD), then there exists E∗ and a sequence
(Dn)n ⊂D such that Dn→ D and HDn exhibits localization in [E∗,E0], for all n.

Proof : Localization result implies P(Ω̂) = 1⇒ Ω̂ is dense in Ω. Extend this to
Delone sets.

Meagerness
Known results that imply meagerness of Ω̂ for similar models

I Simon’95 (Wonderland) The Anderson model, Hω =−∆ + Vω, exhibits
generically sc spectrum where it exhibits localization.

I Lenz-Stollmann’06 : let 2r < R and consider the space of (r ,R)-Delone
sets. If u is s.t. there exist crystallographic configurations D, D′ s.t.
σ(HD) 6= σ(HD′), then there exists an interval I depending on D,D′ s.t.
HD exhibits generically purely singular continuous in I.
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Applications

Short trip to Wonderland
Theorem (Simon’95, Lenz-Stollmann’06)
Let (X ,d) be a complete metric space , and let H : (X ,d)→ (S,τSRS) (S the
space of s.a. operators with strong resolvent topology), be a continuous
mapping and U ⊆ R an open set. Assume that each of the following three
sets

(i) {x ∈ X : σpp(H(x))∩U = /0},
(ii) {x ∈ X : σac(H(x))∩U = /0},
(iii) {x ∈ X : U ⊂ σ(H(x))}

is dense in X. Then,
{

x ∈ X : U ⊂ σ(H(x)),σac(H(x))∩U = /0 = σpp(H(x))∩U
}

is a dense Gδ-set in X.

Application to our setting :
To obtain (ii), use result on localization with probability one.
To obtain (iii), use SUPF property and 0 ∈ suppω0.
For (i), note that compactly supported configuratons ωK = (ωj ), ωj = 1 for
j ∈ K , 0 otherwise, are dense in Ω, and HD has pure ac spectrum.
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Applications

Let D ∈D be s.t. HD has pure ac spectrum and HD+ a compactly supported bounded
perturbation has pure ac spectrum (absence of embedded eigenvalues).
For D = Zd see e.g. Kuchment-Vainberg’99, Liu-Ong’18.
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Applications

SC spectrum for Delone operators

Genericity in probability space Ω

By the previous considerations, we have, with E0 = infσ(HD0 ),

Theorem (Müller-RM)
Assume that D0 has the SUPF property and that there exists an energy E ′

s.t.

i. HD0 exhibits absolutely continuous spectrum in the interval [E0,E ′].

ii. HD0 perturbed by a compactly supported bounded Delone potential
preserves pure ac spectrum.

Then, there exists an energy Ê such that set Ωsc ⊂ Ω of ω for which HDω

exhibits purely singular continuous spectrum in the interval (E0, Ê)⊂ [E0,E ′]
is a Gδ dense set in ΩD1 .

⇒ the set Ω̂ is meagre in Ω.
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Applications

Genericity in orbits of colored Delone sets
Consider the set Dω as a colored Delone set (Müller-Richard’13) :

Dω = {(γ,ωγ) : γ ∈ D0∪D1,ωγ = 1 ifγ ∈ D0,ωγ ∈ {0,1} ifγ ∈ D1},

and consider its closed Rd -orbit

X̂ = {Dω + x : x ∈ Rd}
Müller-Richard’13 :X̂ is a compact topological
space.
(X̂ ,dX̂ ) is a complete metric space, with the
metric dX̂ associated to the product topology.

0

x

(γ + x, ωγ)

(γ, ωγ)

Dω 7→ Dω + x

Theorem (Müller-RM)
Same assumptions as in previous Theorem. Then, there exists an energy Ê
such that set X ⊂ X̂ of colored Delone sets for which HDω exhibits purely
singular continuous spectrum in the interval (E0, Ê)⊂ [E0,E ′] is a Gδ dense
set in X̂ .
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Applications

Back to reality : Meagerness

Without any assumption on D besides SUPF and that HD has ac spectrum,
we have

Theorem (Müller-RM)
The set U ⊂ Ω of configurations ω s.t. HDω exhibits localization, obtained in
the proof using the MSA by Germinet-Klein’13 is a dense meagre set in Ω.

is a consequence of

Theorem (Germinet-Klein’13)
If for an interval I there exists a scale L s.t. for all L≥ L there exist good
events Ux ,L ⊂ Ω, then for a sequence of scales Lk , L0 ≥ L , Lk+1 = 2Lk the
set

U =
∞⋃

n=1

∞⋂
k=n

U0,Lk

is s.t. P(Ω) = 1 and Hω exhibits Anderson localization in I for all ω ∈U
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Applications

Back to reality : Meagerness

Without any assumption on D0 besides SUPF and that HD0 has ac spectrum,
we have

Theorem (Müller-RM)
The set U ⊂ Ω of configurations ω s.t. HDω exhibits localization, obtained in
the proof by Germinet-Klein’13 is a dense meagre set in Ω.

Proof : Germinet-Klein’s Theorem holds in our setting, with
HDω =−∆ + VD0 + VDω

1
.

U =
∞⋃

n=1

∞⋂
k=n

U0,Lk

We have that

i. The sets Ux ,L are closed.

ii. ∩k=1U0,Lk ⊂U has empty interior (proof as for Wonderland result, but
no need for excluding embedded e.v., ac spectrum is enough).

⇒ U is a meagre set in Ω.
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Thank you !
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