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Definition.

The random geometric graph G(n, r) has as its
vertices n points chosen i.i.d. in Rd

, according to

some probability distribution.

Two vertices are adjacent if they are within distance r.

Usually r = r(n) and n ! 1.



If r ⌧ n�3/4
then with high probability G(n; r) contains no triangles.

If r � n�3/4
then with high probability G(n; r) contains many triangles.

Proposition.

Consider n points chosen i.i.d. uniformly in the unit square [0, 1]2.
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There exists a constant c⇤ with the following property.

If r  cp
n
and c < c⇤, then w.h.p.

If r � cp
n
and c > c⇤, then w.h.p.

Let G1 be the number of vertices in the largest connected

component of G(n; r).

G1 = O(log n)

G1 = ⌦(n)

Proposition. (Gilbert, Penrose, etc.)

.

.
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Random geometric graphs can be extended

to random geometric complexes, via either

the Vietoris–Rips or

ˇ

Cech constructions.



Proposition.

Consider n points chosen i.i.d. uniformly in the unit square [0, 1]2.

If r ⌧ n�3/4 then w.h.p. H1(C(n, r)) = 0.

References.
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If n�3/4 ⌧ r ⌧
p

log n/n then w.h.p. H1(C(n, r)) 6= 0.

If r �
p
log n/n then w.h.p. H1(C(n, r)) = 0.



Persistent homology of a random geometric complex.



0 0.5 1 1.5
x 10−3

0

0.5

1

1.5 x 10−3

Persistent homology of a random geometric complex.



Definition.

For a cycle � in persistent homology, let

b(�) denote the birth radius of �,

d(�) denote the death radius of �,

and p(�) = d(�)/b(�) denote the persistence of �.



Advantages of the multiplicative definition.

1. In the random setting, many cycles � satisfy

d(�)� b(�) ⇡ d(�).

2. This makes the persistence a scale-free, dimensionless parameter.

3. The relationship between

ˇ

Cech and Rips is a multiplicative one.

That is, for every finite point set P, we have that

C(P, r) ,! R(P, r) ,! C(P, 2r).
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Main result



Theorem.

Consider n points chosen i.i.d. uniformly in the unit square [0, 1]2.

That is, there exist constants C1 and C2 such that

C1

✓
log n

log log n

◆
 max

�
p(�)  C2

✓
log n

log log n

◆

Then w.h.p. the maximal persistence in degree one homology

(Two-dimensional case.)

is of order

.

max

�
p(�) ⇣ log n

log log n
.
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Figure 5. Plots of maximum lifetimes for (A) the Cech filtrations in
2 dimensions, the Čech filtration in (B) 3 dimensions, (C) 3 dimensions
and (D) 4 dimensions. The red line represent the best linear fit.

persistence diagram since for any parameter r, the ↵-complex and Čech complex are

homeomorphic, giving rise to isomorphic homology groups.

The result for the Čech filtration are shown in Figure 5. The number of points was

varied from 50 to 1000000 (in higher dimensions, this was reduced due to compu-

tational complexity). In dimension 2, the only interesting case is for 1-dimensional

homology (H1) (A). The resulting plot shows value of death/birth of the longest

bar against log n/ log log n. For each value of n, we repeated the experiment several
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Sketch of upper bound.

Set r⇤ = c/
p
n for some su�ciently small c > 0.

With high probability, all late-born cycles � have

p(�) = O
�p

log n
�
, since all cycles have died

before r = O
⇣p

log n/n
⌘
.

(Attempt 1.)

Call cycles � with b(�) < r⇤ early-born, and
cycles � with b(�) � r⇤ late-born.
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2. Vertices to length.

3. Length to filling radius.



Main tool: isoperimetric inequality.

Theorem. (Federer–Fleming, 1960.)

If � is a k-cycle in Rd
of k-dimensional volume V ,

then the filling radius R satisfies

R = O
�
V 1/k

�
.
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Sketch of upper bound.

(Attempt 1.)

So our main concern is early-born cycles.

1. Probability to vertices.

2. Vertices to length.

3. Length to filling radius.

4. Filling radius to persistence.

This allows us to show that early-born cycles � have

p(�)  O(log n).

So then all cycles p(�) have p(�)  O(log n).
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Sketch of upper bound.

(Attempt 2.)

Set r⇤ = (log n)�↵/
p
n for some small ↵ > 0.

. . .

We conclude that

p(�) = O

✓
log n

log log n

◆
,

for all cycles �, with high probability.

Call cycles � with b(�) < r⇤ early-born, and
cycles � with b(�) � r⇤ late-born.



Theorem.

Consider n points chosen i.i.d. uniformly in the unit cube [0, 1]d.

Then the maximally persistent cycle in degree i homology

is of order

(The implied constants depend on i, d, and on whether

we are considering the random

ˇ

Cech or Rips filtration.)

(General case.)

max

�
p(�) ⇣

✓
log n

log log n

◆1/i

.
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Figure 5. Plots of maximum lifetimes for (A) the Cech filtrations in
2 dimensions, the Čech filtration in (B) 3 dimensions, (C) 3 dimensions
and (D) 4 dimensions. The red line represent the best linear fit.

persistence diagram since for any parameter r, the ↵-complex and Čech complex are

homeomorphic, giving rise to isomorphic homology groups.

The result for the Čech filtration are shown in Figure 5. The number of points was

varied from 50 to 1000000 (in higher dimensions, this was reduced due to compu-

tational complexity). In dimension 2, the only interesting case is for 1-dimensional

homology (H1) (A). The resulting plot shows value of death/birth of the longest

bar against log n/ log log n. For each value of n, we repeated the experiment several



Sketch of upper bound.

1. Probability to vertices.

4. Filling radius to persistence.

2. Vertices to volume.

3. Volume to filling radius (isoperimetry).



Future directions



1. Law of large numbers.

lim

n!1

max p(�)

(log n/ log log n)1/i

Is it true that

exists?



1. Law of large numbers.

2. Other distributions. What about a standard

multivariate normal distribution?

lim

n!1

max p(�)

(log n/ log log n)1/i

Is it true that

exists?
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