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Abstract

This paper presents the construction and some properties of the symmetric

daubechies wavelets. This class of solutions is part of the set of complex-valued

solutions of the daubechies' programm: orthonomal bases of L2 built from com-

pactly supported wavelets with maximum regularity. We review some algorithms

that take explicit advantage of the presence of phase in the complex represen-

tation of signals by the Symmetric Daubechies Wavelets. Applications for two

dimensional signals are discussed.
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1 Introduction

Complex-valued �elds are very common in physics. Not only because of
the extensive use of Fourier representation of physical quantities that helps
to solve problems such as the propagation of waves but also because phase
can contain non-trivial informations related to interactions and symmetries.
Quantum mechanics, non-linear optics, solid state physics illustrate nicely
the \role of the phase" in the modelling of physical processes. More recently
the Berry-Hannay phase exhibited non-trivial behaviour in the cyclic evo-
lution of quantal or semi-classical systems. However, in comparison, signal
processing makes little use of the phase: because the \role of the phase" is
less prominent in the Fourier representation of real signals, most of the at-
tention is focused on the amplitude information. Nevertheless , many papers
have stressed the \importance of the role of the phase" in various problems in
signal processing; furthermore phase are indeed present in many technologies
and sometimes play a fundamental role as in holography or quantum cryptog-
raphy. The objective of this work is to discuss the \role of the phase" in the
area of discrete wavelet representations of signals. It is worth noticing that
the notion of phase was involved in the early development of the continuous
wavelet framework, especially for tracking the local frequency of signals (the
so-called ridge and skeleton algorithm). Here we consider the complex ex-
tension of the famous Daubechies solutions. As mentioned in [19] (used here
as the main reference on wavelets), some of these complex solutions exhibit
symmetries. This property �rst motivated our study of complex Daubechies
wavelet but from a practical point of view the question remains: why should
complex Daubechies wavelets be of interest?
To motivate our presentation, the next two sections discuss the role of the
phase in the context of spline wavelet bases. It gives the opportunity to recall
basic de�nitions of a multiresolution analysis used in this paper. Sections
4 and 5 present the Daubechies solutions and the symmetric Daubechies
wavelets respectively. Section 6 describes some properties of those solutions
that are directly related to the phase of the wavelet. The algorithmic point
of view of the complex dyadic wavelet analysis is presented in Section 7.
The remaining sections describe some applications of the complex wavelet
representation, mainly dedicated to image processing. Finally, a conclusion
presents future avenues of research in the �eld of complex data modeling.
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Figure 1: The linear spline function

2 The Spline Example

The \role of the phase" can be nicely illustrated with the well-known wavelet
bases associated with the Linear-Spline function (Fig.1). We take the oppor-
tunity of this introductory example for presenting some basic de�nitions used
all along this work. More details can be found in [8] and [19].
We start with the de�nition of an approximation space, say V0, endowed
with a Riesz basis f'k; k 2 ZZg:

f(x) 2 V0; f(x) =
X
k

ck 'k(x) (1)

where 'k(x) = '(x � k). ' is the scaling function normalized with unit
integral. The set of functions 'k is linearly independent and provides a
complete and stable representation of V0: A > 0 and �nite B exist such that

Ajjf jj22 �
X
k

j < f j'k > j2 � Bjjf jj22 (2)

This property (Riesz) will be more characterized in a sequel. A simple ex-
ample of such a basis is given by the Linear-Spline function (Fig.1),

s(x) = sup(1� jxj; 0): (3)

The integer translates of s(x) span an approximation space:

f(x) =
X
k

ck s(x� k) (4)



where here ck = f(k) since splines are interpolatory functions. In other
words, any continuous function f can be linearly approximated through an
expansion in this approximation space V0. The property (2) can be charac-
terized in the Fourier domain. De�ning

�'(!) =
X
p

j'̂(! + 2�p)j2 (5)

where '̂ is the Fourier transform of the scaling function, Eq.(2) amounts the
inequalities 0 < �'(!) <1 (see [19], p.222). For instance, we have

1

3
� �s(!) =

2 + cos!

3
� 1 (6)

for the linear spline (3) whose Fourier representation is

ŝ(!) =
�
sin(!

2
)

!
2

�2
(7)

Looking for an orthonormal basis for V0, the orthonormalisation of the Riesz
basis is easily done in the Fourier domain since it is equivalent to �nd a basis
constructed from a scaling function for which �'(!) = 1 (see [19], p.225).
Such a condition is not ful�lled with the spline (4), however, writing

�s(!) = u(!)u(!) (8)

the new scaling function de�ned by

'̂(!) =
ŝ(!)

u(!)
(9)

obviously satis�es �'(!) = 1 and de�nes an orthonormal basis of V0. Various
factorizations of �s(!) de�ne di�erent scaling functions ' through the phase
of u(!). In the spline example discussed here, a �rst factorization has been
proposed by Stromberg [22]:

�s(!) = ju1(!)j2 with u1(!) =
3 +

p
3

6
(1 + rei!); r = 2�

p
3 (10)

The associated scaling function is displayed in Fig.2. Later, Battle in [3] and
Lemari�e in [18] have considered an other factorization

�s(!) = ju2!)j2 with u2(!) =

s
2 + cos!

3
= u1(!) e

i�(!) (11)



The phase �(!) introduces an extra property into the new scaling function:
'(x) = '(�x), i.e symmetry, as illustrated in Fig.2. Both factorizations
yield orthonormal sets f'kg but the solution of Battle and Lemari�e leads to a
symmetric scaling function. We notice that orthonormalization of the spline
basis has ruined o� the original compactness of the support of the spline
scaling function. In the next section, it will be shown that compactness of
the support (i.e. strong locality in space), orthogonality of the basis and
symmetry are all met in the seminal Daubechies framework if we relax the
implicit condition on the reality of the scaling functions. Indeed, all found
solutions are complex-valued.
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Figure 2: The Stromberg scaling function (left) and the Battle-Lemari�e scal-
ing function (right) for the linear spline.

3 Multiresolution and Wavelet

A dyadic multiresolution is based on a scaling function ' that obeys a
re�nement equation

'(x) = 2
X
k

ak '(2x� k) (12)

where the ak's are complex-valued coeÆcients such that
P
ak = 1. This

functional equation relates the spanning function at di�erent scales. For



instance, the spline de�ned by Eq.(3) does satisfy such a relation:

s(x) =
1

2
s(2x� 1) + s(x) +

1

2
s(2x+ 1) (13)

It is worth rewriting Eq.(12) in the Fourier domain and de�ning the trigono-
metric polynomial

m0(!) =
X
k

ake
ik!; (14)

usually called �lter associated with the scaling function. Eq.(12) can be
written as

'̂(!) = m0(
!

2
)'̂(

!

2
) (15)

Most of the properties of the scaling function can be computed from m0(!)
(see [19]). For example, the �lter associated with the spline (3) is

m0(!) = ( cos
!

2
)2 =

�
1 + ei!

2

�2
e�i! (16)

and the solutions of Stromberg (10) and Battle-Lemari�e (11) are associated
with the �lters

m0(!)
u1(!)

u1(2!)
and m0(!)

u1(!)

u1(2!)
e�i(�(!)��(2!)) (17)

respectively. The extra factors at the right of m0(!) insure the orthogonality
property �'(!) = 1 of the new bases. We notice that the two �lters in
Eq.(17) di�er only by a phase: this is the origin of the symmetry exhibited
by the Battle-Lemari�e solution. Indeed, the orthogonality condition can be
recast in terms of the amplitude of m0(!):

jm0(!)j2 + jm0(! + �)j2 = 1 (18)

Thus, it is clear that combining a property like symmetry with orthonormal-
ity is a matter of de�ning a speci�c phase of the �lter.
The scaling relationship expressed by Eq.(12) is related with the de�nition
of the multiresolution analysis of L2(IR) based on ' proposed by Mallat and
Meyer. A multiresolution amounts to consider a sequence of closed subspaces
Vj � L2(IR),

Vj � Vj+1;
\
j

Vj = f0g;
[
j

Vj = L2(IR); (19)



such that

f(x) 2 Vj , f(2x) 2 Vj+1 (20)

The scaling equation (12) expresses the nested structure of the Vi's. At any
scale aj = 2�j, elements of Vj are of the form

X
k

cj;k'j(x� kaj) (21)

where 'j(x) is the scaled function 'j(x) =
1p
aj
'( x

aj
). Consequently, the set

of functions

'j;k(x) = 2
j
2'(2jx� k) (22)

constitutes a basis of the approximation space \at scale aj = 2�j" when
k runs over the integer. Let us remark that if V0 is endowed with an or-
thonormal basis, then f'j;k; k 2 ZZg is also an orthonormal basis for the
approximation space Vj. The last step towards wavelets is the following the-
orem (see [19], p.236): a wavelet  2 V1 with vanishing integral exists such
that f'(x� k);  (x� k); k 2 ZZg is an orthonormal basis of V1.
Wavelet multiresolution therefore aims to decompose V1 = V0 �W0 where
W0 is generated through the integer translates of a function  . Since  2
W0 � V1, a sequence of complex-valued coeÆcients bk exists such that:

 (x) = 2
X
k

bk '(2x� k) (23)

or, de�ning m1(!) =
P

k bke
ik!,

 ̂(!) = m1(
!

2
)'̂(

!

2
) (24)

It can be shown, using m1(!) = e�3i!m0(! + �), that the set f (x� k); k 2
ZZg is an orthonormal basis ofW0. This result amounts taking bk = (�1)ka1�k
in Eq.(23). The orthonormal decomposition of each dyadic approximation
space, i.e Vj+1 = Vj �Wj, de�nes the details spaces Wj generated by the
set of orthonormal wavelets

f j;k(x) = 2
j
2 (2jx� k)g (25)



when k runs over ZZ. Altogether, those functions generated by the translates
of all dyadic scaling tansforms of  produce an orthonormal basis of L2(IR):

f(x) =
1X

j=�1

X
k

djk  j;k(x) (26)

� Example: The Spline Wavelets. The construction of the wavelet associated
with the two scaling functions displayed in Fig.1 is straightforward: using
the previous expression for m1(!), we obtain

 ̂(!) = u(
!

2
+ �)e�

3
2
i! sin(!

4
)4

�s(
!
2
)(!

4
)2

(27)

As illustrated in Fig.2, the factorization �sw(!) = ju2(!)j2 gives a symmetric
wavelet:  (x) =  (1� x).
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Figure 3: The Stromberg (left) and Battle-Lemari�e (right) wavelets.

Those two examples are illustrating nicely the scope of the forthcoming sec-
tions: provided we can select an appropriate phase in  ̂, i.e inm0(!), a sym-

metric scaling function can be constructed on the multiresolution spaces.
The same phase analysis will be carried out in the context of Daubechies
wavelets.

Let us make a �nal comment about the regularity of the multiresolution
bases. Let us recall that for orthonormal bases of the form (3), it is impossible

that  has exponential decay in both space and frequency. It will be more



convenient to control the regularity through the polynomial content of the
approximation spaces Vj or, equivalently, the vanishing moments of the
corresponding wavelet (see [19], p.154):Z

xl (x)dx = 0; for l = 0; 1; : : : ; J (28)

where J is some integer or, in an equivalent way, the vanishing of the suc-
cessive derivatives of  ̂ at ! = 0. Using Eq.(24) and the de�nition of m1(!),
the criteria of regularity can be written as

dl

d!lm0(!)j!=� = 0; for l = 0; 1; : : : ; J (29)

This is the Strang-Fix condition (see [19], p.242). As seen in Eq.(16) and
Eq.(17), the previous examples illustrate this condition with J = 2.

4 Daubechies' Wavelets

Daubechies scaling functions are subject to the following constraints:
1) Compactness of the support of ': We require that ' ( and consequently
 ) has a compact support inside the interval [�J; J + 1] for some integer
J . This requirement amounts to consider a �nite number of terms in the
expansion (7): ak 6= 0 for k = �J;�J + 1; : : : ; J; J + 1.
2) Orthogonality of the '(x�k): Instead of working with m0(!) and solving
Eq.(18), we de�ne the polynomial

F (z) =
J+1X
n=�J

an z
n; with F (1) = 1 (30)

where z is on the unit circle, jzj = 1. The orthonormality condition (18) can
be stated through the following equation

P (z)� P (�z) = z (31)

where the polynomial P (z) is de�ned as

P (z) = zF (z)F (z) (32)

3) Strang-Fix condition: To maximize the regularity of the functions gen-
erated by the scaling function ', we require the vanishing of the �rst J



moments of the wavelet. In terms of the polynomial (30), the Strang-Fix
condition reads as

F (�1) = F 0(�1) = F 00(�1) = : : : = F (J)(�1) = 0 (33)

This last condition is satis�ed with the polynomial de�ned by

PJ(z) = h(z)2J+2pJ(z
�1) (34)

where

h(z) =
1 + z

2
(35)

A solution of the full contraints de�ned by Daubechies is

pJ(z) =
2JX
j=0

rjh(z)
2J�jh(�z)j ; with

8><
>:
r2j = (�1)j

�
2J+1
j

�
;

r2j+1 = 0

; j = 0; : : : ; J (36)

Let us sketch the proof that PJ(z) does satisfy Eq.(31): we �rst rewrite PJ(z)
on the form

PJ(z) =
1

z2J

JX
j=0

(�1)j
 
2J + 1

j

!
H(�z)j H(z)2J+1�j (37)

where H(z) = (1+z)2

4
. Using the equality

�
2J+1
j

�
=
�

2J+1
2J+1�j

�
, we obtain

PJ(�z) = 1

z2J

2J+1X
j=J+1

(�1)1�j
 
2J + 1

j

!
H(�z)jH(z)2J+1�j (38)

and �nally Eq.(31) results trivially by taking the di�erence of the two last
expressions:

PJ(z)� PJ(z) =
1

z2J

2J+1X
j=0

(�1)j
 
2J + 1

j

!
(�H(�z))jH(z)2J+1�j

=
1

z2J
(H(z)�H(�z))2J+1

= z (39)

The relevance of the polynomial PJ(z) in the construction of multiresolution
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Figure 4: The roots of p12(z) (left) and p100(z) (right).

bases relies on the particular relationship between the 2J roots of pJ(z).
Indeed, we can write the following factorization of pJ(z):

pJ(z) =
JY

k=1

�
z � xk
1� xk

� JY
k=1

�
z � �x�1k
1� �x�1k

�
(40)

where xk=1;2;:::;J are the J roots inside the unit circle, jxkj < 1, and <(xk) >
<(xk+1) (see Fig.3). Writing F (z) as

F (z) =
�
1 + z

2

�1+J
p(z�1) (41)

the polynomial p(z) is de�ned through some particular roots of pJ(z) and it
is easily found that for any subset R � f1; 2; 3; : : : ; Jg all solutions of the
form

p(z) =
Y
m2R

�
z � xm
1� xm

� Y
n=2R

�
z � �x�1n
1� �x�1n

�
(42)

factorize PJ(z) = zF (z)F (z). Therefore, for any integer J , the trigonometric
polynomial given by

m0(!) =
�
1 + ei!

2

�1+J Y
k2R

�
e�i! � xk
1� xk

� Y
k=2R

�
e�i! � �x�1k
1� �x�1k

�
(43)

with any selection R of roots of pJ(z), de�nes an admissible trigononomet-
ric polynomial and thus a compactly supported orthonormal dyadic wavelet
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Figure 5: Left: The scaling function ' for J=1. Right: The Daubechies
wavelet  for J=1.

basis (with all the material described in Section 3). Let us notice that per-
muting R and R in Eq.(43) is equivalent to replacing ak by its complex
conjugate (up to some trivial translation). So, excepted for the Haar case
(J = 0, a0 = 0:5 and a1 = 0:5), we obtain 2J�1 solutions. In her seminal
work [8], Daubechies investigated a subset of this family: she selected R so
that the coeÆcients in the trigonometric expansion m0 =

P
k ake

ik! are real
valued. The usual Daubechies wavelets are thus real valued functions.

� Example J = 1: The polynomial p1(z) has two roots x1 = r = 2�p3 and
x�11 . The unique solution is thus

m0(!) =
�
1 + ei!

2

�2 �e�i! � r

1� r

�
(44)

and corresponds to the well-knowm DAUB4 wavelet (see Fig.5). Let us note
that taking Eq.(44) with r = 0 leads precisely to the �lter associated with
the linear spline, see Eq.(16).
� Example J = 2: The polynomial p2(z) has four roots

x1 =
3

2
� i

s
5

12
� 1

2

s
10

3
� 2i

p
15 (45)

x2 =
3

2
� i

s
5

12
+
1

2

s
10

3
� 2i

p
15 (46)

and �x�11 ,�x�12 . Two distinct cases are found: R = f1; 2g and R = f1g.
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Figure 6: The real scaling function and wavelet (DAUB6) for J=2.

The �rst case

m0(!) =
�
1 + ei!

2

�3 �e�i! � x1
1� x1

��
e�i! � x2
1� x2

�
(47)

corresponds to the DAUB6 solution displayed in Fig.6. The second selection
of roots gives

m0(!) =
�
1 + ei!

2

�3 �e�i! � x1
1� x1

��
e�i! � �x�12

1� �x�12

�
(48)

As anticipated by Lawton (see [8], p.253 and [13]), this solution leads to
symmetric but complex-valued scaling function and wavelet (see Fig.7).
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Figure 7: The complex scaling function (left) and wavelet (right) for J=2
(Imaginary part indicated by a dashed line).



Such complex solutions exist for any value of J but symmetry is only pos-
sible with J even. In the next section we will consider a particular family
of Daubechies symmetric solutions. Let us however mention the existence
of the solution displayed in Fig.8 for which J = 6. Two things must be
noted: the functions have a small imaginary part and a real part that bears
a close ressemblance to the Battle-Lemari�e orthogonal basis associated with
the quadratic spline (see [8], p.150). Let us mention that, despite its complex
value, the solution displayed on Fig.8 has demonstrated nice performance in
image compression (see [4]).

-0.2

0

0.2

0.4

0.6

0.8

1

1.2

-6 -4 -2 0 2 4 6

 

 

-1.5

-1

-0.5

0

0.5

1

1.5

-6 -4 -2 0 2 4 6

 

 

Figure 8: A complex scaling function (left) and wavelet (right) for J=6 (Imag-
inary part indicated by a dashed line).

5 Symmetric Daubechies Wavelets

The symmetry '(x) = '(1 � x) de�nes a subset of solutions corresponding
to the following rule of selection for the roots in Eq.(43):

k 2 R() J � k + 1 =2 R (49)

We �rst notice that symmetry rules out the \reality" of the scaling function:
all the symmetric Daubechies wavelets are complex-valued and for any even

value of J , 2
J�1
2 distinct solutions exist. In the present work, we consider

a particular family of solutions, the so-called SDWJ Daubechies wavelets,
that correspond to the following selection of roots:

R = f1; 3; 5; : : : ; 2k + 1; : : : ; J � 1g (50)



that clearly satis�es the rule (49). For J = 2, the solution (SDW2) is shown
on Fig.7. Fig.9 and Fig.10 display the two complex solutions for J = 4
(SDW4 corresponds to Fig.10).
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Figure 9: Complex scaling function (left) and wavelet (right) for J= 4 (Imag-
inary part indicated in dashed line).
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Figure 10: SDW4: scaling function (left) and wavelet (right) (Imaginary part
indicated in dashed line).

6 The Phase of SDW Scaling Function

All Symmetric Daubechies Wavelets share the usual properties of the stan-
dard real Daubechies bases. This statement relies on the fact that most of
those properties, which can be found either in [8] or [19], are based on the
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Figure 11: Left: r(!); log-log scale. The slope of the straight lines is 2

modulus of the �lters m0(!). Writing '(x) = h(x) + i g(x), we investigate
the relationship between the real functions h and g.
Using the Fourier representation, we consider the ratio

r(w) = i
ĝ(!)

ĥ(!)
(51)

This quantity is singular at ! = 2� and real-valued, because of the symmetry.
On Fig.11, we plot the numerical computation of r(!) in Log-Log scale for
J = 2; 4; 6 and 8. As seen on this �gure, the complex scaling function is
roughly approximated by the expression

'(x) ' (1 + i�@2x) h(x) (52)

This approximation is accurately veri�ed on the frequency domain de�ned
by the sampling rate of the analysed signal. In other words, this identity
is veri�ed in the interval [0; �] (with a sampling step renormalized to unity)
when they are written in the Fourier representation.
For J > 10, higher derivative terms in g(x) become non negligible. Let us
note that h(x) is further endowed with interesting vanishing moments:

Z
dx h(x) = 1 and

Z
dx h(x) (x� 1

2
)m = 0 for m = 1; 2 and 3 (53)

In the early days of the Daubechies wavelets, the introduction of vanishing
moments for the scaling function led to the construction of the well-known
coi
ets. The parameter � in Eq.(52) can be directly computed from the



�lters coeÆcients ak by using the �rst non vanishing momentum of '(x):
writing


i =
Z

�'(x) xidx; (54)

we have


i =
1

2i � 1

i�1X
j=0

mi�j
j; with mk =
J+1X
n=�J

nk�an and 
0 = 1 (55)

Straighforward integrations by part lead to

� = �1

2
Im(
2) (56)

For J = 2 and 4, � is respectively equal to �0:164 and �0:089. We observe
that Fig.7 and Fig.10 are consistent with Eq.(52). An other interesting rela-
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Figure 12: Left: s(!); log-log scale. The slope of the straight lines are J + 1

tionship can be stated between  and '. Writing  (x) = w(x) + i v(x), we
look at the relationship between the real functions w and h (the real part of
the scaling function '). As seen on Fig.12, it is found numerically that, at
least for J up to 8, the ratio

s(w) = i
ŵ(!)

ĥ(!)
(57)

is real and behave as wJ+1. Such a relationship certainly does not occur in
the real Daubebechies cases. However, it is worth recalling that continuous



wavelets are usually generated by taking successive derivatives of some scaling
function as the Gaussian. The famous \mexican hat" wavelet is the second
derivative of the Gaussian function. Here, we obtain compactly supported
orthogonal complex wavelets whose real part is close to be the derivative of a
smooth function, the real part of the corresponding complex scaling function.

7 The Mallat Algorithm with Complex �lters

The discrete multiresolution analysis of f consists in the computation of the
coeÆcients of the expansion

f(x) =
X
k

cj0;k 'j0;k(x) +
1X

j=j0

X
k

dj;k  j;k(x) (58)

where j0 is a given scale (low resolution). In practice, the sum over j (the
details at �nest scales) is �nite and f is projected onto some approximation
space Vjmax:

PVjmax
f(x) =

X
k

cjmax;k 'jmax;k(x) (59)

The coeÆcients in the expansion (46) and (47) are computed through the
orthogonal projection of the �eld over the multiresolution basis:

cj;k = h'j;kjfi; dj;k = h j;kjfi (60)

Starting with PVjmax
f , the wavelet coeÆcients are computed with the fast

wavelet decomposition algorithm W composed with the low-pass projection
Vj ! Vj�1 and the high-pass projection Vj !Wj�1:

cj�1;n =
p
2
X
k

�ak�2ncj;k; and dj�1;n =
p
2
X
k

�bk�2ncj;k (61)

Conversely, any elements of Vj�1 and of Wj�1 can combine to give a unique
vector in Vj; this reconstruction (denoted byW�1) is expressed by the inverse
fast wavelet transform:

cj;n =
p
2
X
k

an�2kcj�1;k +
p
2
X
k

bn�2kdj�1;k (62)

In most applications, the signal to be analyzed is real-valued: the com-
plex wavelet representation provides a redundant description of the signal.



Eq.(52) helps in interpreting this redundancy since, using the Taylor expan-
sion of a one dimensional �eld, we can estimate the real and imaginary parts
of the coeÆcients cjk as8>><

>>:
Re(cj;k) ' 2

�j
2 f(xj;k)

Im(cj;k) ' �

2
3
2
j+1
f 00(xj;k)

with xj;k =
2k + 1

2j+1
: (63)

Let us consider the estimate of the �nest scale approximation of f , i.e

PVjmax
(f), given a sampled function fk. A crude approximation is simply

given by cjmax;k = 2
�j
2 fk. Denoting by <j � Vj the set of all functions in

Vj with real valued modes; this approximation is nothing but the orthogonal
projection (denoted by P<jmax

) of f onto <jmax. This corresponds to the
\Mallat's initial conditions" for the fast wavelet transform. A more accurate
estimate of PVjmax

(f) is obtained by using the operator

PVjmax
� W P<jmax+1

W�1 P<jmax
(64)

This projection gives a non trivial imaginary part for the cjmax

k . As expected,
it corresponds to the Laplacian of the estimated real part. This is illustrated
nicely in the 2d example displayed in Fig.13.

8 Restoration from the Phase

The issue discussed here is to understand the redundancy of the complex
wavelet representation of a real signal. In other words, we want to understand
the \role of the phase of a complex wavelet coeÆcient dj;k. For simplicity of
notation, the discussion is done for 1d signals but the simulation is presented
in two dimensions.
Let us �rst de�ne two projectors, P< and P�. The projector P< extracts the
�rst order approximation of the scaling coeÆcient of the expansion (59) at
the �nest resolution (< denotes the real part):

P<(cjmax;k) = <(cjmax;k) (65)

Let us now consider the wavelet expansion (58) of a given �eld f0 and de�ne
the phase of the wavelet coeÆcients �j;k = Arg(dj;k). We observe that the

new set of functions 	j;k(x) = ei�
j
k j;k(x) is also an orthornormal basis of



Figure 13: Projection onto Vjmax: real part (left) and imaginary part (right)
of PVjmax

I .(The original image is the right image displayed on Fig.19).

L2(IR): this \local rotation" of the wavelet basis leads to a multiwavelet
basis adapted to the signal. Indeed, we de�ne the isophase space � by the
set of all expansions

X
k

h'j;kjf0i'j0;k(x) +
jmax�1X
j=j0

X
k

rj;k	j;k(x) (66)

where the coeÆcients rjk are now positive real numbers. P� is the orthog-
onal projector on this space that depends on the the phase of the wavelet
coeÆcients of the original �eld we start with. Given an arbitrary wavelet ex-
pansion of the form (2) with dj;k = wj;k+i vj;k, the projection on the isophase
space is de�ned by the closest point on �, i.e.

P�f =
X
k

h'j;kjf0i'j0;k +
jmax�1X
j=j0

X
k

rj;k	j;k (67)

with

rj;k =
�
0; if cos �j;kwj;k + sin �j;kvj;k < 0
cos �j;kwj;k + sin �j;kvj;k otherwise

(68)

We further observe that both P< and P� project onto convex spaces (POCS).

Considering an arbitrary point ~f0 in �, a well-known theorem states that the
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Figure 14: Phase reconstruction by alternating projections on aÆne spaces
�jmax and Rjmax

sequence of alternate projections

fn = (P<P�)
nP<( ~f0) (69)

converges and, in the present case, the limit point is the original real signal
f0 from which we de�ned �.
The two-dimension generalization of this algorithm is straightforward using
the usual cross-product of the 1-d multiresolution basis. For the sake of illus-
tration of the \phase reconstruction algorithm", Fig.15 displays the original
picture f0, the initial point P< ~f0 (obtained by killing all the modulus of the
wavelet coeÆcients of the four-level decomposition i.e. j0 = jmax � 4 with
SDW J = 2) and the POCS reconstructions fn=100 and fn=1000. We �rst

Figure 15: From left to right: f0, P< ~f0, f100 andf1000

notice that the POCS gradually restores the details of the image from coarse



to �ne. As we can notice in Eq.(68), the projector P� \shrinks" the modulus
of the wavelet coeÆcients, even to 0. It is worth recalling that shrinkage
techniques are nowadays an eÆcient tool for denoising. Phases thus encode
the \coherent" structures of the signal and the POCS algorithm reconstructs
the original image through the coherency of the encoded information. The
restoration of the modulus of the wavelet coeÆcients is illustrated in Fig.17:
coeÆcients of the coarser level j = j0 = jmax � 4 and those of the �nest
scale j = jmax � 1, both for fn=1000. We can observe the resulting shrinkage
of the wavelet coeÆcients that depends on the scale of the details. Let us

PΓ

P(    )λ
Γ

PΓP
R P(    )λ

Γ
P

R

Figure 16: Phase reconstruction by alternating projections with relaxation
parameter �

further mention the signi�cant speed-up of the POCS algorithm by using a
relaxation parameter in the isophase projector. This is done by rede�ning
P� as follows

P�(�) = (1� �) + �P�: (70)

In place of Eq.(69), we now consider the new sequence of projections (see
Fig.16)

fn = (P<P�(�n))
nP<( ~f0) (71)

where �n is computed in order to minimize the quadratic error jjfn � f jj2.
The iterative algorithm is obtained on the form

fn+1 = P<P�fn + Æn(P<P�fn � fn) (72)



with Æn = dn
rn
, where dn is the distance between the two convex (i.e. the

energy of the imaginary part killed in the projection P<),

dn = jjP<P�fn � P�fnjj2 (73)

and rn is given by

rn = jjP<P�fn � fnjj2 (74)
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Figure 17: Left: coarse scale wavelet modulus of f1000 vs. original wavelet
modulus; Right: �nest scale wavelet modulus of f1000 vs. original wavelet
modulus.

9 Image Enhancement

The bi-dimensional multiresolution analysis is built from the product of two
multiresolution spaces Vi. The scaling function �(x; y) = '(x)'(y) generates
V0 and, complemented with three wavelets 	0(x; y) =  (x) (y), 	1(x; y) =
 (x)'(y), 	2(x; y) = '(x) (y), it spans V1. The functions are complex-
valued. In particular, we have

�(x; y) = �(x; y) + i	(x; y) (75)



and expansion [58] or [59] now generalize in two dimensions as

PVjmax
I(x; y) =

X
m;n

cjmax;m;n�jmax;m;n(x; y)

=
X
k1;k2

cj0;k1;k2 �j0;k1;k2(x; y)

+
2X

i=0

jmax�1X
j=j0

X
k1;k2

dij;k1;k2	
i
j;k1;k2

(x; y) (76)

where

�j;k1;k2(x; y) = 2j�(2jx� k1; 2
jy � k2) (77)

and

	i
j;k1;k2(x; y) = 2j	i(2jx� k1; 2

jy � k2) (78)

span the spaces Vj and W
i
j respectively so that

Vj+1 = Vj �W 0
j �W 1

j �W 2
j : (79)

In the sequel, we denote by WN the N-levels wavelet transform

fcjmax
m;n g WN�!fcjmax�N

m;n ;djmax�N;m;n;djmax�2;m;n; : : :djmax�1;m;ng (80)

where d = (d0; d1; d2). Fig.13 shows an example of the projection PVjmax
I

and Fig.18 displays the modulus of the complex wavelet coeÆcients (and the
cj0k1;k2's in the upper left corner). The real and imaginary parts of the scaling
function are 8><

>:
�(x; y) = h(x)h(y)� g(x)g(y) ' G(x; y)

	(x; y) = h(x)g(y) + g(x)h(y) ' �4G(x; y)
(81)

where G(x; y) denotes the real smoothing kernel h(x)h(y). On one hand,
the real part of the 2-d scaling function is close (because �2 << 1) to the
smoothing kernel G(x; y) while, on the other hand, the imaginary part is
proportional to the Laplacian of G(x; y): 	(x; y) is thus the \Marr wavelet"
associated with �(x; y) ' G(x; y).
Since the real and imaginary parts of the wavelet transform coeÆcients of
some real image correspond to the convolution of the original �eld with the



Figure 18: Modulus of the complex wavelet coeÆcients (SDW4, N=3). The
top left sector is the matrix of coeÆcients cj0m;n. The other sparse matrices are
the wavelets coeÆcients when the scale j increases from j0 to jmax = j0 + 3
(3 directional wavelets).

real part and the imaginary part of �j;m;n(x; y) respectively, we then have
access to the (multiscaled) smoothed Laplacian of the image:

8><
>:
hjk1;k2 = Re(cjk1;k2) = 2jI(x; y) �G(2jx� k1; 2

jy � k2)

gjk1;k2 = Im(cjk1;k2) = � �
2j
4I(x; y) �G(2jx� k1; 2

jy � k2)

(82)

The simultaneous presence of a smoothing kernel and its Laplacian in the
complex scaling function can be exploited to de�ne some elementary opera-
tions on the wavelet coeÆcients. In other words, we use this information to
synthetise a new image that corresponds to some prescribed operation. A
typical example is de-noising; this application is among the most succesful
applications of wavelets. Here, we investigate the edge enhancement that is



usually implemented through the sharpening operator

I ! ~I = I � �4I (83)

Starting with an expansion of the form given by Eq.(76), we synthetize a
new image

~I = I0 +
jmax�1X
l=j0

Dl (84)

de�ned by

I0(x; y) =
X
m;n

cj0;m;n�j0;m;n(x; y (85)

Dl(x; y) = �l
X
k1;k2

gl;k1;k2 �l;k1;k2(x; y)

+
2X

�=0

X
k1;k2

Æl(d
�
l;k1;k2

)	�
l;k1;k2

(x; y) (86)

where the scale l runs from jmax to the coarse scale j0. �l are real valued and
Æl(z) are some functions of the complex wavelet coeÆcients. Our intention
is to extract various kind of details at di�erent dyadic scales of the image
and to add them to the original with appropriate weights. Some particular
choice of �l's and Æl's are particularly worth to mention. For example, let us
consider: �

�l � 0;
Æl(d) = (1 + �l)d;

(87)

We observe that �l = �l = 0 leads to the identity, i.e I = ~I. Introduction
of non vanishing (but small) �l amounts to add scale dependent details that
are similar to the multiscale laplacian.
Figure 19 shows an example of such a processing with SDW4 and N = 3.
In comparison with the original image, the local contrast has been improved
signi�cantly: artefacts from the scanner acquisition are now apparent in the
processed lady image. This \anomaly detection" is one of the most promising
applications of multiscale representations. Let us mention that other eÆcient
multiscale sharpening transformations have been proposed in the recent past.
The main di�erence in the present work is the orthogonality property of the
SDW transform and the use of the phase of a complex basis. We recall that
the SDW bases are not derived from a representation that allows speci�c
enhancements. On the contrary, the Laplacian has been shown to be inherent
to this particular orthogonal basis.



Figure 19: Image Enhancement: The test image at left. The right image has
been synthetized using non vanishing �'s and � in Eq.(80) and Eq.(82)

10 Complex Shrinkage

Let us now consider an image corrupted with additive Gaussian noise (de-
noted by N) projected into the approximation space of highest resolution

~I(x; y) =
X
m;n

~cjmax;m;n�jmax;m;n(x; y) (88)

We want to estimate a real signal

I0(x; y) =
X
m;n

Cjmax;m;n�jmax;m;n(x; y) (89)

from the observed image ~I = I0 + N . The wavelet shrinkage technique
amounts to computing estimates from the wavelet representation of the ob-
served signal. Let

I(x; y) =
X
k1;k2

~ck1;k2 �(x� k1; y � k2) +
2X

�=0

jmax�1X
j=0

X
k1;k2

d�j;k1;k2	
�
j;k1;k2(x; y):(90)



We have to solve the following variational problem: given a positive Lagrange
parameter �, �nd an image I� that minimizes the functional

L(I) def
= E(~I; I) + �S(I): (91)

Here E(~I; I) is the root-mean square error between the observed and test
images:

E(~I; I) = jjI � ~Ijj2 =
2X

�=0

jmax�1X
j=0

X
k1;k2

j ~d�j;k1;k2 � d�j;k1;k2j2; (92)

whereas S(I) represents some constraint on the regularity of the optimal
solution; in fact it regularizes the ill-posed problem of minimizing E alone.
The choice of this constraint involves some a priori knowledge about the true
signal we aim to restore. The parameter � controls the trade-o� between
goodness of �t and a priori smoothness. This latter property, given by S(I),
can be quanti�ed by using a norm in some Besov space (see Ref.[9]). An
important result in wavelet theory is the de�nition of such a norm in the
wavelet representation. Considering the Besov space B�

p;q (i.e. the space of
functions \with � derivatives in Lp"), it can be shown that

S(I) =
2X

�=0

jmax�1X
j=0

2js
0p
� X

k1;k2

jd�j;k1;k2jp
� q

p

; s0 = � + 1� 2

p
(93)

de�nes a norm in this space. For the sake of simplicity, we consider here
p = q = 1 and � = 1; then

S(I) =
2X

�=0

jmax�1X
j=0

X
k1;k2

jd�j;k1;k2j (94)

and the functional de�ned in Eq.(91) can be read as

L(I) =
2X

�=0

jmax�1X
j=0

X
k1;k2

F(d�j;k1;k2; ~d�j;k1;k2) (95)

with

F(d; ~d) = j ~d� dj2 + � jdj: (96)

Equation (94) illustrates the eÆciency of the wavelet representation for solv-
ing the above optimization problem since it \diagonalizes" the functional over



each coeÆcient of the decomposition. As illustrated on Fig.20, the solution
d� of our variational problem,

d� = ArgminF(d; ~d) (97)

is clearly a point lying on the ray de�ned by the phase of ~d. In other words,
the phase is preserved and plays a role in this problem rather like a parameter.
Let us re-write F(d; ~d) in terms of the amplitudes,

F(r; ~r) = (~r � r)2 + � r (98)

The solution of ArgminF(r; ~r) is obviously given by

r� = (r � �

2
)+ (99)

where (x)+ is equal to x for x � 0 and 0 elsewhere (see dashed line on Fig.21).
We thus obtain a soft-shrinkage of the wavelet coeÆcients amplitude with a
threshold de�ned by �(j). Denoting by T this shrinkage operator of the
wavelet coeÆcients, the resulting estimate is given by

I� = (W�1 T W) ~I (100)

Let us emphasize that this approximation is obtained by modifying only the
amplitude of the wavelet coeÆcients: the phases are preserved. This fact will
be explicitly used in the Bayesian approach considered in the sequel. Let us
consider the general case of a zero-mean complex Gaussian random variable
� with a normal distribution (see for instance Ref.[20]). Following the recent
work of Picinbono [21], we de�ne the variance �2 and the \relation" C by

�2
def
= E(���); C

def
= E(�2) (101)

The complex Gaussian distribution is then described by the density function

p(�; ��) =
1

�2�

1p
1� �2

e�
1
2
Q(�;��) (102)

with

Q(�; ��) = (�; ��)

 
�2 C
C �2

!�1  
�
��

!
and C = �2�ei
 : (103)



Θ

d
~

d

E

S

Figure 20: Solution of ArgminF(d; ~d)

Straightforward computation yields the following expression for Q:

Q(�; ��) = 2j�j21� � cos(2Arg� � 
)

�2(1� �2)
= 2

�2

�2�(�)
(104)

where � = �ei� and

�(�) =
(1� �2)

1� � cos(2�� 
)
(105)

Let us consider the following expression for the wavelet coeÆcients computed
from the observed image ~I (we omit to write the indices j; k):

~d = d0 + �; i:e: �ei� = rei� � �ei� (106)

using the polar representation of the wavelet coeÆcients, ~d = rei� and d0 =
�ei�. First we obtain the following likelihood function:

�(r; �j�; �; �; �; 
; �) � r e
� (r��)2�2r�(1�cos(���))

�2�(�) (107)



Second, since we are interested in an estimator that preserves the phase of
the wavelet coeÆcient, i.e. an estimator of the amplitude only, we de�ne a
likelihood on the amplitude rj;k by

�j;k(rj�) = �(r; � = �j;kj�; � = �j;k; �; �; 
; � = �j;k) � r e
� (r��)2

�2�(�j;k) (108)

Let us comment on the various \hidden" parameters (assumed to be known)
in �(�j;k). The angle

1
2

 de�nes the principal axis of the distribution (for the

noise) in the complex plane; the � parameter takes real values between 0 and
1 and measures the \circularity" of the complex noise component (see [21]):
if the data are circular (i.e. the phases are meaningless), then � � 0; however,
real and imaginary parts are strongly correlated for � � 1 (the limiting case
� = 1 is obtained with the Haar wavelet for which all the wavelet coeÆcients
lie on a line). The variance � intuitively measures the noise level. In a
fully Bayesian analysis, it would be possible to assume prior distributions on
each of these parameters in Eq.(107). Here, however, we perform a partial
Bayesian analysis by �rst using the wavelet coeÆcients at the �nest scale to
estimate �; � and 
 and also using the fact that � = � = �j;k. Thus, the
following estimators of the parameters arise naturally:

�2 = E[ ~djmax;k
~djjmax;k] (109)

�ei
 =
1

�2
E[ ~d2jmax;k] (110)

Following the previous discussion, the prior distribution on �, which can
be considered as a measure of smoothness, should depend on the Lagrange
parameter � in Eq.[91]. Here, we choose to model this smoothness by a
Gamma(2, 1

�
) density; that is

�(�) � � e���: (111)

The resulting posterior density for � is thus found to be

�j;k(�jr) = � e
� (r��)2

�2�(�j;k)
���

R1
0 r0 e

� (r�r0)2

�2�(�j;k)
��r0

dr0
(112)

The Bayes estimate can now be speci�ed as follows. Let us consider the
signal contaminated by additive noise and expanded in some orthogonal dis-
crete wavelet basis. The Bayes estimator with respect to the quadratic loss
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Figure 21: Shrinkage function S(x)

of the wavelet coeÆcient amplitude is equal to the mean of the posterior dis-
tribution: that is, for any pair of indices (j; k), the Bayesian estimator Æj;k(r)
of the amplitude of wavelet coeÆcient dj;k, given the observed amplitude
r = rj;k is

Æj;k(r) =
Z 1

0
��j;k(�jr) d� =

R1
0 r02 e

� (r�r0)2

�2�(�j;k)
��r0

dr0

R1
0 r0 e

� (r�r0)2

�2�(�j;k)
��r0

dr0
(113)

Using the following probability integral[2],

Z 1

0
xn e�

1
2
x2�zx dx = n!

p
2n�1� inerfc(

�zp
2
) (114)

where inerfc(x) denotes the repeated integrals of the Error function:

inerfc(z) =
Z 1

z
in�1erfc(x) dx; i0erfc(z) = erfc(z) (115)



we obtain the following expression for the estimator

Æj;k(r) = �

s
�(�j;k)

2
S
�
1

�

s
2

�(�j;k)
(r � �(�j;k)

2
)
�

(116)

with

�(�) = � �2�(�) (117)

and

S(x) = x +
1p
2

erfc(�xp
2
)

ierfc(�xp
2
)

(118)

As seen on the graph of the Fig.22, S(x) gives a \supersmooth" version of a
\soft-shrinkage" estimator. This function and the phase-dependent estima-
tor given by Eq.(116) are our main results. In Fig.22, we show the phase
dependency of the threshold for various values of the \circularity". As ex-
pected, we observe that the limiting case � � 1 does correspond to the usual
real case for which a single phase (e.g 0 or �) is present in the decomposition.
Conversely, the threshold does not depend on the phase when the data are
circular, i.e when � � 0. Note that approximating S(x) by (x)+ (the dashed
line on Fig.21) simpli�es the result in Eq.(116) and leads to the estimator

Æj;k(r) =
�
r � �(�j;k)

2

�
+

(119)

As expected, this result extend the initial estimate (99) with an explicit
dependence on the phase. Images displayed in Fig.23 illustrate the tech-
nique presented here. In the upper and lower images both columns contain
the noisy observed images and the corresponding estimates respectively. It
should be mentioned that we have used � =

p
2 lnn��1 in Eq.(116) (n being

the number of pixels of the image) in order to recover the universal threshold
of Ref.[10] when � = 1.

11 Conclusion

Ten years after the celebrated work of I. Daubechies [7] (�nding the com-
pactly supported wavelets orthonormal bases with maximum number of van-
ishing moments),the present paper describes a generalization of this problem,
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pointing out the existence of symmetric solutions. Indeed, such solutions are
complex-valued and exhibit extra-properties that have been used in vari-
ous applications, mainly in image processing. Presently, Wavelet-based pro-
cessing has reached a mid-term maturity and only few methods have taken
advantage of this new framework for the signals description. All of these
applications make use of statistical analysis of signals: zero-tree coding and
data compression, de-noising, multiscale modeling,... One of the most inter-
esting and signi�cant applications of this techchnique has been in the �eld of
medical image processing, where it has helped interpret signals. In Fig.24,
we illustrate this with a mammogram in which details as small as the micro-
calci�cations have been ampli�ed using the approach described in Section 9
where we use the complex nature of our solutions. Indeed, in Section 6, we
explain the presence of a wavelet in the imaginary part of the scaling function:
the sharpenning enhancement illustrated in Fig.24 is mainly based on this
result. The phase of the solutions has also been useful in the de-noising ap-
plication presented in Section 10. It is worth comparing our approach with
the multi-wavelet shrinkage method proposed by the authors of [11]. The
complex solutions '(x) = h(x)+ i g(x),  (x) = w(x)+ i v(x), can be trivially



Figure 23: Noisy and estimated images

recast as real-valued multi-wavelet solutions where we consider vectors

�(x) =

 
h(x)
g(x)

!
; 	(x) =

 
w(x)
v(x)

!
(120)

and the matrix form of equations (12) and (23). In this framework, a mul-
tivariate statistical analysis of the 2d-wavelet coeÆcients has been carried
out in [11] and an \ellipsoidal" shrinkage has been proposed. This estimator
amounts to preserving what we unambiguously identi�ed as the phase of the
complex wavelet coeÆcients. Moreover, we justi�ed preserving the phases in
Section 10. Let us mention that such \ellipsoidal" shrinkage technique has



been used eÆciently in the complex framework by the authors of [12]. Their
estimator corresponds to our result (119). They have shown, with careful
comparisons, that this de-noising technique based on complex wavelets out-
performed the other standard methods for reducing speckle artefacts in SAR
images.
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Figure 24: Image Enhancement: The test image (bottom) is a region of a
digitized mammography. The upper image has been synthetized using S with
SDW4 and N=3.


