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Definition and uses of tau functions Uses of tau functions

Uses of tau functions

@ Classical integrable systems
e Canonical generator for commuting flows

© Random matrices, quantum integrable systems, solvable lattice
models,

e Partition function, spectral correlation functions
e Boltzmann weight on statistical ensembles

© Large N limit ~ dispersionless limit ~ semiclassical limit
o Free energy = limy_. # log (tau function) ~ electrostatic
self-energy of Coulomb gas (eigenvalues in RMM) in continuum
limit; ({#i}=1,2... = exterior harmonic moments)
© Random processes

o Weight on path space
e Generating function for transition probabilities
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Definition and uses of tau functions Grassmannians, Abelian group actions, determinants

Sato-Segal-Wilson definition of the KP r function
The 7-function is an infinite Fredholm determinant
1g(t) = det(my : W(t)—Hy), t=(t,b,...)

of the orthogonal projection operator defined on a Hilbert space
Grassmannian Gry, (H)

H=Hy+H_=L3S")
from a linearly evolving subspace (commensurable with 7. ):
W) =~(t)(W) € Gr, (H), W:=g(Hy))CH, geGL(H)
under an Abelian group action:
X117 = (1) : H—H,

to the “origin” (reference subspace H € Gry, (H)).
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Definition and uses of tau functions Fermionic Fock space VEV’s

Equivalent fermionic definition (via Pliicker map)
Fermionic Fock space (exterior space)
F:=NH
Monomial basis for 7, and dual basis for +*
{ei=2'}iez, {&}iez

Vacuum state: 0) :=egNejNer---
Fermi creation and annihilation operators

fi:=i(&), f:=en
Free fermion anticommutation relations
[fm fm]+ = ['_‘na?m]Jr =0, [fn,?m]Jr = 0nm
“Charged” vacuum vectors:
IN) := fnfy_q ... f|0)
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Definition and uses of tau functions Fermionic Fock space VEV’s

Fermionic form for KP and 2 — D Toda Tau functions

KP 7-function

) = (N (gl
o) = eSF I g— o

H; .= Z fi?j+i A= Z a,-,-f,-?,-
if

jez

2-D Toda r-function

ng(t 1) = (N3 (D) gF(H)|N)
A(t) = eXi= iHi 5(1) = eX JBH_ g=et

Hi=Y fifii A=) ajff
If

jez
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Classical integrable systems KP, Toda hierarchies. Baker function. Dispersionless limit

Define the Baker-Akhiezer function

T 127)
w(z,t) = eZ* b T

where 7 is a KP tau function, [z7'] := (1,5 ...)

Then 1)(z,t) satisfies the infinite set of evolution equations

o
o~ D
Dj = (L)+

N o 9

= 0! = — = —

E._8+§u,8, 0= 5 =t
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Classical integrable systems KP, Toda hierarchies. Baker function. Dispersionless limit

KP hierarchy/ 2-D Toda hierarchy

It follows that £, D; satisfy the equations of the KP hierarchy

A similar construction (replacing 0—e?) leads to the equations of the
2 — D Toda hierarchy

2-D Toda hierarchy

oL oL
= —[D;
atj [ I ‘C]a

p oL ~ oL .
— =[Dj, L], —==1[D;, L], —==1[D;, L
il ORI e AR
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Classical integrable systems KP, Toda hierarchies. Baker function. Dispersionless limit

Dispersionless limit

In the dispersionless / semiclassical limit (introducing a small
parameter i, 0—h0), we have (Takesaki, Takebe (1995))

e¥—weC, L L7'—fw,t),f(w,t) (completesymbol)
A __0f og og of
[, 91—={f, 9} == Yowar  Yowar

where f, f satisfy the equations:

Dispersionless 2-D Toda hierarchy

5t = A 5= A1) 5 = (e g = ()

In this setting, the equation of Laplacian growth is viewed
(Mineev-Zabrodin (1990)) as the compatible constraint equation

{f.fy =1
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Classical integrable systems Isospectral flows. Finite dimensional reductions

Finite dimensional reductions. Lax matrix, spectral curves

Isospectral Hamiltonian flows of Lax matrices

Restricting to finite dimensional phase space (or finite band gap
solutions to KP and Toda hierarchies), we introduce a Lax matrix L())
depending rationally on a spectral parameter \ .

For a suitable Poisson structure (R-matrix) and spectral invariant
Hamiltonians: Hamilton’s equation — Lax equation

dL(\)
a
Invariants (P = C) < coefficients of the spectral curve

det(L(\) — zI) = 0

[ACL, A), L(M)]

The 7-function is essentially the Riemann © function,
(which is an infinite determinant ):

7(t) =0(Q(t), Q(t)=Qo+(VeH,Y)
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Classical integrable systems Relation to Hamilton’s Principle Function

Solitons. Relation to Hamilton’s Principle Function

Solitons arise through degeneration to rational spectral curves with
cusp singularities
7 ~ det(eNiV1ri)

Hamilton’s Principle Function on Lagrangian leaves:

S(a(t),C) = /P __p-aa
=D(logO(ty, b, ...))

Where D is a constant coefficient linear differential operator in the flow
parameters (t, b, ...).
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Random two-matrix models Partition functions, expectation values, correlators

Random two-matrix models

Most statistical properties of the spectrum are expressible as
expectation values

1
<F>=— / F(Ms, Mp)dQ(M;, My)
7(2)
N
where the Partition function is

2% .— /dQ(M1,M2)

For some conjugation invariant F’s, unitarily diagonalizable matrices
M;, M., and certain matrix measures d2(M;, M») this reduces to
integrals over the eigenvalues

N
< F > H//r du(Xi, Y)AN)ANY)F (X1, X, Vi, - YN)
=17 F
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Random two-matrix models Partition functions, expectation values, correlators

Random two-matrix models

where the Vandermonde determinants

N N
AX):=TJxi—%), AW =]]vi-y)
i<j i<j

give rise to the 2-Coulomb gas interpretation (Gibbs measure)
AX)A(Y) = eXi<i 09X+ 21090 =)

Example: (Itzykson-Zuber (1980))

AQ(My, Mz) = dpuo(My)dpio(Mp)e™ (V1 (M) Va(Ve)+Mi )

General reduced 2—matrix integrals become
~ 2 ~ N ~
Z20:= [ [ dntomn 03700 DANK)Au(Y)
=177

Harnad (CRM and Concordia) Tau functions, random processes BIRS 2007 13/43



Random two-matrix models Partition functions, expectation values, correlators

General form of two-variable measure

Here du(x, y) is some generalized two-variable measure

du(x,y) = du(x)di(y Z Z ZabXa(X)Xb(¥)

a=1b=1

The terms ~(x, t), y(y, t) are viewed as abelian deformation factors,

with parameters: t= (fy.tz....), {=(h.f....)
’Y(X,t) = 92?21 tixi’ ;}./(y’ i) - ezio; iy

The terms (xa(Xx)Xp(y)) give limits of the domains of integration.
k = {kap}|1<a<q, give the relative weights of segments
1<5<d

-5

M= {l, x5}
and (z) are generating function parameters.
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Random two-matrix models Partition functions, expectation values, correlators

Examples

@ Two-matrix partition function:
k=1=1, z1=1, xa1=x1=1

du(x) = e"Wax, dji(y) = e2®), h(xy)=e¥

@ Generating function for (k, /) point correlators (marginal
distributions) of eigenvalues

Xa=0(X—Xa), xp=0(y— Yp)

@ Generating function for gap probabilities

Xa = X[apa_1,a24] (X) Xb = X[ﬁzb—nﬁzb](x)

@ Generating function for Janossy distributions. (Combine the
above two.)
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Random two-matrix models Two matrix characteristic polynomial correlators

Two matrix characteristic polynomial correlators

2
IEV) =

<1’—V[ TT5 det(€al — My) TT5, det(Cal — M2)>
T2, det(ml — Mi) T2, det(yud — My)

a=1

For suitable measures, this reduces to Integrals of rational
symmetric functions in 2N variables:

1 N
0 cnm= 11 [ ] dutxyant)any)
2y =1 It

§ N T (6o — Xa) TTZ 1 (Cs — Ya)
o T1 O — Xa) T2 1 (i — Ya)

N
(2 ._ v
2 1] [ [ duto. ) 8n0) (3.1)
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Random two-matrix models Two matrix characteristic polynomial correlators

Biorthogonal polynomials

Assuming generic conditions on the matrix of bimoments:

B := // du(x, y)xX'y¥ < co, 0, Vj,keN
kI
det(Bjk)ogj,ng #0, VYN eN

implies the existence of a unique sequence of
biorthogonal polynomials {P;(x), S;(y)}

/ / Gu(x.Y)P0SKY) = i

normalized to have leading coefficients that are equal:

+O(N), Sy = 4 +0(y™).

Pi(x) = 7/71

5=
\:.- .
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Random two-matrix models Two matrix characteristic polynomial correlators

Determinantal expression for correlator

Also, assume existence of their Hilbert transforms

Pin) = [ dp(x,y) 2

i) = [ du(x, y) 2

Determinantal expression for correlator
(Assume N+ L, — M, > N+ Ly — My > 0)

~

N+L2 M2 1 N+L1 M171\/h—n
|§5) =e(Ly, Lo, My, Mz)n”: \l'g }_[hn
T T (€o—m) TT2 4 TT2 (Co—rok)
X AL OB, Qb (B 9etG

where e(Lq, Lo, Mo, M) := (—1)2 (M1+M2)(M1+M2—1)(_1)L1M2
and Gis the (L2 + M) x (Lz + My) matrix:
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Random two-matrix models Two matrix characteristic polynomial correlators

Determinantal expression for correlator

N-+Lq— My N-+Lq— My
Ki1 (asm)) Ki2 (§a;(p)
N+Ly—My N+Ly—My

Kot (ko) Koz (ks Gp)
SN+L1 —my (n7) SN+L1 —my (Cs)

SN+ Lo— () SN+L2 _1(¢p)
where the kernels KY,, KY,, K~2/1 , Ky, are defined by:

J J—1 5 1
Ki1(&m) = Z Pa()Sn(n) + g Kinlé.C) Z Pn(£)Sn(¢

K21 (,m ZPn // =)0 —7)

K22 (1, ¢ Z Pn(u C —
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Random two-matrix models Two matrix characteristic polynomial correlators

Direct method

‘ J. Harnad and A. Yu. Orlov,
“Integrals of rational symmetric functions, two-matrix models and biorthogonal
polynomials”, J. Math. Phys. 48 (in press, Sept. 2007)

Fermionic vacuum state expectation values

‘ J. Harnad and A.Yu. Orlov,
“Fermionic approach to the evaluation of integrals of rational symmetric functions”,
arXiv:0704.1150)
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Random two-matrix models Two matrix characteristic polynomial correlators

Analogous results for one-matrix models:
‘ V.B. Uvarov, (1969) (general case)

‘ E. Brezin and S. Hikami, (2000),(polynomial integrals)
‘ Y.V. Fyodorov and E. Strahov (2003) (N > M)

‘ J. Baik, P. Deift and E. Strahov, (2003) (N > M)

¥ A. Borodin and E. Strahov (2006)

Complex matrix model: polynomial case

¥ G. Akemann and G. Vernizzi, (2003)
Complex matrix model: rational case

¥ M. Bergére hep-th/0404126)
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Random two-matrix models Two matrix characteristic polynomial correlators
Relation to integrable systems
Deform the measure

dQ(M;, My)—dQ(My, Mp) et ro4Mi M)
= dQ(My, My, 1, )

The deformed partition function
221 = /dQ(M1,M2,t,i)

is a 2-Toda 7 function. The biorthogonal polynomials and their
Hilbert transforms

{F,]'(Xa iv t)v IND/(}” ta i)}v {éj(xa t7 i)? S/(Y» t> i)}jEN
are Baker-Akhiezer and dual Baker-Akhiezer functions.
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Random two-matrix models Double Schur function expansions

Double Schur function perturbation expansions

In terms of the Schur functions s, (t), s,(t) (irreducible characters)
corresponding to partitions

A= () Z"'Z)\E(A)>O)7 = (1 Z"'Z,Ue(u) > 0)
of lengths £()\), ¢(n) < N

ZPwH =N S Busit)s.(d)
(V<N

where

By = det(By—it N yy—j+N)ij=1,...N:

is the Matrix of bimoments.
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Random two-matrix models Double Schur function expansions

Two methods of derivation

Direct method

Q J. Harnad and A.Yu. Orlov
“Scalar products of symmetric functions and matrix integrals”, Theor. Math. Phys. 137,
1676—1690 (2003).

Q J. Harnad and A. Yu. Orlov
“Matrix integrals as Borel sums of Schur function expansions”, In: Symmetries and
Perturbation theory SPT2002, eds. S. Abenda and G. Gaeta, World Scientific, Singapore,
(2003).

Fermionic vacuum state expectation values

Q J. Harnad and A. Yu. Orlov
“Fermionic construction of partition functions for two-matrix models and double Schur
function expansions”, J. Phys. A 39, 8783-8809 (July 2006) math-phys/0512056

Earlier work

Q V. A. Kazakov, M. Staudacher and T. Wynter, Commun. Math. Phys. 177, 451-468 (1996)
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Random two-matrix models Double Schur function expansions

Main tools for direct proof of formula for rational integrals

1. Multivariable partial fraction expansions

For N > M:
An(x)Am(n)
AT
For N < M:
AN(X)Ap(n)

HQI:1 Hjl‘i1(77/ — Xa)
—1)zNIN-1) A .
(;\”)2,\“ sgn(o) M*’\I/V(nUNﬂ - Tlow)
(M- N)! 25, [Ta=1(n0 — Xa)
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Random two-matrix models Double Schur function expansions

Main tools for direct proof of formula for rational integrals

2. Cauchy-Binet identity

If V is an oriented Euclidean vector space with volume form Q and
(P',...,PY), (S',...,Sh) are two sets of L vectors, then the scalar
product of their exterior products (A5_; P*, A5_; S”) is equal to the
determinant of the matrix formed from the scalar products of the
vectors:

(A5eq P A§—1SP) = detG
G .= (P, 8%, 1<ij<L (3.2)

This is just the fermionic form of the Wick theorem.
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Random two-matrix models Double Schur function expansions

Main tools for direct proof of the Schur function expansion

3. Cauchy Littlewood identity

eZI’oi1 itt — Z SA(t)SA(i)
A

4. Andreief identity

N
H/CM@hWWWWMM)

—Nm«//m @M%U)

(1 <i,j,k, <N)

v

Both of these may be derived as consequences of the Cauchy- Binet
identity (or Fermionic Wick theorem).
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Random two-matrix models Double Schur function expansions

Fermionic approach: vacuum state expectation values (VEV)
Two-component fermions.

0 8501 =050 =0, I8, 80]y = 00 pdmm, a=1,2

Fermionic fields.

+00 +oo
f)(z):= Y ) @) (z) = > z k1)
k=—0c0 k=—o00

Right and left vacuum vectors. |0,0), (0, 0|

f0,00=0 (m<0), 7M0,00=0 (m=>0),
0,0f/=0 (m>0), (0,0fY=0 (m<0)
Wick’s theorem implies, for linear elements of the Clifford algebra
(0,0lwy - -- wnWp - - - W40, 0) = det ((0, 0|w;w;[0,0)) [jj=1,...n
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Random two-matrix models Double Schur function expansions

Charged vacuum states and g/(co) operators

Charged vacuum states |n(") n®) .= C  C,|0,0), where

Coier == £ £ if @) >0

n(e) —

(o) I= frs(?) e fEO;) it n® <0, Cp:=1

C

n

gl(c<) operators

k=1 k=1

where

H) .= Zf R, k#0, a=1,2

nN=—o00

are two sequences of commuting operators.
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Random two-matrix models Double Schur function expansions

Partition function as a 2-Toda r function (VEV)

Theorem. Z{7(t,) is a 2-Toda r function (VEV)

(1) = (N, —N|eHtD A0, 0)
1 1 =
= pCNENZP

Sketch of proof

(N, N!Hf X)FP()]0,0) = (—=1)2NNVD AN () An(y)

(N, N]Hf (x)f®(y)]0,0) =0 if k #N,

(N,—N|A%|0,0) =0 if k#N
el (1) (x)F) (y)e HO = eXi=1 1X+25% 1 (1) (x)F2) (),
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Random two-matrix models Double Schur function expansions

Double Schur function expansion

ZPaH =N S Busit)s.(d)
(V<N

where

B = det(By, it N yy—j+N)ij=1,... N>

Fermionic proof. Key element follows from Wick’s theorem

H(LT) £(1)7(2 1)%(2
(N,—N|e (tt)ffs1)f£/7)q_1 "'ff(w)fﬁh);\,q’o’m

— (—1)2NWN+ g, (1)s,,(F)
hi:=XN—i+N, H:=p—j+N
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Random Processes Determinantal processes on partitions

Random processes on partitions

Fermionic construction

Q J. Harnad and A. Yu. Orlov, “Fermionic construction of tau functions and random
processes”, Theor. Math. Phys. (in press, 2007) arXiv:0704.1157

Maya diagrams as basis for fermionic Fock space

For each integer N, and partition A of length ¢(\)

A=M>X>... NMA)>0eN Aj = 0OVi > £()N),

define particle positions (levels): {/i ;= X\ — i + N, };=1 _~ to form a
Maya Diagram, and a basis vector:

k ) — -
INN) = (=) 2= o Bt g frgay o1, IN)
IN) :=|0,N) (charge N vacuum)

where (aq, ... ak|B1, - .. Bk) is the Frobenius notation for a partition.
((«j, Bj) = no. of blocks to the right, resp. beneath the diagonal block in
the (i, /) position.)
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Random Processes Determinantal processes on partitions

o N+2 o N+2
o N+1 e N+1
o N o N

e N-1 o N-1
e N-2 e N-2
e N3 e N3

Fig.1 Dirac sea of level N. |0; N) Fig.2 Maya diagram for |(2,1); N)
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Random Processes Determinantal processes on partitions

gl(oc0) action on F

gl(0) : F—=F B
gl(o0) = span{ Ejj := fifi}jjez

This determines weighted actions on Maya diagrams
A=Y ayfif; € gl(oo)
if

A NN > " afif N >=> " CIN N >
i N.p

For positive coefficients a;;, we can view
<\ N|AK |, N >

as an (unnormalized) transition weight after k (discrete) time steps.
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Random Processes Determinantal processes on partitions

e i o i o i
Ez,k = 07 Ezk = Oy Ezlc = ( 1)cik
o k ek o k
1. Elimination of Maya diagrams 2. Nontrivial action
13
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Random Processes Determinantal processes on partitions

° 2 ° 2

o1 o1 H

a0 e 0

b, — 1 S

e -1 -1

o -2 o -2

1. Upward/downward hop 2. Adding/removing boxes on a Young diagram

of a particle on a Maya diagram
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Random Processes Determinantal processes on partitions

The 7 function as a generating function for transition probabilities

2 D-Toda tau function

In the 1-component formulation, the 2 D Toda tau function is:

gt E) =< Noe5BIN>
Y1) = et tiHh i “(i) — eXisi tiH-
Hi=> fify, A:= Za,,ff

JeZ

Assume A preserves N, and use

< N5®)|p, N >=s,(1) <\ Ny(t)|N >= s)(t)

Harnad (CRM and Concordia) Tau functions, random processes BIRS 2007

37/43



Random Processes Determinantal processes on partitions

The 7 function expansion in Schur functions

™ g(t: 1) ZZ@ <A NAK N > s, (0)sa()
Ap k=0

% <\ NJAK + AR |, N > (+ permutations)

The transition probability in k time steps is

<M\ NJAK |, N > =

WX 5\ 1)
Pi((1; N)— (A, N)) = m

Wi o(v, 1) =< X\, NJAK |11, N > — < X, NJAS |11, N >

Example. Random turn non-intersecting walkers

A= (pificifi+ prefiaf),  pLpr=0, pr+pr=1

i€Z
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Random Processes Determinantal processes on partitions

k 1 2 3 4 5 6 7 8 9 10 11 12

A=Y (pifi-rfi + prfivafi)
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Random Processes Other relations to integrable systems: Bethe ansatz

Asymmetric Exclusion Process (ASEP)

Other relations to integrable systems: Bethe ansatz solution of
ASEP, using equivalence with integrable spin models
¥ K-H Gwa and H. Spohn

“Six-vertex model, roughened surfaces and an asymmetric spin hamiltonian”, Phys. Rev.

Let. 68, 725 - 728 (1992); “Bethe solution for the dynamical-scaling exponent of the noisy
Burgers equation”, Phys. Rev. A 46, 844-854 (1992)

¥ G.M. Schiitz

“Exact solution of the master equation for the asymmetric exclusion process”, J. Stat.
Physics 88, 427-445 (1997)

Q C. Tracy and H. Widom

“Integral formulas for the simple asymmetric exclusion process”, ArXiv0704.2633v2
[math.PR] (2007)
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Random Processes

Bethe ansatz solution of ASEP

Other relations to integrable systems: Bethe ansatz

Continuous time limit (ASEP), for a finite number of particles.
Particle positions: X = (x1,...Xn), Y = V1,...¥n)

Let uy(X;t) := probability of being in state X at time t, given they are
in state Y att=0.

Master equation:

du L ~

= 2 (pruv(Xi ) + puy (X ) — u(X; 1)
i=1

)(I-i = (X1,...X,',1,X,':|:1,...,Xn)

Initial and boundary conditions:

uy(X;0) =dx,y
uy((X1,... Xi, Xi =1, %) 1) = pruy (X, . .., Xi, Xiy - . Xn); 1)
—{—p/Uy((X1,...,X,'+1,X,'+1,...Xn);t)
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Random Processes Other relations to integrable systems: Bethe ansatz

Bethe ansatz solution

Integral formula for transition probabilities

(Tracy, Widom (2007))

i—Yo()—1 n (&
ur(Xit) = 2 <2m> H Aoy e g

O'GSn

where

A — H (_pr+pl§a€5 _fa)
inversions(a,3)Co Pr =+ plgagﬁ - 6/3

€(§) == p¢" +q¢ — 1
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Random Processes Other related work

Further relations of random processes to integrable systems

Tau function as partition function for Fermion statistical ensembles

‘ J. Harnad and A. Yu. Orlov, “Fermionic construction of tau functions and random
processes”, Theor. Math. Phys. (in press, 2007) arXiv:0704.1157

Tau functions as weights on 2-D partitions (path space weight for 1-D partitions)

‘ A. Okounkov and N. Reshetikhin, “Correlation function of Schur process with application to
local geometry of a random 3-dimensional Young diagram ”J. Amer. Math. Soc. 16 581-603
(2003); “Random skew plane partitions and the Pearcey process * Commun. Math. Phys.
269, (2007)
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