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1. THE PLATEAU PROBLEM (some attempts)

Plateau was interested in soap films. The simplest statement of
Plateau’s problem: describe the soap films E ⊂ R3 bounded by a set Γ
(for instance a smooth curve). Existence and regularity?

Apparently, a soap film is composed of two layers of some molecules
with a water-attracting head and a water-repelling tail, which align
themselves head to head; the width of the film is roughly equal to the
length of two molecules.

So we want to minimize the area of a surface E spanned by Γ.
But different notions of “surface” and “spanned” exist. We shall men-
tion some.

A soap bubble is slightly different: due to different pressures on
both sides, it only “almost-minimizes” the area. In the smooth case, it
has constant (instead of vanishing) mean curvature.

We may also study higher dimensions or different boundaries.
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Hausdorff measure

Our sets E will not always be smooth. So we measure their size
with the d-dimensional Hausdorff measure Hd(E) given by

(1) Hd(E) = lim
δ→0

Hd
δ(E),

where

(2) Hd
δ(E) = cd inf

{∑
j∈N

diam(Dj)
d
}
,

and the infimum is taken over all coverings of E by a countable collec-
tion {Dj} of sets, with diam(Dj) ≤ δ for all j.

We may choose the normalizing constant cd so that Hd coincides
with Lebesgue measure on subsets of Rd.
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1.a. Douglas’ solution of Plateau’s problem (1931)

Take a smoth curve Γ, and look for E = f(D), where D is the unit
disk. Try to minimize the area of the image

∫
D
Jf (x)dx.

Difficulty: too many possible parameterizations to hope for com-
pactness.

Bright idea: try to take f to be harmonic in D, and choose f on
∂D so that

∫
D
Jf (x)dx is minimal. Luckily, this amounts to solving a

variational problem for f|∂D which is much simpler: minimize

(3) A(f) =

∫ ∫ ∑n
j=1 |fj(θ)− fj(φ)|2

sin2
(
θ−φ
2

) dθdφ.

But the method does not see whether f(D) crosses itself, so the
solutions are not physical.
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1.b. Currents and the Plateau problem

We start with the most celebrated and successful model, provided
by currents. Work by Federer, Fleming, De Giorgi, and others.

A d-dimensional current is a continuous linear form on the space
of smooth d-forms. Almost the same as a form-valued distribution.

Main example: if S is smooth, oriented surface of dimension d, the
current S′ of integration on S is defined by ⟨S′, ω⟩ =

∫
S
ω. But we

want a much larger class with compactness properties.
Other useful example, the rectifiable current T defined on a d-

dimensional rectifiable set E such that Hd(E) < +∞, with a mea-
surable orientation τ , and an integrable integer-valued multiplicity m:

(4) ⟨T, ω⟩ =
∫
E

m(x) ω(x) · τ(x) dHd(x).
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Recall (4) : ⟨T, ω⟩ =
∫
E

m(x) ω(x) · τ(x) dHd(x).

Again Hd = d-dimensional Hausdorff measure ≃ surface measure.

Rectifiable implies that E has a tangent (approximate) d-plane at
Hd(E)-a.e. point. We choose in a measurable way a unit d-vector
τ(x) that spans this tangent plane, and use it to define ω(x) · τ(x).
This would give the same definition on a smooth oriented manifold.

The boundary ∂T of a d-dimensional current T is defined by

(5) ⟨∂T, ω⟩ = ⟨T, dω⟩ for every (d− 1)-form ω.

[d is the exterior derivative.] When S is a smooth oriented surface with
boundary Γ, Green says that ∂S′ = Γ′. Notice: ∂∂ = 0 because dd = 0.
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Boundary condition for currents:

Take a (d− 1)-dimensional current Γ, with ∂Γ = 0, and solve ∂T = Γ.

Two main problems: minimize MASS or SIZE.

The mass Mass(T ) is the operator norm of T , where we put a L∞-norm
on forms. When T is a rectifiable current given by

Recall (4) : ⟨T, ω⟩ =
∫
E

m(x) ω(x) · τ(x) dHd(x).

(6) Mass(T ) =

∫
E

|m(x)| dHd(x).

The size of T is the Hd-measure of its closed support

(7) Size(T ) = Hd
(
{x ∈ E ; m(x) ̸= 0}

)
.
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Plateau problem for currents, conclusion

Great existence results, in all dimensions, when we minimize Mass(T )
under the condition ∂T = Γ.

Very good regularity too (smoothness up to dimension 7, etc.).

But the solutions are not so physical, and for soap films we should
rather minimize Size(T ).

And then, no general existence result, even when n = 3, d = 2, and
Γ is a smooth curve. The difficulty is that we have no bounds on the
masses in a minimizing sequence, so the good compactness theorems
do not apply.

Also (even if we minimize Size(T )) why should our set be orientable?
For some other examples, the problem ∂T = Γ does not fit.

Interesting partial results by R. Hardt and T. De Pauw. General idea:
minimize Size+εMass, control the minimizers uniformly, and let ε → 0.
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1.c. Directly with sets and homology

Return to d = 2, n = 3, and E is a “surface” (a set) spanned by a
curve Γ. We want to minimize H2(E), but what does “spanned” mean?

For Reifenberg (1960), E is a compact set that contains Γ, and
the boundary condition is in terms of Čech homology on some commu-
tative group G. We require the inclusion i : Γ → E to induce a trivial
homomorphism from H1(Γ, G) to H1(E,G). Then we minimize H2(E).

Reifenberg proved the existence of minimizers when G = Z2 or R/Z.
Beautiful proof with minimizing sequences and haircuts.

De Pauw obtained the 2-dimensional case when G = Z (with currents).
The equivalence with the size minimizing problem is not clear, but

the infimum is the same [De Pauw].

Quite nice. But the list of minimizers may depend on G, so we
may need to choose it correctly.
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1.d. Sliding Almgren minimizers

We propose a third definition, where we minimizeH2(E) among all
compact sets E obtained by deformation of an initial candidate E0 with
a sliding boundary condition. [Think about a rubber shower curtain.]

We give ourselves a finite collection of smooth boundary pieces Γj ,
j ∈ J . For instance, just one curve or surface Γ. A sliding deformation
of the closed set E0 is a set F = φ1(E0), where φt : E0 → R3, 0 ≤ t ≤ 1,
is a one-parameter family of functions such that:

(8) (x, t) → φt(x) is continuous: E0 × [0, 1] → R3,

(9) φ0(x) = x for x ∈ E0,

(10) φt(x) ∈ Γj when x ∈ Γj ,

(11) φ1 is Lipschitz.
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Then we give ourselves an initial closed set E0, with Hd(E0) < +∞,
and try to minimize Hd(F ), among all the sliding deformations of E0.

Remarks.
- Deformations do not need to be injective: pinching is allowed.
- We need choose E0 so that inf(Hd(F )) > 0 (involves some topology).

- We required (101) for safety, but no bound on the Lipschitz constant
is attached. We may also drop (11).

Advantages.
- No need to orient E or choose a group.

- More flexible a priori (different E0 can give different solutions).

Bad news: the usual difficulties with parameterizations.
No general existence result yet. Even when d = 2, n = 3, and the
boundary is a smooth curve Γ. Less bad : should we forbid unrealistic
deformations that first extend the film too far? Some real films can be
deformed into a point through a long homotopy.
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1.e. Other possible definitions of Plateau’s problem.

For instance, let Ω ⊂ Rn be closed, choose V1, V2 ⊂ Rn \ Ω open
and disjoint, and minimize Hn−1(E) under the constraint that

E ⊂ Ω (still) separates V1 from V2 in Rn.

Easier to get existence results, because of compactness in BV ;
some regularity away from V1 ∪ V2.

In higher codimensions, replace separation with homology condi-
tions: let the γj ⊂ Rn \Ω be spheres or surfaces of dimension n−d−1,
require that the γj define nonzero elements in the homology of Rn \E,
and minimize Hd(E). Existence results of Xiangyu Liang.

Weak form: ask that E is a limit of deformations of E0, and only
that Hd(E) ≤ Hd(F ) for all deformations of E in a compact subset of
the boundary. Or work on a manifold without boundary [V. Feuvrier].
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Almgren sliding almost mimimal sets.

Anyway, we claim that the Plateau problem has not been solved
entierely, even for curves in R3.

Probably, some insight on the regularity properties of potential
minimizers near the boundary will be useful. So (for the sliding Plateau
problem above) we want to study Almgren sliding almost mimimal sets:

We choose boundaries Γj as above, and a small gauge function
h(r) such that limr→0 h(r) = 0 ; typically, h(r) = Crα.

A sliding deformation of E in the ball B ⊂ Rn is a set F = φ1(E),
where {φt}0≤t≤1 satisfies (8)-(11), and φt(x) = x for x ∈ E \ B and
φt(E ∩B) ⊂ B for 0 ≤ t ≤ 1.

An Almgren sliding almost mimimal set is a closed set E such that

(12) Hd(E ∩B) ≤ Hd(F ∩B) + h(0)rd

whenever F is a sliding deformation of E in a ball B of radius r.
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2. INTERIOR REGULARITY : J. TAYLOR’S THEOREM

We now focus on regularity properties of potential solutions away
from the boundary. J. Taylor’s theorem will be the best example.

First define local minimal and almost-minimal sets in a domain
U ⊂ Rn. We essentially use Almgren’s definition (good for soap films
and bubbles).

We consider sets E ⊂ U , of dimension d, and even such that
Hd(E ∩B) < +∞ for every compact ball B ⊂ U .

Let B be a compact ball in U . A competitor for E in B is a set
F = φ(E), where φ : U → U is Lipschitz (but no bounds required),
and

(1) φ(y) = y for y ∈ U \B, and φ(B) ⊂ B.

Same thing as before, but B ⊂ U , we have no boundary piece, and
there is an obvious deformation given by φt(x) = (1− t)x+ tφ(x).
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An almost minimal set of dimension d in U , with gauge function
h, is a closed set E, with Hd(E ∩ B) < +∞ for closed balls B ⊂ U ,
such that

(2) Hd(E ∩B) ≤ Hd(F ∩B) + rdh(r)

whenever B is a closed ball, B ⊂ U , r is its radius, and F is a competitor
for E in B.

Comments.
1. Minor variant of Almgren’s definition. Other variants exist.
2. If E is a sliding almost minimal set with the Γj , j ∈ J , then it is
almost minimal in U = Rn \

∪
j∈J Γj .

3. Note that φ1 is still not required to be injective. Pinching is allowed.
4. The support of a size-minimizing current T is almost minimal away
from the support of ∂T , I think.
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2.a. Simple examples (of Minimal cones)

That is, cones that are also minimal sets, i.e., such that

Hd(E ∩B) ≤ Hd(φ(E) ∩B)

for φ : Rn → Rn Lipschitz s.t. φ(x) = x for x ∈ Rn \B and φ(B) ⊂ B.

• d = 1 : A line, a Y (three half lines in a plane, with 120◦ angles).

• d = 1 : But not two lines (even perpendicular), or 4 half-lines in R3.

• d = 2 : A plane, a Y (product of Y by a perpendicular line = three
half planes that make 120◦ angles).

• d = 2 : Less trivial to check: in R3, the (closed positive) cone T
of dimension 2 over the union of the edges of a regular tetrahedron
centered at the origin. Six faces that meet by sets of three along four
half lines (the spine). [Morgan-Lawlor with calibrations.]

This is the full list in R3, known by Lamarle, Heppes, Taylor.
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Reduction (= cleaning)

For E ⊂ Rn closed, with locally finite Hd measure, denote by E∗

the closed support of E. That is,

(3) E∗ =
{
x ∈ E ; Hd(E ∩B(x, r)) > 0 for all r > 0

}
.

Say that E is reduced (or coral) when E = E∗.

If E is almost minimal, then E∗ is almost minimal, with the same
gauge h, because Hd(E \E∗) = 0. So it is safe to focus on reduced sets.

This simplifies things; otherwise we would get ugly statements
because if E is almost minimal, then E ∪ Z is also almost minimal for
any closed Z such that Hd(Z) = 0.

We should keep in mind that E∗ \ E can play a role in some
topological problems. But from now on, all our sets will be reduced.
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}
.

Say that E is reduced (or coral) when E = E∗.

If E is almost minimal, then E∗ is almost minimal, with the same
gauge h, because Hd(E \E∗) = 0. So it is safe to focus on reduced sets.

This simplifies things; otherwise we would get ugly statements
because if E is almost minimal, then E ∪ Z is also almost minimal for
any closed Z such that Hd(Z) = 0.

We should keep in mind that E∗ \ E can play a role in some
topological problems. But from now on, all our sets will be reduced.
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2.2. J. Taylor’s theorem

Theorem (JT, 1976). Let E be a reduced local almost minimal set of
dimension 2 in some open set U ⊂ R3, with gauge function h(r) = Crα

(α > 0). Then for each x ∈ E, there is a ball B(x, r) inside which E is
the image of a minimal cone by a C1-diffeomorphism of R3.

Comments

• The cone is a plane, a Y, or a T, as in the list above. This also means
that near B(x, r), E is composed of C1 faces, which meet along C1 arcs
with 120◦ angles and the same combinatorics as in a minimal cone.

• The singularies above occur in real soap films.

• Alas, the result does not give a concrete way to estimate r.

• Some (Dini) condition on h is needed, but h(r) = Crα is not optimal.

36



2.2. J. Taylor’s theorem

Theorem (JT, 1976). Let E be a reduced local almost minimal set of
dimension 2 in some open set U ⊂ R3, with gauge function h(r) = Crα

(α > 0). Then for each x ∈ E, there is a ball B(x, r) inside which E is
the image of a minimal cone by a C1-diffeomorphism of R3.

Comments

• The cone is a plane, a Y, or a T, as in the list above. This also means
that near B(x, r), E is composed of C1 faces, which meet along C1 arcs
with 120◦ angles and the same combinatorics as in a minimal cone.

• The singularies above occur in real soap films.

• Alas, the result does not give a concrete way to estimate r.

• Some (Dini) condition on h is needed, but h(r) = Crα is not optimal.

37



Theorem (JT, 1976). Let E be a reduced local almost minimal set of
dimension 2 in some open set U ⊂ R3, with gauge function h(r) = Crα

(α > 0). Then for each x ∈ E, there is a ball B(x, r) inside which E is
the image of a minimal cone by a C1-diffeomorphism of R3.

• You can get more regularity than this, especially if h is very small or
vanishing and in the regions where E is C1-diffeomorphic to a plane.

• There is a generalization to 2-dimensional almost minimal sets in Rn,
but we only get the Hölder equivalence with a minimal cone, and the
list of 2-dimensional minimal cones in Rn is not known. Just a first
description of the structure.

• For higher dimensions and codimensions, much less is known (local
Ahlfors-regularity, uniform rectifiability, theorems about limits, local
structure of 3-cones in R4).
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2.3. Bits of proofs

Exercise 1. If E is minimal of dimension 1 in Ω ⊃ B, [a, b] is a
diameter of B, and and if E ∩ ∂B = {a, b} then E ∩B = [a, b].
If E is only almost-minimal, E∩B(x, r) stays within Ch(r)1/2r of [a, b].

Exercise 2. Y is a minimal set of dimension 1.
If E is a minimal set of dimension 1 in Ω ⊃ B and E ∩ ∂B = {a, b, c},
what is E ∩B? What if E is only almost-minimal?

With arguments like this, one gets a first description of minimal
cones E of dimension 2 in Rn, as a finite union of arcs of great circles,
that meet only by sets of 3 and with 120◦ angles.

In R3, we get a collection of nets on the sphere, eliminate some,
and we are reduced to P , Y, and T.

In R4 or more, we don’t know the list. Xiangyu Liang showed that
P1 ∪ P2 is minimal when P1 and P2 ⊂ R4 are almost orthogonal. We
suspect that Y × Y is minimal. Anything other one?
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Monotonicity of density

Theorem. Let E be a minimal set of dimension d in U ⊂ Rn. Set

(1) θ(x, r) = r−dHd(E ∩B(x, r))

for x ∈ E and r > 0 such that B(x, r) ⊂ U . Then for each x,

(2) θ(x, ·) is nondecreasing.

Idea of proof. Observe that r → Hd(E ∩ B(x, r)) is nondecreasing,
so it is the integral of its derivative (seen as a Stiljes measure), which
is no less than its almost-everywhere derivative. Thus it is enough to
check that for almost every r,

(3) r−d ∂

∂r

(
Hd(E ∩B(0, r)

)
≥ d r−d−1Hd(E ∩B(0, r))
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. . . enough to check that for almost every r,

(3) r−d ∂

∂r

(
Hd(E ∩B(0, r)

)
≥ d r−d−1Hd(E ∩B(0, r)).

But

(4)
∂

∂r

(
Hd(E ∩B(0, r)

)
≥ Hd−1(E ∩ ∂B(0, r))

[Think about C1 surfaces], so it is enough to show that

(5) Hd(E ∩B(0, r)) ≤ r

d
Hd−1(E ∩ ∂B(0, r)).
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. . . enough to show that

(5) Hd(E ∩B(0, r)) ≤ r

d
Hd−1(E ∩ ∂B(0, r)).

Notice that

(6)
r

d
Hd−1(E ∩ ∂B(0, r)) = Hd(Γ ∩B(0, r)),

where Γ denotes the cone over E ∩ ∂B(0, r)).

Now [Γ∩B(0, r)]∪E \B(0, r)] is not directly a competitor for E,
but we can approximate it by Lipschitz deformations of E in B(0, r)
[Expand a lot near ∂B(0, r) and contract most of B(0, r) to the origin.]
The comparison yields (5) and the monotonicity of θ.

Last comments: 1. Almost-monotonicity for almost-minimal sets.

2. When r → θ(x, r) is constant on (r1, r2), E coincides with a minimal
cone on B(x, r2) \B(x, r1). Complicated, but not too surprising proof.

45



. . . enough to show that

(5) Hd(E ∩B(0, r)) ≤ r

d
Hd−1(E ∩ ∂B(0, r)).

Notice that

(6)
r

d
Hd−1(E ∩ ∂B(0, r)) = Hd(Γ ∩B(0, r)),

where Γ denotes the cone over E ∩ ∂B(0, r)).

Now [Γ∩B(0, r)]∪E \B(0, r)] is not directly a competitor for E,
but we can approximate it by Lipschitz deformations of E in B(0, r)
[Expand a lot near ∂B(0, r) and contract most of B(0, r) to the origin.]
The comparison yields (5) and the monotonicity of θ.

Last comments: 1. Almost-monotonicity for almost-minimal sets.

2. When r → θ(x, r) is constant on (r1, r2), E coincides with a minimal
cone on B(x, r2) \B(x, r1). Complicated, but not too surprising proof.

46



Limiting theorems

Theorem [D]. Let {Ek} be a sequence of reduced almost minimal sets
in U , with the same gauge function h. Suppose that {Ek} converges to
the closed set E (locally in Hausdorff distance). Then

(7) Hd(E ∩ V ) ≤ lim inf
k→+∞

Hd(Ek ∩ V ) for every open set V ⊂ U ,

and

(8) E is a reduced almost minimal set, with gauge function h.

• See the definition of convergence below.

• The main part is (7); for the rest, we use a competitor for the limit
to construct competitors for the Ek.

• (7) follows from other regularity properties (local Ahlfors-regularity,
uniform rectifiability) and a result of Dal Maso, Morel, and Solimini.
Proofs of Almgren, D., and Semmes.

• Limsup inequality for minimal sets and V closed (similar proof).
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Definition of local convergence of {Ek} to E in the open set U :

(9) lim
k→+∞

dx,r(E,Ek) = 0 for every ball B(x, r) ⊂⊂ U ,

where we set

(10)
dx,r(E,Ek) = r−1 sup

{
dist(y,E) ; y ∈ Ek ∩B(x, r)

}
+ r−1 sup

{
dist(y,Ek) ; y ∈ E ∩B(x, r)

}
.

[The right way to write local Hausdorff distances between sets; also
the only notion of local convergence if we want to be able to extract
convergent subsequences.]
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Blow-up limits are cones

A blow-up limit of E at x is any limit

(11) E∞ = lim
k→+∞

E − x

εk
, where lim

k→+∞
εk = 0.

By limiting theorems, the monotonicity (or almost-monotonicity) of
density, and Ahlfors-regularity,

θE∞(0, r) = r−dHd(E∞ ∩B(0, r)) = r−d lim
k→+∞

Hd
(E − x

εk
∩B(0, r)

)
= lim

k→+∞
r−dε−d

k Hd(E ∩B(x, εkr)) = lim
k→+∞

θE(x, εkr)

:= θE(x) > 0.

Then E∞ is a minimal set with constant density; it is a minimal cone.
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Almost constant density

Another consequence of monotonicity and the theorem on limits is:

Let δ > 0 be small. Suppose E is almost minimal in B(x, r), and
that h, h(2r), and θ(x, 2r)− θ(x) are small enough.

Then inside B(x, r), E is as close as we want to a minimal cone Z
centered at x with density θ(x):

(12) dx,r(E,Z) ≤ δ

and, for B(y, t) ⊂ B(x, r),

(13)
∣∣Hd(E ∩B(y, t))−Hd(Z ∩B(y, t))

∣∣ ≤ Cδrd.

The proof uses a standard compactness argument.
Recall that E is a cone when E is minimal and θ(x, ·) is constant.
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Reifenberg parameterizations

This extension of Reifenberg’s topological disk theorem is useful
to get a parameterization. [Joint work with T. de Pauw and T. Toro.]

For every small τ > 0, we can find ε0 > 0 such that: Let E ⊂ R3

be a closed set, with 0 ∈ E. Suppose that for each x ∈ E ∩B(0, 2) and
r ∈ (0, 2], we can find a minimal cone Z = Z(x, r) such that

(14) dx,r(E,Z) ≤ ε0.

Then there is a minimal cone Z0 and a bi-Hölder homeomorphism
f : B(0, 1) → f(B(0, 1)) such that

E ∩B(0, 1− τ) ⊂ f(Z0 ∩B(0, 1)) ⊂ E ∩B(0, 1 + τ).

|f(x)− x| ≤ τ for x ∈ B(0, 1),

(1− τ)|x− y|1+τ ≤ |f(x)− f(y)| ≤ (1+ τ)|x− y|1−τ for x, y ∈ B(0, 1),
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Comments.

When all Z are planes, we get the well known theorem of Reifenberg.

Main case when Z(0, 2) is centered at 0. Then we can take Z0 = Z(0, 2).

Same sort of proof here: identify the “spine” of E, show that it is
Reifenberg-flat, construct f first on the spine of Z0, and then extend
to Z0 and to R3. Do all this scale by scale (from large ones to small
ones); each time push fk(Z0) in the direction of E, using the minimal
cones Z and a partition of 1.

Some coherence between the various Z(x, r) is forced by (14).

When dx,r(E,Z) tends to 0 with some definite faster speed, we get a
better (for instance C1) parameterization.

Not surprising but useful: global metric and topological information
is derived from approximate information at all scales and locations.
[Compare with John-Nirenberg and Cheeger-Colding]
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Return to the proof of Jean Taylor’s theorem

We want to say how to use the tools above to prove (part of) J.
Taylor’s theorem.

Recall, we are given an almost minimal set E ⊂ U and a point
x0 ∈ E, and we want to find r0 > 0 such that E is bi-Hölder equivalent
to a minimal cone (centered at x) in B(x0, r0).

We may assume that x0 = 0. We want to apply the extension
of Reifenberg’s theorem, so it is enough to find minimal cones Z(x, r),
when x ∈ B(0, 2r0) and 0 < r ≤ 2r0, such that dx,r(E,Z) ≤ ε0.

Notice that we get approximating cones because all blow-up limits
of E are cones, but this is not enough: we need some uniformity.

We whall assume that E is minimal (to simplify). Otherwise, add
error terms everywhere.
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a. Regularity of E near a P -point

We set θ(y, t) = t−2H2(E ∩B(y, t)) for y ∈ E and t > 0.

We start with the simplest special case when 0 is a P -point, i.e.,
when d(0) = limt→0 θ(0, t) = π.

Pick ε > 0 very small, and choose r0 so that θ(0, 16r0) ≤ d(0) + ε.

By almost-constant density, E is very close to a plane in B(0, 8r0)
(as in (12) and (13)). In particular,

(15) θ(x, 4r0) ≤ d(0) + τ for x ∈ B(0, 2r0),

where τ > 0 is as small as we want. By monotonicity,

(16) θ(x, r) ≤ d(0) + τ for x ∈ B(0, 2r0) and 0 < r ≤ 4r0.

Thus every x ∈ E ∩B(0, 2r0) is of type P .

And, for x ∈ E ∩B(0, 2r0), θ(x, ·) is almost-constant on (0, 4r0].
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Thus every x ∈ E ∩B(0, 2r0) is of type P .

And, for x ∈ E ∩B(0, 2r0), θ(x, ·) is almost-constant on (0, 4r0].

If τ is chosen small enough, almost-constant density implies that
for x ∈ E ∩B(0, 2r0) and 0 < r ≤ 2r0, E is ε0-close to a minimal cone
(in fact, a plane) in B(x, r).

The standard Reifenberg theorem applies, and E ∩ B(0, r0) is bi-
Hölder equivalent to a disk, as needed.

Here we got lucky because the density was already close to its
absolute minimum. If the origin is a Y -point, we get that E is close to
a Y, and θ(x, r) ≤ π+ τ for points that are far from the spine of the Y.
For the other points x, we cannot apply the almost constant-density
principle as easily, so we need the next section.
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b. The other cases, modulo the existence of Y -points

Existence Lemma. Suppose that there is a cone Y of type Y, centered
at 0, such that d0,4(E, Y ) ≤ ε. Then (if ε small enough) E ∩ B(0, 1)
contains at least a Y -point.

Once we have the existence lemma, we can prove the regularity of
E near a Y -point or a T -point roughly as we did for the P -points.

The existence lemma is useful, because we find many balls where
the density is close to 3π/2 and E looks like a Y, and we can apply the
constant density argument as soon as we know that they are centered
at a Y -point. [Think about balls centered near the spine of Y.]

We do not have an existence lemma for T -points (as above), but for
J. Taylor’s theorem, we do not need one, just because the only T -point
nearby is already given to us.

For higher-dimensional analogues, we could be in trouble here.

66



b. The other cases, modulo the existence of Y -points

Existence Lemma. Suppose that there is a cone Y of type Y, centered
at 0, such that d0,4(E, Y ) ≤ ε. Then (if ε small enough) E ∩ B(0, 1)
contains at least a Y -point.

Once we have the existence lemma, we can prove the regularity of
E near a Y -point or a T -point roughly as we did for the P -points.

The existence lemma is useful, because we find many balls where
the density is close to 3π/2 and E looks like a Y, and we can apply the
constant density argument as soon as we know that they are centered
at a Y -point. [Think about balls centered near the spine of Y.]

We do not have an existence lemma for T -points (as above), but for
J. Taylor’s theorem, we do not need one, just because the only T -point
nearby is already given to us.

For higher-dimensional analogues, we could be in trouble here.

67



b. The other cases, modulo the existence of Y -points

Existence Lemma. Suppose that there is a cone Y of type Y, centered
at 0, such that d0,4(E, Y ) ≤ ε. Then (if ε small enough) E ∩ B(0, 1)
contains at least a Y -point.

Once we have the existence lemma, we can prove the regularity of
E near a Y -point or a T -point roughly as we did for the P -points.

The existence lemma is useful, because we find many balls where
the density is close to 3π/2 and E looks like a Y, and we can apply the
constant density argument as soon as we know that they are centered
at a Y -point. [Think about balls centered near the spine of Y.]

We do not have an existence lemma for T -points (as above), but for
J. Taylor’s theorem, we do not need one, just because the only T -point
nearby is already given to us.

For higher-dimensional analogues, we could be in trouble here.

68



Existence Lemma. Suppose that there is a cone Y of type Y, centered
at 0, such that d0,4(E, Y ) ≤ ε. Then (if ε small enough) E ∩ B(0, 1)
contains at least a Y -point.

Assume not and get a contradiction by topology. First we check that

(17) θ(x, 1) ≤ 3π

2
+ τ for x ∈ B(0, 2) and 0 < r ≤ 1,

with τ > 0 as small as we want.

The proof by compactness is as for the almost constant-density
principle near (3.7): suppose not, find a sequence {Ek} that converges
to a Y in B(0, 4) but for which (16) fails. Then use the lower semicon-
tinuity of Hausdorff measure and the proof of the limiting theorem to
get an estimate like (3.11) and a contradiction.
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(17) θ(x, 1) ≤ 3π

2
+ τ for x ∈ E ∩B(0, 2) and 0 < r ≤ 1,

Choose τ so that 3π
2 + τ < d+, where d+ denotes the density of a

cone of type T.

By (17) and monotonicity, d(x) < d+ for x ∈ E ∩ B(0, 2) so x is
never a T -point.

By assumption, there is no Y -point, so x is a P -point, and E is
bi-Hölder equivalent to a plane near x.

This is true for all x ∈ E ∩B(0, 2).
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We may assume that the spine of Y is the vertical axis.

Call S the unit circle in the horizontal plane through 0, and denote
by a1, a2, a3 the points of S ∩ Y .

Since E is close to a plane near ai, we can apply the proof of
regularity for P -points, and get bi-Hölder equivalence of E to a plane
in B(ai, 10

−1).
Then we can modify S slightly, to get a simple arc γ that crosses

E exactly three times (one near each ai), transversally in bi-Hölder
coordinates.

Since E is bi-Hölder equivalent to a plane near every point x ∈
E ∩ B(0, 2), we can deform γ into a point (inside B(0, 2)), and the
number of intersections of γ with E only jumps by multiples of ±2. [In
the detailed argument, it is easier to discretize and get transversality.]

But we started with 3 intersections, (odd) and end with 0 (even);
this contradiction proves the lemma.

A modification of this degree argument works for 2-sets in Rn.
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3. BOUNDARY REGULARITY OF

SLIDING ALMOST MINIMAL SETS

Let E be such a set. What is its regularity near the Γj? If very
lucky, this could lead to existence results for Plateau.

Recall: sliding almost minimal means that

Hd(E ∩B) ≤ Hd(F ∩B) + h(r)rd

when F = φ1(E) is a sliding deformation of E in B, and in particular
φt(E ∩ Γj) ⊂ Γj for j ∈ J and t ∈ [0, 1].

Note that even in low dimensions, the behaviour of E near Γj

seems harder to predict.
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General battle plan (copied from the interior regularity program):

- Ahlfors-regularity of E near x ∈ Γj

- Rectifiability of E

- Uniform rectifiability of E?

- Lower semicontinuity of Hd along a sequence of (uniformly) sliding
almost minimal sets: Hd(E∞) ≤ lim inf

k→+∞
Hd(Ek)

- Almost-minimality of a limit

- Is r−dHd(E ∩ B(x, r)) an almost nondecreasing function of r when
x ∈ Γj?

- What can be said when x is merely close to some Γj?

- Is every blow-up limit of E at x ∈ Γj a sliding minimal cone?

- What is the list of sliding minimal cones?

- Is there a Jean Taylor Theorem at x ∈ Γj?
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Last comments :

Seems to be new questions!

Applies to other categories of minimizers.

d = 2 and n = 3, 4 would already be nice.

Example of simple question: is the cone over the vertices of a cube
minimal, with a sliding boundary equal to the great diagonal?

Other topics:

Simpler variants of the Plateau problem:
- inside a manifold with complicated topology but no boundary,
- separation conditions,
- homology conditions on the complement.
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