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Abstract. While discrete zero-inflated and zero-deflated models are fairly
well known, continuous zero-modified models are mostly limited to the zero-
inflated case in the literature, where they are often represented as a mixture
between a probability density function and a Dirac mass at zero. An alterna-
tive formulation of zero-inflation for continuous models which can be extended
to the zero-deflated case was introduced in Synnott & Angers (2010), where
likelihood-based estimation was discussed. We consider here estimation and
testing in a Bayesian framework. In particular, the choice of priors, poste-
rior maximum and expectation estimators are discussed. Simulation results
and an application to a real data set demonstrate the estimation and testing
procedures in the context of continuous zero-deflated models.

1. Introduction

In the present paper, we consider continuous zero-modified models within a
Bayesian framework. The parameter p controlling whether the model is zero-
inflated, zero-deflated, or unmodified, is considered unknown; we are therefore in-
terested in estimation or testing procedures providing good results in any of those
cases.

Discrete zero-modified models, introduced in [14], are frequently encountered
in the literature. Over the years, various and more complex models have been
proposed, notably in [11], [8], [13]. For this class of models, the score test is the
preferred method to test hypotheses on p; and difficulties in testing within the more
common zero-inflated models are often related to the fact that the value of p under
the null hypothesis lies at the boundary of the parameter space ([17], [9], and [7]).
Discrete zero-deflated and zero-modified models where the sign of p is unknown are
discussed in [2] and [3].

In the continuous case, until recently, only zero-inflated models were considered.
Such models, and their estimation, are introduced in [1], and further discussed in
[5] [15], [4], [6], and [16]. Zero-deflated continuous models were introduced in [10],
where maximum likelihood estimation was considered. Here, we consider estimation
within a Bayesian context, as well as hypothesis testing under the classical and
Bayesian paradigms.

In section 2, we review the zero-modified continuous model and present appro-
priate priors. In section 3, we discuss parameter estimation and their asymptotic
properties. Section 4 focuses on testing hypotheses on p. We present simulation
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results and an application to a real data set in section 5. Section 6 contains some
concluding remarks.

2. The model

Let X be a non-negative random variable such that it can be modelled by a
probability density of the form

fpx|θ, p, x0q � p� f0pxq � p1� pq � f1px|θq, (1)

where f0pxq is a probability density function on r0, x0s, f1px|θq is a probability
density function on R�, and p is the zero-modification parameter, which can take
both positive and negative values. For positive values of p, this probability density
function can therefore be viewed as a mixture of f0 and f1. We cannot generally
suppose that p or θ will be known; we therefore note ω � pp, θq, the set of parameters
of interests.

As discussed in [10], some constraints on f0pxq and p must be respected in order
for fpx|ωq to be a continuous probability density function. In particular, we must
have limxÑx0

f0pxq � 0, and

1 ¥ p ¥ max
xPr0,x0s �f1px|θq

f0pxq � f1px|θq � pminpθq. (2)

The lower bound pminpθq depends on the parameter θ, creating a dependance be-
tween the parameters. It might sometimes be useful to work with

p̃ � #
p{|pminpθq| if p   0,

p otherwise.
(3)

In the absence of information on p, we consider non-informative priors on p and
θ. Jeffreys prior is a poor choice here, as the form of the likelihood will usually
necessitate the use of numerical integration or Monte-Carlo methods to obtain
parameter estimates. The prior must therefore be evaluated at a large number of
points. Since the Jeffreys prior is based on the Fisher information matrix, which
must also be obtained numerically, its use leads to nested numerical procedures,
which is much more computationally intensive than other non informative priors.
Instead, we can use a suitable non-informative prior on θ, and either

π1pp|θq � uniformly onrpminpθq, 1s,
π2pp|θq � uniformly onrpminpθq, 0s with probability 0.5,

and uniformly onr0, 1swith probability 0.5,

where choosing of π2pp|θq is equivalent to choosing a uniform distribution on r�1, 1s
for p̃.

In particular, we’re interested in the zero-modified location-scale Laplace family
of distributions truncated at 0. Let f0pxq9px0 � xqτ and

f1px|µ, λq � 1

λ
�
1� signpµqp1� e�|µ|{λq� exp

"�|x� µ|
λ

*
, x ¥ 0. (4)
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For negative values of µ, we can write

f1px|µ, λq � 1

λ
�
1� p1� eµ{λq� exp

"
µ� x

λ

*
f1px|µ, λq � 1

λ
exp

"�x

λ

*
,

which is the exponential distribution and corresponds to the case µ � 0. We will
therefore restrict µ to non-negative values in order to have a identifiable model. We
can then write (4) as:

f1px|µ, λq � 1

λ
�
2� e�µ{λq� exp

"�|x� µ|
λ

*
.

In this case, as µ and λ were originally a location and a scale parameter, respec-
tively, improper non informative priors could be

π3pµq91,�µ ¥ 0, (5)

π4pλq91{λ,�λ ¡ 0.

3. Estimation

Let x � px1, . . . , xnq be a sample of n i.i.d. random variables from a continu-
ous zero-modified model fpxi|ωq. Within a Bayesian framework, inference on the
parameters pp, θq � ω will be based on the posterior distribution πpω|xq, which
is proportional to the product of the prior πpωq and the likelihood Lpω|xq �
Πn

i�1fpxi|ωq � Πn
i�1 rpf0pxq � p1� pqf1px|θqs . Due to the form of the likelihood

function, neither the posterior maximum nor the posterior expectations can gener-
ally be obtained analytically.

It is nonetheless rather easy to maximize the posterior, as most statistical soft-
ware include routines to quickly maximize the likelihood of an arbitrary distribu-
tion. Such routines can easily be adapted to maximize the product of the likelihood
and the prior. As in the frequentist framework, the main issue with maximum pos-
terior estimates is that of multimodality: if the function to be maximized is not
unimodal, there is a possibility that the algorithm used to compute the estimate
converges to a local, rather than global, mode. In a Bayesian framework, possi-
ble prior-data conflicts can introduce multimodality in the posterior distribution.
While non-informative priors are likely to be dominated by the likelihood function,
and therefore carry a lesser risk of multimodality than informative priors, using
the posterior expectation of the parameters as estimators completely sidesteps the
multimodality issue.

However, the posterior expectation also cannot be explicitly obtained, and must
be approximated by numerical quadrature or a Monte-Carlo estimate. The depen-
dence between p and θ will complicate matters; in particular, since the support of
p depends on the value of θ, direct numerical integration is not trivial. When using
numerical quadrature, it is therefore useful to work with p̃ instead, as its support
is always r�1, 1s. Another problem is the curse of dimensonality: as the dimension
of θ increases, the space where the posterior is nearly 0 grows much faster than the
space where most of the posterior probability is concentrated. This is worsened by
the parameter p, as typically a narrow range of values of θ will be compatible with
zero-deflation, while another will be compatible with zero-inflation.
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It is therefore possible that Monte-Carlo estimation with importance sampling
require a very large random sample to converge, making it a slow and unattrac-
tive choice. An adaptive computation method, such as the quadrature proposed
by [12] or the Monte-Carlo method proposed by [2], can produce estimates more
quickly under a given convergence criterion. The method proposed in [2] is used
with a transformation of the parameters g : Ω Ñ R

k. A random sample from the
multivariate Student’s t distribution with mean 0 and covariance matrix identity is
generated. At each iteration, the importance weights and Monte-Carlo estimates
for the mean vector and covariance matrix of gpωq are computed. We then left-
multiply the random sample by the matrix square root of the current estimate of
the covariance matrix and add the current estimate of the mean vector, the goal of
the method being to put the bulk of the random sample in the region of the (trans-
formed) parameter space where the bulk of the probability density can be found.
The method detailed in [12] is analogous, but based on Gauss-Hermite rather than
Monte-Carlo integration; the quadrature node and re-scaled and translated at each
iteration in a similar way.

If we choose to work with p̃, however, the integral»
Ω

gpωqπpωqLpω|xqdω

can be expressed as the iterated integral» 8
0

�» 8
0

�» 1�1

gpωqπpωqLpω|xqdp



dλ

�
dµ.

Gauss-Legendre quadrature can then be used to evaluate the innermost integral,
while Gauss-Laguerre quadrature is used to integrate with respect to µ and λ. An
advantage to using Gaussian quadrature is that the points ωi where the integrand is
evaluated depend only on the number of nodes, and not on the data x, the function
of interest g, nor the prior π. The weights and nodes for Gaussian quadratures
can be obtained from tables and are not recalculated for every integral; similarly,
the bound pmin does not depend on the data and can also be tabulated, since a
given node on Gauss-Legendre-Laguerre iterated quadrature will always have the
same pmin. Since the numerical computation of pmin is the task with the highest
computational cost for the evaluation of the integrand, this can save quite a bit of
time, especially when a large number of integrals have to be computed (e.g., when
analyzing multiple samples, or in simulation studies). This approach - tabulating
the bound pminpµ, λq for different values of µ and λ - cannot be used when using
adaptive quadrature methods (as the nodes will then be adjusted to better fit the
data) or Monte-Carlo methods.

4. Hypothesis testing

Testing hypotheses of the form Hi : p P Pi within a Bayesian framework requires
computing the posterior probability» 8

0

�» 8
0

� »
Pi

πpωqLpω|xqdp



dλ

�
dµ. (6)

If multiple hypotheses are to be confronted, the hypothesis with the highest poste-
rior probability is selected. When comparing two hypotheses, Bayesian testing can
also be carried out through the use of Bayes factors, which can be obtained from
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the prior and posterior probabilities. When considering a point hypothesis, such
as H0 : p � 0, it is necessary to add a point mass to our prior to have a nonzero
posterior probability for the point hypothesis.

Equation (6) can be rewritten as
³
Ω

gpωqπpωqLpω|xqdω, with gpωq � IHi
ppq,

where I is the indicator function. The problem of Bayesian hypothesis testing can
therefore be reduced to the computation of the posterior expectation of a certain
function gpωq, and will therefore face the same issues as described in the previous
sections. The solutions considered are also the same, namely adaptive Monte-
Carlo (as in [2]), adaptive quadrature (as in [12]), and Gauss-Legendre-Laguerre
quadrature with tabulated bounds pminpµ, λq.

5. Simulation and application results

The performance of Bayesian tests and point estimators can be assessed through
a simulation study. Let τ � 0.05, and x0 � 10. For samples sizes n � 10, 20, 30, 60,

and 100, 500 random samples are generated with p � �0.1, µ � 20, λ � 20. Table
1 lists the mean and variance of parameter estimates as a function of sample size.
We consider both maximum posterior and posterior mean estimates; the latter are
computed using an adaptive Monte-Carlo method, adaptive Gauss-Hermite quad-
rature, and Gauss-Legendre-Laguerre (GLL) iterated quadrature. The convergence
criterion used for the Monte-Carlo and numerical quadrature methods is a maxi-
mal relative error of at most 1 � 10�3. GLL quadrature fulfills this criterion with
20 � 20 � 20 or fewer nodes for more than half the random samples. Adaptive
Gauss-Hermite quadrature requires less nodes (12�12�12) for the same precision,
but is slower as more complex computations are required (as the grid of nodes is
iteratively translated and scaled) and since tabulated values of pminpµ, λq cannot be
used. To obtain the adaptive Monte-Carlo estimates, samples of 750 triplets px, y, zq
are generated from the multinormal p0, I3q distribution and are used to estimate

the transformed set of parameters

�
logpµq, logpλq, log

�� log

�
p̃� 1

2


�

. These

triplets are iteratively translated and scaled, and convergence is usually attained
after 20 to 80 iterations. Non-adaptive importance sampling was also considered
with a variety of importance functions and was mostly outperformed by the afore-
mentioned estimation methods; these results are not reported here for the sake of
brevity.
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Table 1. Mean and variance of parameter estimates as a function of n, with p � �0.1, µ � λ � 20

n ML MAP Monte-Carlo Gauss-Hermite GLL

p µ λ p µ λ p µ λ p µ λ p µ λ

10 mean -0.052 23.06 18.69 -0.046 24.54 16.01 -0.087 24.99 15.73 -0.111 23.28 21.78 -0.056 23.57 20.16

var 0.008 54.23 58.93 0.0074 55.91 45.20 0.0059 52.72 42.05 0.002 70.96 35.16 0.0029 55.52 37.1

20 mean -0.082 21.1 19.28 -0.079 21.38 17.98 -0.11 22.81 17.86 -0.126 21.25 19.64 -0.071 22.03 17.67

var 0.0048 27.5 24.6 0.0058 30.4 23.39 0.0033 23.22 29.45 0.0017 25.76 28.31 0.0024 24.78 30.32

30 mean -0.092 20.61 18.52 -0.086 21.08 17.58 -0.112 20.53 16.41 -0.135 23.57 19.91 -0.084 20.48 18.61

var 0.0035 23.45 21.81 0.0033 23.15 20.2 0.0043 21.17 23.33 0.0023 27.43 24.61 0.0028 22.92 26.13

60 mean -0.102 19.88 19.76 -0.1 20.01 19.33 -0.093 20.2 18.88 -0.123 22.23 17.37 -0.106 21.11 19.18

var 0.0026 15.82 11.72 0.0025 15.33 11.94 0.0018 12.2 15.75 0.0019 13.3 18.62 0.0026 12.97 22.82

100 mean -0.095 20.09 19.7 -0.094 20.23 19.4 -0.095 20.08 19.91 -0.112 20.93 19.85 -0.096 20.51 19.62

var 0.0016 9.537 7.38 0.0016 9.14 7.103 0.0011 7.576 7.911 0.0013 8.21 9.42 0.0018 7.54 8.94

Table 2. Mean and variance of parameter estimates as a function of p

µ � λ � 20, n � 50

p ML MAP Monte-Carlo Gauss-Hermite GLL

p µ λ p µ λ p µ λ p µ λ p µ λ

-0.075 mean -0.068 21.08 18.59 -0.065 21.35 17.67 -0.072 20.25 18.23 -0.069 20.23 18.25 -0.063 20.48 18.1

var 0.0057 31.28 24.61 0.0067 34.01 22.94 0.0066 20.66 41.3 0.0061 20.72 42.26 0.0038 26.13 35.49

-0.05 mean -0.047 20.51 19.23 -0.042 20.96 18.3 -0.056 20.75 17.18 -0.062 20.82 17.08 -0.056 21.18 18.62

var 0.0067 22.48 19.77 0.0069 24.09 17.87 0.0088 19.78 37.8 0.0078 19.71 37.81 0.0022 18.85 26.46

-0.025 mean -0.037 19.1 19.69 -0.034 19.38 18.75 -0.031 19.29 18.51 -0.032 19.23 18.47 -0.032 21.54 18.02

var 0.0084 24.61 19.28 0.0086 24.34 18.42 0.0083 13.9 38.44 0.011 16.94 38.48 0.0054 19.28 22.88

-0.01 mean -0.028 19.09 20.15 -0.024 19.43 19.17 -0.011 20.17 19.05 -0.0092 20.32 19.03 -0.013 20.92 18.32

var 0.0061 33.65 30.55 0.0061 32.72 28.34 0.0073 16.24 32.87 0.0093 16.19 32.76 0.0046 28.88 30.29

-0.005 mean -0.015 20.07 18.38 -0.015 20.54 17.44 -0.009 19.6 18.98 -0.011 19.66 19.03 -0.007 20.15 18.31

var 0.0058 23.65 18.98 0.0048 24.14 17.53 0.012 15.52 46.65 0.009 15.57 44.24 0.003 18.47 23.32

0 mean -0.0015 19.81 18.86 0.0046 20.34 17.83 -0.0018 19.9 18.22 -0.0039 19.79 18.52 -0.0036 20.64 17.82

var 0.006 25.72 19.9 0.006 23.44 17.8 0.0105 15.39 43.79 0.0135 16.44 41.75 0.0035 18.82 27.28

0.05 mean 0.0091 16.87 20.64 0.0322 18.77 19.16 0.0621 19.68 18.15 0.0351 18.75 18.17 0.0057 21.86 17.51

var 0.0077 57.98 25.62 0.0089 53.25 25.57 0.0122 13.74 36.84 0.0179 13.7 37.45 0.0075 26.15 31.02

0.1 mean 0.0191 15.66 20.27 0.019 16.41 19.03 0.0958 20.15 18.78 0.1292 20.13 18.75 0.092 21.24 18.44

var 0.0114 65.34 23.66 0.0118 75.01 21.79 0.0084 17.19 34.09 0.0103 17.2 34.18 0.0091 19.98 33.42

0.2 mean 0.0601 9.97 21.41 0.0567 8.53 20.28 0.166 20.83 17.84 0.162 20.76 17.91 0.18 21.72 17.9

var 0.0126 73.80 22.09 0.0122 78.38 20.78 0.0116 16.51 40.85 0.0103 16.54 39.77 0.0151 19.13 22.77

0.3 mean 0.109 5.258 22.12 0.114 3.186 20.57 0.271 20.31 18.30 0.286 20.28 18.34 0.281 21.12 18.02

var 0.025 36.70 20.00 0.0235 41.88 19.52 0.011 17.68 36.2 0.0145 17.76 36.26 0.0197 21.01 28.27
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While the estimates of µ and λ appear to be highly variable regardless of the
estimation method, these variances do not seem out of place when considering the
inverse of the Fisher information matrix:

I�1pωq � ��� 0.1302 6.8851 �2.8064

6.8851 660.6605 �256.2556�2.8064 �256.2556 598.5605

��� .

We next consider a fixed sample size n � 60 and let p take values between �0.1

and 1. In this scenario, the lower bound on p is pmin � �0.1202. For each value of p,

500 random samples have been generated; the mean and variance of the parameter
estimates are reported in Table 2.

An especially interesting point is that simple maximization of the likelihood or
posterior density simply breaks down for positive values of p, as both the bias and
variance of the estimates of p and µ become large as p grows. This is most likely
due to multimodality; for positive values of p, the zero-modified model is essentially
a mixture model, and there is a possibility that the maximization algorithms con-
verge to a local mode. Estimates obtained with these methods should be considered
carefully when the estimate of p is positive; re-analyzing the data using a method
well-suited to mixture models (e.g., based on the EM algorithm) is a possible so-
lution. Posterior expectation estimates do not suffer from this disadvantage and
remain reliable as p varies.

Also of interest is the fact that the adaptive Monte-Carlo, adaptive Gauss-
Hermite quadrature and GLL quadrature all produce different estimates, and those
differences can be important in some cases. This can be surprising, as all three
methods give an estimate of the same quantities - the posterior expectation of p, µ,

and λ. This difference can be partly explained by the use of iterative methods, which
can sometimes converge to local rather than global modes. We also note that all
three methods integrate transformed parameters, and then inversely transform the
resulting estimates to obtain estimates of pp, µ, λq. In the case of the GLL, this
transformation is simple –working with p̃ instead of p to ensure a constant domain
of integration– but the adaptive methods take the logarithm of the parameters so
that the transformed parameter space is R

3.

We next consider testing hypotheses on p. As mentioned in section 4, posterior
probabilities can be viewed as expectations of indicator functions – the testing
methods considered will therefore be the three methods for obtaining posterior
expectation estimates. Let p � �0.1. Figure 1 plots the posterior probabilities,
obtained with the three estimation methods considered, of H� : p   0, H0 : p � 0,

and H� : p ¡ 0 as a function of the sample size. The numerical quadratures lead
to a more conservative test than adaptive Monte-Carlo. To test if p � 0, we can
easily obtain P pp � 0q � P pp   0q � P pp ¡ 0q.

Under the classical paradigm, we consider two method for testing H0 : p � 0

against H1 : p � 0 : the likelihood ratio test, and Rao’s score test. Tables 3 and 4
compare the power of all testing procedures discussed in this paper (likelihood ratio,
score, and posterior probabilities computed using adaptive Monte-Carlo, adaptive
Gauss-Hermite quadrature and Gauss-Legendre-Laguerre quadrature) as a function
of n and p, respectively. While there is no testing procedure uniformly better (or
worse) than the others, we can note that the score test performs poorly when p

is negative. The Bayesian test with adaptive Gauss-Hermite quadrature seems
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Figure 1. Posterior probabilities for tests as a function of n.

Table 3. Power as a function of n, with p � �0.1, µ � λ � 20

n LK Score Monte-Carlo Gauss-Hermite GLL
10 0.00 0.02 0.00 0.00 0.02

20 0.18 0.03 0.14 0.08 0.26
30 0.30 0.04 0.20 0.18 0.35
60 0.52 0.05 0.51 0.46 0.63
100 0.61 0.06 0.64 0.64 0.73

Table 4. Power as a function of p

µ � λ � 20, n � 50

p LK Score Monte-Carlo Gauss-Hermite GLL

-0.1 0.45 0.10 0.36 0.28 0.34
-0.075 0.32 0.08 0.27 0.19 0.21
-0.05 0.19 0.07 0.24 0.18 0.18
-0.025 0.07 0.07 0.12 0.13 0.15
-0.01 0.05 0.06 0.06 0.11 0.13
-0.005 0.03 0.05 0.09 0.09 0.08

0 0.05 0.06 0.06 0.06 0.05
0.05 0.01 0.09 0.13 0.17 0.09
0.1 0.07 0.19 0.24 0.29 0.16
0.2 0.15 0.37 0.51 0.65 0.41
0.3 0.22 0.43 0.70 0.85 0.78

the most powerful for positive values of p, but it is outperformed by both other
Bayesian tests and by the likelihood ratio test when p is negative. Both classical
tests are much faster than all three Bayesian tests; however, should Bayesian testing
be preferable, the GLL approach is the fastest. This, combined with its generally
good performance, can make it an attractive choice when working in a Bayesian
context.

Finally, we apply these estimations methods to the data set analyzed in [10].
Parameter estimates, as can be seen in Table 5, are mostly consistent amongst the
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Table 5. Estimation of a real data set of aggregate rainfall data

p µ λ

ML -0.0569 22.7 22.31
MAP -0.0569 22.7 22.43

Monte-Carlo -0.0557 22.61 22.45
Gauss-Hermite -0.0551 22.61 22.48

GLL -0.0562 22.58 22.74

Table 6. Testing a real data set of aggregate rainfall data

χ2
1 p-val P pp   0|xq P pp � 0|xq P pp ¡ 0|xq

LR 6.131 0.013 n/a n/a n/a
Score 8.696 0.003 n/a n/a n/a

Monte-Carlo n/a n/a 0.992 0.0063 0.0015
Gauss-Hermite n/a n/a 0.962 0.0321 0.0059

GLL n/a n/a 0.88 0.116 0.004

different methods; in particular, the MAP and ML estimates are nearly identical.
This is not surprising, given our use of a non-informative prior and the large sample
size (n � 217). The three Bayesian and two classical tests (using α � 0.05), as
seen in Table 6, are in agreement that p is negative, although the iterated GLL
quadrature is still the most conservative.

6. Concluding remarks

In this paper, we have considered the use of continuous zero-modified models
within a Bayesian framework. The choice of non-informative priors was discussed,
and several methods for obtaining posterior expectation estimates have been pro-
posed. The performance of these estimators has been assessed through a simulation
study. While the three proposed methods of estimation of the posterior expectation
are generally in agreement, they also outperform maximum likelihood and maxi-
mum posterior estimators when p is positive. Testing hypotheses on p in this kind
of model was also considered, and can be viewed as the posterior expectation of
an indicator function. Re-analysis of the aggregate rainfall data presented in [10]
confirms that this data set is best modelled by a zero-deflated model.
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