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We propose a general approach for discretizing nonlinear dynamical systems and field theories in
such a way that their integrability properties are preserved. New hierarchies of discrete evolution
equations are preented.

PACS numbers:

INTRODUCTION

Integrable models play a relevant role in modern
physics. Integrable structures have emerged in connec-
tion with 2D topological quantum field theories, in con-
formal field theories and in many models of statistical
physics, quantum optics, etc. Nonlinear integrable equa-
tions have been studied in mathematical physics and
in fluid mechanics over decades. A rich theory is now
available describing the feature of these models, that are
known to exist essentially in (1+1) and (2+1) dimen-
sions. They possess soliton solutions, infinitely many
conservation laws, a rich symmetry algebra, etc. Be-
yond integrable evolution equations there is also a bi–
Hamiltonian structure, a Lax pair formalism and a nice
geometrical structure, recently described in terms of
Frobenius manifolds.

Many attemps have been made to discretize integrable
systems in a way that could preserve their analytic and
algebraic properties, in particular integrability and sym-
metries. A wide class of integrable discrete models is
known, like Toda field theories and the discrete versions
of the classical integrable hierarchies (see, e.g., [1], [3])

From a physical point of view, there are several funda-
mental reasons to consider dynamical systems on the lat-
tice. One of the most relevant motivations is to study the
possibly intrinsic discreteness of space–time geometry.
This emerges for instance in the context of loop quan-
tum gravity. The natural length should be provided by
the Planck scale lP =

√
~k = 10−33cm [13]. The hypoth-

esis of discreteness of space–time, for instance, gives an
explanation of the finiteness of the Bekenstein –Hawking
entropy of black holes [15]. Another reason is the regu-
larization of divergencies in quantum theories by using a
discrete lattice of points. Several authors also proposed
discrete versions of non relativistic quantum mechanics
[6], both using noncommutative and discrete geometries
for the space–time.

The aim of this paper is to offer a simple and effi-
cient approach to the discretization of integrable mod-
els. We will show indeed that there are infinitely many
way of discretizing a nonlinear evolution equation that
in principle preserve integrability. The main idea is to
introduce a functional product on the lattice that allows

to preserve the Leibnitz rule. This makes the procedure
transparent, but the price is that this product is nonlocal,
contrary to the standard pointwise product of functions.
Mathematically, we will use the language of the finite
operator calculus, introduced by G. C. Rota and collabo-
rators [11], [12]. Given a continuous evolution equation,
either linear or nonlinear, we map it into an abstract
operator equation, involving delta operators. Then we
represent the operator equation in terms of discrete evo-
lution equations, each for any realization of a delta oper-
ator in terms of a discrete derivative. The first study in
this direction was made by Ward in a remarkable paper
[16]. He proposed a discretization scheme adapted to the
case of the forward discrete derivative. The possibility of
preserving the Leibnitz rule for specific associative func-
tional products was earlier investigated in [5]. Indeed,
it was noted that there is no way to satisfy the Leibnitz
rule using a discrete derivative in pair with a pointwise
function product [4]. In this paper, we achieve the fol-
lowing results. First, we extend Ward’s approach to the
case of any discrete operator, or even more generally to
any delta operator. Second, we extend this technique to
the problem of discretizing integrable hierarchies in such
a way that integrability is preserved. Consequently, we
will construct new hierarchies of integrable differential–
difference evolution equations, using an operator version
of the standard Lax pair technique. As a simple equation,
the Korteweg–de Vries equation will be studied in detail.
Discrete versions of the Gelfand–Dickey hierarchies are
also considered.

THE FINITE OPERATOR APPROACH

In this section we will briefly review the main ideas of
the finite operator calculus. The mathematical apparatus
will be kept to a mininum. A more extensive treatment
of this topic is contained in the monographs [11]. Let F
denote the algebra of formal power series in one variable
t, endowed with the operations of sum and multiplication
of series, and denote P the algebra of polynomials in one
variable x. Here we are not concerned with convergence
properties. The main idea of this approach is to regard
a formal power series as an operator as well. If P is the
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algebra of polynomials in one variable x, by using Dirac’s
notation we will denote the action of L on p (x) ∈ P by
〈L| p (x)〉. Consider a formal power series in t

f (t) =
∞∑

k=0

ak

k!
tk, (1)

If we interpret tk as the k–th order derivative operator D,
given a polynomial p (x) we have that tkp (x) = p(k) (x).
Hence the formal series

f (t) =
∞∑

k=0

aktk

k!
− > f (D) =

∞∑

k=0

akDk

k!
(2)

clearly defines an operator on P. Also, we can associate
with f (t) a linear functional via the correspondence

〈f (t)| xn〉 = an. (3)

In particular, since
〈
tk

∣∣ xn〉 = n!δn,k, it follows that, for
any polynomial p (x),

〈
tk

∣∣ p (x)〉 = p(k) (0), where p(k) (0)
denotes the k–derivative of p (x) evaluated at x = 0. Let
us recall some basic definitions and results of the finite
operator approach. Let T be the shift operator on the
lattice, whose action is Tf (x) = f (x + σ). An operator
S commuting with T is said to be shift–invariant. In
particular, a delta operator D is a shift–invariant oper-
ator such that Dx = const 6= 0. As has been proved in
[11], there is an isomorphism between the ring of formal
power series in a variable t and the ring of shift–invariant
operators, carrying f (t) =

∑∞
k=0

aktk

k! into
∑∞

k=0
akDk

k! .
Formula (2) is a particular example of this isomorphism,
since, quite obviously, the continuous derivative D is a
delta operator. In the following let us denote by pn (x),
n = 0, 1, 2, . . . , a sequence of polynomials in x, where
pi (x) is of order i for all i. A polynomial sequence pn (x)
is called a sequence of basic polynomials for a delta op-
erator D if it satisfies the following conditions:

1) p0 (x) = 1;
2) pn (0) = 0 for all n > 0;
3) Dpn (x) = npn−1 (x) .

For each delta operator there exists a unique sequence
of associated basic polynomials. Any shift invariant op-
erator S can be expanded into a formal power series in
terms of a delta operator D:

S =
∑

k≥0

ak

k!
Dk, (4)

with ak = [Spk (x)] |x=0, where pk is the basic polyno-
mial of order k associated with D. By using the afore-
mentioned isomorphism, a formal power series s (t) is de-
fined, which is called the indicator of S. An Appell se-
quence is a sequence of polynomials an (x) which obey

the equation D an (x) = nan−1 (x). In this case it is
possible to find a generating function. It has the form

∞∑

k=0

ak (x)
k!

tk =
1

g (t)
ext. (5)

where g (t) is invertible, and as an operator acting on P
is defined by g (D) an (x) = xn. Therefore, we will say
that an (x) is the Appell sequence associated with g (t).
The most important examples of Appell sequences, apart
from {xn}n∈N, are the Bernoulli and Euler polynomials
and their generalizations (see also, for example, [14]). A
remarkable property is the Appell identity:

an (x + y) =
n∑

k=0

(
n

k

)
ak (y) xn−k. (6)

Apart the derivative D, we will deal with a large class
of delta operators, realized in terms of suitable difference
operators. They have been introduced in [7] and have
the general form

∆p =
1
σ

m∑

k=l

akT k, l, m ∈ Z, l < m, m− l = p, (7)

where ak are constants and σ will play the role of spacing
of the lattice. In order to satisfy the definition of delta
operator, we must assume that

m∑

k=l

ak = 0,
m∑

k=l

kak = c. (8)

We also choose c = 1, to reproduce the derivative D
in the limit when the lattice spacing goes to zero. We
will say that a difference operator of the form (7) which
satisfies equations (8) is a delta operator of order q =
m−l. We observe that eq. (7) involves m−l+1 constants
ak, subject to two conditions (8). In order to fix all
constants ak we can choose m− l− 1 further conditions.
A possible choice is, for instance, γp ≡ ∑m

k=l k
pak =

0, p = 2, 3, ..., m−l. When conditions (8) jointly with
the previous ones are satisfied, the operator (7) provides
an approximation of order p of the continuous derivative
D, since

∆pf ∼
σ→0

f ′ (x) +
σm−l

(m− l + 1)!
f (m−l−1) (x)

m∑

k=l

akkm−l−1.

The most relevant examples of such operators for physical
applications are the first and second order operators

∆+ = T − 1, ∆− = 1− T−1, ∆s =
T − T−1

2
. (9)

Other nontrivial examples of higher–order operators are
provided by

∆3 = − (
T 2 − 2T + T−1

)
, ∆4 = T 2− 3

2
T +

3
2
T−1−T−2.
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In order to compute the basic sequences associated to
the delta operators previously discussed, one can intro-
duce a generalization of the Stirling numbers, as in [14].
Another equivalent possibility is to consider the so called
Transfer Formulae [11]. If pn (x) is a sequence of basic
polynomials for D ≡ q (t), then

pn (x) = x

(
q (D)

D

)−n−1

xn−1.

Therefore, in the case of the operator ∆+ = T − 1, we
have q (t) = (et − 1), and the associated sequence read
pn (x) = (x)n = x (x− 1) ... (x− n + 1). If we consider

∆− = 1− T−1, we obtain pn (x) = x
(

1−e−t

t

)−n−1

xn−1,

pn (x) = (x)n = x (x + 1) ... (x + n− 1). The basic se-
quence Pn (x) for ∆s = T−T−1

2 can be computed in a
similar way.

Another way is to introduce the so called Pincherle
derivative of a delta operator D. It is defined by

D′ = [D, x] (10)

So we have that

pn(x) = (xβ)n · 1 (11)

with β = (D′)−1. This formula is very general, although
it does not provide a close procedure to compute the
polynomials pn(x).

DISCRETE INTEGRABLE HIERARCHIES

The discretization we propose is based on the following
result. Let D be a delta operator, and {pn(x)}n∈N be the
associated basic sequence. Assume that f(x) is a function
of an integer variable x on a finite lattice of points [0, N].
According to (4), f can be expanded in a finite series of
the form

f =
N∑

n=0

anpn(x). (12)

Theorem 1 For any delta operator D, there exists a
unique product

∗ : F × F −→ R,

defined as

pn(x) ∗ pm(x) := pn+m(x)

that is associative, commutative and satisfies the Leibnitz
rule:

Df(x) ∗ g(x) = (Df(x) ∗ g(x) + f(x) ∗ D(g(x)) (13)

where f(x), g(x) are functions on the lattice.

Proof. Given D, the associativity and commutativity
of the ∗ product are obvious. The Leibnitz rule is easily
verified, once the functions f(x) and g(x) are expanded
in a formal series according to (12). The main feature
of the ∗ product, as defined in Theorem 1, is the it is
essentially nonlocal. Indeed, the product (f ∗ g)(x) does
depend on the values of f and g at distinct points in the
interval [0, N ].

The simplest version of this product, i.e. that asso-
ciated with the forward difference operator ∆, has been
proposed in [16]. For instance, in this specific case, the
product (f ∗ f)(x), for x = 0, 1, 2, ... is given by

(f∗f)(0) = (f(0))2(f∗f)(1) = 2f(0)f(1)−(f(0)2(f∗f)(2) = 2f(0)f(2)+2(f(1))2−4f(0)f(1)+f(0)2

(14)
and so on. We have now a theoretical setting allowing

the discretization of a large class of dynamical systems
in an integrability–preserving way. Let us study first the
discretization of the Korteweg–de Vries equation

ut + uux + uxxx = 0. (15)

This very famous equation is the prototype of the non-
linear integrable field equations and does possess many
remarkable physical applications. We will write an oper-
ator version of eq. (15), depending on an abstract delta
operatorD. For any realization ofD in terms of a discrete
operator we will get a discretization of the KdV equation
preserving its integrability and, at least formally, a large
class of solutions, represented by functions u(x, t) ∈ F .

First, we propose a Lax formalism based on delta op-
erators, modeled on that of eq. (15). We Introduce the
operators

L = D2 + u, M = D3 +
3
2
uD +

3
4
(Du),

In this formalism, the notation (Du) means that the op-
erator D does act on u but not on the right of u. The
function u = u(x, t) should be considered as a power se-
ries in two variables, in the interval [0,N]. It is obtained
by replacing the basic polynomials xn for D with the
basic polynomial pn(x) for D according to the following
scheme:

xn → (xβ)n · 1 (16)

u → u(xβ) · 1 ≡ u(pn(x)) (17)

Then we define the operator KdV as follows

DtL = [L,M ], (18)

i.e.

Dtu = −1
4
(D3u)− 3

2
u ∗ (Du). (19)
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In particular, if we are interested in differential–
difference equations, we can take Dt = ∂

∂t . For the sim-
plest choice D = ∆, we have

ut = −1
4
(∆3u)− 3

2
u ∗ (∆u). (20)

It should be noticed that for any given discretization,
i.e. for any operator D it corresponds a specific prod-
uct ∗, defined as in Theorem 1. Therefore the equation
(19) describes a family of infinitely many possible dis-
crete equations, each of them integrable. It is clear that
the previous scheme can be extended to the case of the
Gelfand–Dickey hierarchies. In this case, the operator L
reads

L = Dn+1 + a1Dn−1 + ... + an (21)

where a1, ..., an are functions of the form (12). In the
spirit of the calculus of pseudodifferential operators, one
can introduce analogously a fractional power of L and
a formal inverse of the operator D, via the relation
D−1D = DD−1 = 1, and define corresponding pseudoop-
erators. We will skip details, devoting them to a further
publication. For any pair (α, p), with α = 1, ..., n, and
p = 0, 1, ..., we can associate the system of differential–
difference equations in the Lax form

∂tα,pL = [L, [L
α

n+1+p]+]. (22)

Here the operator [L
α

n+1+p]+ is the positive part of the
pseudo operator L

α
n+1+p. In this way, for any choice of

D as a difference operator one can get a new hierarchy of
evolution equations of differential–difference type. The
main point is that the solutions as well are preserved:
if u =

∑N
n=0 anxn is a solution of any equation of the

Gelfand–Dickey hierarchy, then u =
∑N

n=0 anpn(x) is al-
soyoa a solution of the corresponding discretized hierar-
chy (22). As already noticed in [16], care is needed in
treating boundary conditions within this formalism. In-
deed, these conditions in general are not preserved. Fur-
ther investigations on this open problem are in progress.

Another important aspect is to ascertain whether the
proposed approach can provide a symmetry preserving
discretization of nonlinear equations. For the case of lin-
ear differential equations, it is already known that the
finite operator calculus indeed can preserve Lie symme-
tries (in a specific sense) ([7], [8]). This possibility is
presently under analysis.
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