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Abstract

We consider biorthogonal polynomials that arise in the study of a generalization of two-matrix Hermitean
models with two arbitrary polynomial potentials Vj(x), Va(y) of any degree, with arbitrary complex
coefficients. A compatible sequence of fundamental systems is constructed for the system of ODEs satisfied
by consecutive subsequences (“windows”), of lengths equal to the degrees of the potentials, within the dual
sequences of biorthogonal polynomials. The (Stokes) sectorial asymptotics of the fundamental systems are
derived through saddle-point integration and the Riemann-Hilbert problem characterizing the differential
and recursion equations is deduced.






1 Introduction

In [4, 5] the differential systems satisfied by sequences of biorthogonal polynomials associated to 2-matrix models
were studied, together with the deformations induced by changes in the coefficients of the potentials determining
the orthogonality measure. For ensembles consisting of pairs of N X N hermitian matrices M; and My, the U(N)
invariant probability measure is taken to be of the form:

id,LL(]\/[l, Mg) = i exp ltr (7‘/1(M1) — VQ(MQ) + MlMQ)dMlsz . (1—1)
TN TN h

where dM,dM, is the standard Lebesgue measure for pairs of Hermitian matrices and the potentials Vi and V5

are chosen to be polynomials of degrees di + 1, do + 1 respectively. The overall positive small parameter 7 in the

exponential is taken of order N~' when considering the large N limit, but in the present context it will just play the

role of Planck’s constant in the string equation. Using the Harish-Chandra-Itzykson-Zuber’s formula, one can reduce

the computation of the corresponding partition function to an integral over only the eigenvalues of the two matrices

N
e / / dp(Mi, M) o / [T dwidys M) Ay)eh Xim Vile) +Val)—ams (1-2)
=1

and then express all spectral statistics in terms of the associated biorthogonal polynomials, in the same spirit as
orthogonal polynomials are used in the spectral statistics of one-matrix models. In this context, what is meant by
biorthogonal polynomials is a pair of sequences of monic polynomials

’/Tn(x):xn—i_v Un(y):yn+7 n €N (1_3)

which are mutually dual with respect to the associated coupled measure

//dx dy ﬂ'n(w)am(y)e_%(vl(’”)+V2(y)_xy) = hpdmn, (1-4)
R/R

on the product space.

In this work, we use essentially the same definition of orthogonality, but extend it to the case of polynomials V;
and V, with arbitrary (possibly complex) coefficients, and the contours of integration are no longer restricted to the
real axis, but may be chosen as curves in the complex plane starting and ending at oo, chosen so that the integrals
are convergent. The orthogonality relations determine the two families uniquely, if they exist [15, 5].

It was shown in [4, 5] that the finite consecutive subsequences of lengths ds + 1 and dy + 1 respectively, within
the sequences of dual quasi-polynomials:

1 1 1 1
¢n($) = 771-71(-%)6_%‘/1(:6) ; ¢n(y) = \/Tan(y)e_%vﬂy) ) (1'5)

beginning (or ending) at the points n = N, satisfy compatible overdetermined systems of first order differential
equations with polynomial coefficients of degrees d; and ds, respectively, as well as recursion relations relating
consecutuve values of N. In fact, certain quadruples of Differential-Deformation—Difference equations (DDD for
short) were derived for these “windows” as well as for their Fourier Laplace transforms, in which the deformation
parameters were taken to be the coefficients of the potentials V4 and V3. It was also shown in [4, 5] that these systems
are Frobenius compatible and hence admit joint fundamental systems of solutions.

In the present work we explicitly construct such fundamental systems in terms of certain integral transforms
applied to the biorthogonal polynomials. The main purpose is to derive the Riemann—Hilbert problem characterizing
the sectorial asymptotic behaviour at x = oo or y = oo.

The ultimate purpose of this analysis is to deduce in a rigorous way the double-scaling limits N — oo, AN = O(1)
of the partition function and spectral statistics, for which the corresponding large N asymptotics of the biorthogonal
polynomials are required. (See [14, 25] and references therein for further background on 2-matrix models, and
[11, 16, 17, 18, 15] for other more recent developments.) The study of the large N limit of matrix integrals is of
considerable interest in physics, because many physical systems with a large number of strongly correlated degrees
of freedom (quantum chaos, mesoscopic conductors, ...) seem to have the same statistical properties as the spectra
of random matrices. Also, the large N expansion of a random matrix integral (if it exists) is expected to be the
generating fuctional of discretized surfaces, thus random matrices provide a powerful tool for studying statistical
physics on a random surface. (The 2-matrix model was first introduced in this context, as the Ising model on a
random surface [25]).



It has been understood for some time that the 1-matrix model is not general enough, since it cannot represent
all models of statistical physics (e.g., it contains only the (p,2) conformal minimal models). In order to recover the
missing conformal models ((p, ¢) with p and ¢ integers), it is necessary to introduce at least a two-matrix model [11].
The 1-matrix model is actually strictly included in the 2-matrix model, since if one takes dy = 1, and integrates the
gaussian matrix M, out, one sees that the 1-matrix model follows, and hence may be seen as a particular case.

It should also be mentioned that most of the results about the 2-matrix model (in particular those derived in
the present work) can be easily extended to multi-matrix models (see appendix of [1]) without major modifications.
Indeed the multi-matrix model is not expected to be very different from the 2-matrix case [11] (in particular, it
contains the same conformal models).

The present paper is organized as follows: in Section 2, we set up the necessary formalism for biorthogonal poly-
nomials, beginning with the systems of differential and recursion relations they satisfy, recalling the main definitions
and results of [4]. We then derive the fundamental systems of solutions to the overdetermined systems for the “win-
dows” of biorthogonal polynomials in two ways; one by exploiting the recursion matrices @, P for the biorthogonal
polynomials, which satisfy the string equation, and another by giving explicit integral formulas for solutions and
showing their independence when taken over a suitably defined homology basis of inequivalent integration paths.

In Section 3 we use saddle-point integration methods to deduce the asymptotic form of these fundamental systems
of solutions within the various Stokes sectors. and from these, to deduce the Stokes matriuces and jump disconinuities
at 0co. The full formulation of the matrix Riemann-Hilbert problem characterizing these solutions is given in Theorem
3.1.

Publication remark: This work was completed substantially in its present form in the winter of 2001-2002, and
the results were presented, in preliminary version, at the AMS regional meeting in Montreal, May 2002, as well as
at the meeting on Random Matrices at the Courant Institute, June 2002. While completing editorial corrections to
the the present version, we received the preprint [24], where results along similar lines are obtained for the case of
cubic potentials. In the interests of timely dissemination, we have chosen to post the present version in electronic
data base form, although further editorial revisions may still follow before final publication.

2 Setting

The notation and setting follows essentially [4], with some minor modifications that we will point out in due course.
In order to mantain the paper as self—contained as possible we recall the main points of [4].
Let us fix two polynomials which we will refer to as the “potentials”,

di+1 ” do+1 v
Vi(z) = up + ; ?KmK , Va(y) = vo + JZl 7‘];1/‘] . (2-1)

Using these potentials we define a bimoment functional i.e. a pairing between polynomials of z and y by means of
the following formula

(m,0) = / / dzdy e+ (M@0 ()5 (y) . (2-2)

The contours of integration in the x and y plane have not been specified yet: in order to have convergent integrals
we must define two suitable contours of integration I';,I'y in the z and y complex plane respectively. In fact there
are precisely d; (homological) independent choices of for the contours I'; and ds for the contours I'y as follows from
the specialization to polynomial potentials of [7]. The necessary and sufficient condition for the convergence of these
integrals is that the contours approach oo in such a way that

RWi(2)) — 00— R(Va(y)) (2-3)

T—00 Yy—00

Let us define the sectors

) ._ (2k — D)7 (2k + )7
S, = {y e C, arg(y) € (ﬁy + 2dy +1) Uy + 2(d5 +1))}, (2-4)

¥y = —arg(va,+1)/(d2+1), k=0,...,2do+1.

() (2k — )7 (2k+ 1)
Sy = {xE(C, arg(z) € (1995—&— 2(d1—|—1)’19z+ 2(d1+1))}’ (2-5)

791’ = _arg(ud1+1)/(d1 +1) ) k:O""72d1 +1.




We define the contours I‘g(,k) coming from oo within the sector Sézlz and returning to infinity in the sector Séz)

(similar definition for the Fg;k) contours). Note that, since there are no singularities in the finite region of the y-plane
for the differentials we are considering, we have

d2 dl
Z Fék) =0= Z ') homologically . (2-6)
k=0 k=0

Therefore there are only ds (homologically) linearly independent contours Fg(,k) (and d; contours 1“55’“)).
We define two sequences of monic polynomials 7, (z), 0, (y) of degree n such that they are biorthogonal w.r.t. the
pairing

(rusom), o= Y%7 [ de pdymy(a)e HAEV0 0 ) (2-7)
s i= 1 ds F( >><1"(J)
J=1,eds
Tal) = 2"+ on(y) = 4" (2-8)

where the d; x dy matrix »% is generic in such a way that all the principal minors of the bimoment matrix are
nondegenerate. We will denote the integral operator as follows for brevity

P = . 2-9
-z / o= L 29
1,..
The aforementioned nondegeneracy condition that ensures the existence of the biorthogonal polynomials is given by

det [(mi,yj)%]w:ow,N_l = An(3)#0 VN eN. (2-10)

Since all Ay (s¢) are homogeneous polynomials in the ;s of degree N + 1, they are all simultaneously nonzero for
generic values of the parameters s.
We introduce the quasipolynomials and the corresponding wave-vectors

nla) = =m0 FE 5 Gty = et B0
‘I]oo(x) = [¢0($),>¢n($)7]t ) ( [ ( )a-“ad)n(y)a-“]t . (2'11)
In matrix notation the biorthogonality reads
/dx Adye™ U (2)®st (y) = 1 (2-12)
I

where 1 denotes the semiinfinite unit matrix.
We denote the Fourier-Laplace transforms of one or the other semiinfinite wave-vectors along the relevant paths by

. D(y) = /Fmdxe%‘l]oot(m) s J=1ed (2-13)

oM (z) ::/(k)dyeh dl(y), k=1,...,ds. (2-14)

The recurrence relations for the biorthogonal polynomials are encompassed by the matrix equations

YPos(y) = P'Ooo(y) 5 hdyPeo(y) = —Q'Poc(y) - (2-16)
where the two matrices P and @ are the finite band size matrices (see [14, 16, 1] for a simple proof of this)
ao(0) 7(0) 0 0
(1) ao(l) (1) 0
Q:: . .'. .'. ". .'. (2—17)
aay(d2)  agy1(d2) -+ ao(dz) (d2)
0 . ) ) .



[ Bo(0) Bi(1) Ba, (dy) 1
7(0)  Bo(1) Bi(2) ' Ba, (d1+1)
( .

P=| 0 1) /@ K (2-18)

satisfying the string equation

[P,Q] =hl. (2-19)

For the dual sequences of Fourier—Laplace transforms, a simple integration by parts of Eqs. 2-15, 2-16 gives
2® D (z)=d U (2)Q ; 79, D(z) =@ ()P ; j=1,...,dy (2-20)
v M) =8 PP s m0,e, My =, Pyt k=1,....d . (2-21)

Notice that integration by parts is allowed due to the exponential decay of the integrand along the chosen contours.
We recall the definition of dual windows

Definition 2.1 We call a window of size d; + 1 or ds + 1 any subset of di + 1 or do + 1 consecutive elements of
type Yn, Qn, On OT yﬂ, with the notations

UN = [Ndy,- - UN]" . N >da, Py = [PNedy,-- - ON]", N>dy (2-22)
UN = [N, U]t N 20, @YV i=[pn_1,.. . dnpaa)t, N 2>1 (2-23)
D=0, 0] N>dy, 2@ =gl e, N >dy (2-24)
NGO =) Q) ] N1 eV W=l el ] N> (2-25)

Notice the difference in the positioning of the windows for the vectors constructed from the ,’s and the ¢,,’s (and
the different notation we are using as opposed to the one in [4], where & now would be rather @N‘H) and the fact
that the barred quantities are defined to be row vectors while the unbarred ones are column vectors.

Definition 2.2 The two pairs of windows (¥, ®V ) and (®y, ¥V ) of dimensions da + 1 and dy + 1 respectively,
will be called dual windows and are defined for N > dy and N > dy respectively.

We also recall that by using the finite-band recurrence relations in Eqs. 2-15,2-16 , and Eqs. 2-20, 2-21 one can

define the notions of folding on the finite windows above [1]. This way one can express four polynomial ODEs for
the two pairs of dual windows which are obtained as the folding of the differential recurrence relation
ho, Uy (x) = =DV (2)Un(x); 1@ W (z) ="M ()DN(z), k=1,...,dy, N >dy; (2-26)
ho,®n(y) = —D3 ()®n(y) ; 70, ¥ 0 (y) = "D ()DY(y), j=1,...,d1, N>dy. (227

We point out that the windows ®NF) and ¥NVU) for different k, j satisty all the same ODEs (2-26, 2-27) because they
all satisfy the same x and 0, recurrence relations (Egs. 2-20, 2-21).

In [4] it was shown that there exists a natural nondegenerate pairing between any pair of solutions ¥y (x) and
oV (z) to Egs. 2-26 (similarly for Eqs. 2-27);

(@, W) = 2 (2) A Un(a) (2:28)

which is a constant in z. In other words the matrices DI and in are conjugate to each other by means of the

N
matrix A (Theorem 4.1 in [4])

0 0 0 0 ‘—’Y(N— 1)
N N N N adQ(]\]) T Q2 (]V) al(]\]) 0
ADY(z)=D{(z)A, A:=| 0  agON+D) - as(N+1) 0 (2-29)
0 0 Ozdz(N-i-Q) s 0
0 0 0 ag+d-1)| 0

N
The (d2 + 1) x (d2 + 1) matrix A is the only nonzero block in the commutator [Hév_l, Q], where )"~ denotes the
semiinfinite sparse matrix equal to the identity in the principal minor of dimension N (a “canonical” projector). In

N
the following it is convenient to use the same notation A both for the finite matrix or the semiinfinite one.



It was proven also in [4] (Thm. 4.1) that one can choose the windows ¥y and @V as joint solution also of the
PDEs arising from the infinitesimal change of the coefficients of the two potentials (deformation equations): this way
the pairing becomes independent of all deformation parameters and of N.

2.1 Fundamental solutions of the D; and D, systems

In this section we will explicitly construct solutions of the pair of dual ODEs defined by the matrices D; and D;:
we leave to the reader the very simple formulation of the following statements for the other pair.

It is clear that if we have dy + 1 linearly independent solutions of the recurrence relations (2-15, 2-20) we obtain
a fundamental system for each of the ODEs in Egs. (2-26) by taking suitable windows; it will be shown in a moment
that this is not possible, inasmuch as the relations (2-20) have precisely only dy solutions while relations (2-15) have
only one. However we can find the “missing” solutions by a small “perturbation” of the initial conditions in the
recurrence relations’; the corresponding solutions will satisfy the same recursions relations for n big enough, thus
providing us with the desired solutions of each of the systems (2-26).

Proposition 2.1 The semiinfinite systems

2V (2) = QUo ()
{ 70,V o (7) = =P () (2-30)

{ ho, @, (z) = @ ()P (2-31)

have 1 and ds solutions respectively (similar statement for .., ¥__, Eqs. 2-16 and 2-21).

Proof. The compatibility is guaranteed by the string equation [P, Q] = h. Recalling that

(P — <Q>) e (Q - v2<P>) L= (2-32)

we have
0= [(P— VI(Q) W]y = —huth () — Vi ()bol) (2-33)
0= [Boe (Q - VI(P)]y = 20, (x) — VL (hD:)6, () (2-34)

Thus we have only one solution of the first equation and ds solutions for the second. Using the x recursion relation
for the 1 sequence we can build all the rest of the sequence starting from the (unique) ground state tg(z). Using
the 0, recursion relation we can build the rest of the ¢, sequence starting from ¢ . Q.E.D.

Up to multiplicative constants the ¥ solution is exactly the solution given by the quasipolynomials, while the
different ¢ solutions are precisely the dy different Fourier-Laplace transforms of the quasipolynomials ¢, (y); indeed
¢,(x) can be expressed by

(bo(x) o /dye%(wy—‘/z(y)) , (2-35)
- r

where I is any of the contours Fg(,k) or a linear combination of them.
We now consider a modified system in order to find the other solutions

Proposition 2.2 The semiinfinite systems

2V (z) = QU () — Wa(—h0,)F(x)
{ B0, U () = Py () + F(2) (2-36)
2P, (2) = 2 (2)Q + Ul)
{ 10,0, (1) = ©ou ()P + U () Wi (2) (2-37)
Wite) = HDHD g, o B =00 (2:39)
F(z) = [f(2),0,0,-]"s  U(2):= [u(x),0,0,] (2-39)
have both dz + 1 solutions for the unknowns (f(z), ¥ (x)) and (u(z), &, (z))

7This is not new in the context of orthogonal polynomials, where there exist the orthogonal polynomials of the second kind, see e.g.

[10, 27]



Proof. The compatibility of these systems is not obvious; we have

WU oo = [0y, 2| Voo = hdy (QUoo — Wo(—h0y)F) — 2 (—PUy, + F) = (2-40)
= Q(—PVUo + F) — 0,Wa(—h0,)F + P (QUoe — Wa(—hd,)F) + 2 F = (2-41)

= [P,Q|Vo + QF — (hd, + P) ‘G(P;—Jrvga(—haz)

- (Q - VQ’(P)>F + (a: _ V;(—naw)ﬁ (2.43)

F(z)+aF = (2-42)

Given that only the first entry of F' is nonzero and that @ — V3 (P) is strictly upper-triangular, the second term
vanishes. Last term gives the following ODE for the first entry of F'(x)

Vs (=hdy) f(z) = xf(x). (2-44)

Each solution of Eq. 2-44 gives a compatible system. We label such solutions f(® with a =0,...,ds, f©) = 0 being
the trivial solution.
For each such solution we can now solve for W. First of all one can prove by induction that

Qkflck

k\I/oo: k\I/oc
Q x s g

Wo(—hd,)F. (2-45)
Next we compute as for the previous proposition
Vi(Q)—-V{
V@ =Vi@ g o] = (2.6
Q- 0
= —hay(x) = V{(@)ho(x) + [1 = Wi () Wa(—hox)]go f(2) (2-47)
That is 1o(x) must solve that first order ODE’s: considering the fact that there are ds 4+ 1 choices for the function

f(z) = f((z) we correspondingly obtain do + 1 independent solutions ¥(®) () to the system.
We consider now the second system (2-38). The compatibility gives

0= (P V{(Q) Wl = | ~hDWc + F — Vi (2) U

h® = [0z, 2]P,, = 70, (2, Q4+ U) —z (2 P+ UWi(x)) = (2-48)
= (2. . P+UWi(2)Q+ hd,U— (2., Q+U)P —UW,(x)x = (2-49)
— o _[P.Q-UP+ UW(Q _a)+ ho,U = (2-50)
— 2. -0 (P-11(@) + (0. - V@) JU (o (2-51)

Given that only the first entry of U is nonzero and that P — V{(Q) is strictly lower-triangular, the second term
vanishes. The last term gives the following ODE for the first entry of U(z), that is

' (z) = V{(z)u(z) = ulz)=cen 1(®) (2-52)

Of course the compatibility is guaranteed also if we take the trivial solution.
We next consider the solutions @__; by a computation similar to the previous we have

0= [o.(Q-vim)] -

= (= 15100,) ) on(e) - 1 = WA W00, (o) (2:54)

@ — U —Vy(ho,) @ + UWq(x) = (2-53)

Therefore we have the dy solutions corresponding to the case u(xz) = 0 (which give the solutions of the “unmod-
ified” recurrence relations, i.e. the Fourier-Laplace transforms of the quasipolynomials) and the extra solutions
corresponding to the nontrivial solution u(z) = ce¥1(*)  We denote this last by QOO(O) and in general QOO(O‘). Q.E.D.

We will give explicit integral representations for the do + 1 solutions in the next section.
With the solutions ¥,(*), Qw(ﬁ), a,3=0,...,ds we can construct the (d2 + 1) x (d2 + 1) modified kernels

@ (@) (@) = 2o (@) D (@) (2-55)

n

N—-1
KNG (@,a) =Y 6
n=0

We can obtain also the following modified Christoffel-Darboux formulee



Proposition 2.3 [Christoffel-Darboux Kernels]

(z — 2"\ KM (2,2") = (2-56)
= (27 @)Q + 600U (@) )T WD (@) = 0, (@Y (QUaLD @) = Wa(=hO) FD (@)} = (2:57)
= —& () 1Y, Q] Wl (2') + Sapu(z)y{” (2) + & () ()11~ Wy (—hd,) F P () (2-58)

We recall that the commutator of the finite band size matrix @ with the projector H(J)V*1 gives a sparse semiinfinite

N
matrix which correspond to the Christoffel-Darboux kernel matrix A. As a corollary we obtain the pairing between
the solutions of the systems (2-26) by setting x = 2’

Corollary 2.1
N
(24,07 i 2O ) En9) = £.)0) [, Q) Wl (o) =
N
= Saou(x){” (z) + @ (@)Y~ Wy (—hd,) FP) (2) (2-59)

We know that this is a constant (in z) if N > ds [4]; but if N > dy the projector in the second term is irrelevant
because the vector Wy(—hd,)F?)(z) has only the first dy + 1 nonzero entries and hence we have

P — V(-
N w ) = §0u(z)? (z) + @ (2) ViP) = Val=he) ooy N s g (2-60)
N P + 1o,
If a # 0 then ®_ () (z)P = hd,®_(* () and hence we have
N / = . 1 -
B O@ATI (@) = 0 () 200 VR piy, (2-61)
hds+ho,

_ V5(ROw) = VE(=R0z) \(a), .1 £(8)

= hoo T oL &, (@) 17 () L N > ds,a # 0. (2-62)

In this expression ¢ and f are kernel solutions of a pair of adjoint differential equations

(V3 (hdy) — )i (2) = 0, (V3(=hd) —2)fP(x) =0, (2-63)

and the last expression in Eq. 2-62 is nothing but the bilinear concomitant of the pair (which is a constant in our
case).
For 8 = 0 then we have

N 1
2, () A Vol (2) = Saou(@) " (z) = dagcet 1) ——e™ #Y1@) = g, . (2-64)

2.2 Explicit Integral representations

Proposition 2.4 The ds + 1 semiinfinite wave-vectors @Oo(j ) and ¥, with components defined by

e—%(vl(s)—sy)%(y)

o)) =i [dsndy — : (2-65)
o) = /rw dye® én(y),  k=1,...,d (2-66)
— 5 (Va(t)—=21)

w%k)(x) = /v(k(?ye%(vz(y)*ym) /dZ/\dt e n — 1/1n(z) 7 k=1,...,ds (2—67)

Ty 3T )
1 _1
oD (x) = alr) = T=ma(@e Vi) (2-68)
n=0,1,...,00,

are the solutions of the modified systems (2-36, 2-38).



In this proposition the contours fg(,k) are defined similarly to the contours Fg(,k)

R(Va(y)) — —c0 as y — o0, y € Ty

except for the requirement that

Remark 2.1 We point out that the we would have solutions even by choosing any admissible contour (or linear combination
of) in Egs. 2-66, 2-67; we will use this arbitrariness later.

Remark 2.2 The functions 9510) (z) are piecewise analytic functions in each connected component C, \ U?:l ry).

Proof.
For each of the four kind of sequences we define the semiinfinite wave-vectors

o D =[pD ¢ ], =0, dr; WM =[P ) k=0, ds. (2-69)

There is nothing to prove for Qoo(j) for 7 > 0 and for ¥,? as these are the Fourier-Laplace transforms and the
quasipolynomials respectively and satisfy the corresponding unmodified systems (2-30, 2-31).
Let us consider QOO(O): we first check the = recurrence relation

— g)e— 1 (Va(s)—sy) =+ (Va(s)—sy)
290(@) = h @ [dsndy l(w s)e”# duly) , e 5 6u(y)

- T T — s T — s
—+(Vi(s)+sy) o (y)
= 60/ hoer 1 @) — %VI(@/d Ady S nl¥) _
0 0€ € %FS y — s

_60\/>th1(’”+2 i(n+j)¢ )(w)

I=—1
In matricial form we have
2@ O = [\/heer"' @ 0, . ]+ 8 0Q=U+2 Q. (2-70)
It is easy to prove by induction that

k k
mk@m(o) — Uﬂ

Lo Ok (2-71)

Let us now look at the 0, differential recurrence; after shifting the derivative on s inside the integral, integrating by
parts and using Eq. 2-71, we get

10,2, () = v =D g 0P, (2-72)

This proves that the given integral expression is indeed the extra solution to Eq. 2-38.
(k) :
As for the 1), ’ solutions we compute

— % (Va(t)—=t)
hd i) (x) = / dy yer(V2@)-y2) /dz/\dte " ¥n () = (2-73)

F(k) 0 t— )
= [ Jdyer(V2@mvo) / dz Adte™ N2y, (2) 4 (2-74)

Ty 2
, —F(Va()—2t) 4
- / dy et (V2 () =ve) / dz ndt &2 Ynl2) _ (2-75)
f(k) I t— )

—H(Va(t)—zt) )/

— 0 (2) + / dy ek (Va)—vo) /dz/\dte G Un(2) _ (2-76)
F(k) PN t— Yy
k
= 6,0/ M (2) Z Bi(n + )¢ (@) | (2-77)
j=—1

=/h / dy er (V2W)=2y) (2-78)

(k)

Which, in matrix notation reads
7, U o) (2) = —PU P (2) + FF) (1) . (2-79)



We leave to the reader the check that the z-multiplication equation holds as in Eq. 2-36. Q. E. D.

For completeness we recall that the matrices P, @ satisfy the following deformation equations (in [4] the matrix
that now is denoted by P was denoted by —P)

87”(@ = - |:Q7 UK:| 5 aUJQ = |:Q’VJ:| (2_80)
Dup P = — [P, UK] , Oy, P= [P, VJ] (2-81)

where ) . ) .
UM = {[QK]>O +3 [QK]O} V=g {[PJ]<O +3 [PJ]O} : (2-82)

Here the subscript < means the part of the matrix below the main diagonal and the subscript 0 denotes the diagonal.
These equations have the following consequences on the wave-vectors

Lemma 2.1 The wave-vectors Uoo\") (z) (i.e. the quasipolynomials) and Qw(k>(az), k=1,...,d2 (i.e. the Fourier—Laplace
transform of the quasipolynomials ¢n(y)) satisfy the following deformation equations

O UolV(z) = URw ), (2-83)
90,0 (x) = -V D), (2-84)
0@ M) = -2, P (@)U, (2-85)
9y, @ M (2) o M)V, (2-86)

Proof. It follows straigforwardly from the two equations (2-80, 2-81) together with the fact that the Fourier-Laplace
transform commutes with the differentiation w. r. t. the deformation parameters Q.E.D.

We also remark that the given integral expressions satisfy the following modified deformation equations

Proposition 2.5 The wave-vectors defined componentwise by Prop. 2.4 satisfy the following deformation equations

@O (2) = —&_O)(2)UK 4+ LU(z)M (2-87)
UK =00 —00 K T — Q
00,2, (2) = @,V (x)V’ (2-88)
Duge VoM () = UKW () (2-89)
1 P) — (-ho,)’
0) () = V9w (B (p) — 227 = (ZN0)” py )
00, W (@) = VWL (@) = 5 e PO (2-90)

where the semiinfinite vector U(z) (not to be confused with the deformation matrix UX) is defined in eq. 2-70 and
the semiinfinite vectors F(*)(z), k = 1,...,dy are defined in eqs. (2-78, 2-79).

Remark 2.3 In particular the sequences of functions defined in Prop. 2.4 satisfy identical deformation equations for N big
enough (N > d; or N > ds according to which system is under consideration), and hence the relevant windows satisfy the full
DDD equations specified in [4].

Proof. We recall that by induction one can prove that

QK _ CCK

" 2,/0(@) = 2.V @)Q" + Ule) =5 —— (2-91)
P — (=ho,)’

(~10.)7 0ol () = P10 ) — T pit ) (2.92)

where F()(z) is the same as in Eqgs. (2-78, 2-79). As for the v; deformation equations for ®_(?) the proof follows
from Lemma 2.1 and from the fact that the integral transform defining this wave-vector does not depend on the v;’s.
On the contrary the uy deformations give (using again Lemma 2.1)

00 2:0(0) = 8.1 @UF + 8.0 @) (+ ~ Q¥) | (299

from which the proof follows using eq. (2-91). Similarly there is nothing to prove for the u; deformation of the
wave-vectors W ) while for the v; deformations (using an integration by parts together with Lemma 2.1) one
obtains

D0, WP (@) = —VI U0 () + % (—hds)” — P') W9 (x) (2-04)



Figure 1: The SDC ~(solid) and 4 (line-dot-line) for a potential of degree 11.

and the proof now follows from eq. (2-92). Q.E.D.

As we were pointing out earlier, the choice of contours of integration in Eqs. (2-66, 2-67) is largely arbitrary.
In particular the choice of contours that diagonalizes the pairing (2-28) is linked to the notion of dual steepest
descent-ascent contours given hereafter.

Definition 2.3 The steepest descent contours (SDCs) and the dual steepest ascent contours (SACs) for integrals of
the form

/ dy e~ F (Ve =9) F(y)) /dye%%(y)—”)H(y) , (2-95)
r T

with H(y) at most of exponential type, are the contours vy and 7y respectively uniquely defined (as x — oo within a
suitable sector) as follows

™ = {y € G S(Valy) —2y) = S (Valys(®)) — oyr(@)) ,R(Va(y) —w — oo o0 } : (2-96)
1= {1 € €1 S0a0) — ) = S (Valunle) — (o) ROB() —v— =0} o (290

where yi(x) are the dy branches of the solution to
Viy) ==, (2-98)

1
which behave as (vd2+1)_%x@ as x — oo in the sector, for the different determinations of the roots of x.
Their homology class is constant as x — oo within the sector (see Fig. 1)

With this choice of contours of integration these particular solutions to the systems (2-36, 2-38) have the property
in the following proposition

Proposition 2.6 If we choose dual steepest descent-ascent contours defined as in Def. 2.3, 4y and 7 for the integrals
in Egs. 2-66, 2-67, then we have

1| 0

OO i N () A WP () = N>d. (2-99)

0 2imhlg, ’
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Proof.
For 3 = 0 the statement follows from Eq. 2-64 (where the constant ¢ = \/hg).
For ae = 0 # (3 by inspection of the exponential asymptotic behavior of the integrals (2-65-2-68) it is easy to conclude
that C% =0, g # 0.
Finally for k := a # 0 # 8 =: j, C* equals the bilinear concomitant of the corresponding functions (Eq. 2-62). Let
us consider a fixed sector in the z plane and choose a basis of steepest descent contours 7, and ;. We use formula
(2-62) with

1

i L1 — 2 —1 —
f(])(m) = +/ho /gyeh(Vz(y) zy) , f(()k) (l’) — \/7}]7) ’Y?ye 7 (Va(y)—zy) (2_100)
E .

The respective asymptotic behaviors, computed by the saddle—point method, are

) —27h
£ (3) =~ \/hgen V2w @) —zy;(@) [ 277 (14 o(\! 2-101
1 2
o) () = e~k Vel (@) —omi(a) L(l Lo (2-102)

Vho V3" (yr(x))

where yi(x) are the ds solutions of V3 (y) = x, which behave as the ds roots of x for z — oo (within a specified
sector which is not relevant here). It is clear that the bilinear concomitant being a constant, it must vanish for j # k
since the exponential parts of the asymptotic behavior in Eqgs. 2-101, 2-102 can not give a nonzero constant when
multiplied together.

For j = k then the bilinear concomitant is given by the integral

V3 (h0u) = Vo (=hdz) )

R Tho 2o @fP@) = (2-103)
T x T/ =x
_ [ ayndy Fe@-Val)-s-) V2 0) = V20) (2-104)
Vi X Vi y-y
~ ot (Vo) —ayn(@) | 27N
~ ok . 2105
Vy' (yr () ( )
2
o 7 (Va(yr (@) —zyk (2)) mh (1+ O\ ™)V (yx()) = 2irh (2-106)

V3! (yr(@))
This concludes the proof. Q.E.D.
(k)

Had we chosen the contours f(yk) and I'y” rather than the steepest descent contours, then we would have had
a block-diagonal constant matrix for C*?. Notice that the pairing of these integrals is independent also of the
deformation parameters of Vi, V5. As we know from [4], this can always be accomplished, but here we have explicitly
seen this occurring for the particular normalizations chosen in the integrals.

3 Asymptotic behavior at infinity and Riemann—Hilbert problem

Given the duality between the D; and D; ODEs

ADY(z)=DN(@)A . (3-1)

it is clear that the Stokes matrices around the irregular singularity at = oo can be computed for either one of these
systems. Since we have explicit integral representations of the fundamental solutions we can read the asymptotic
behavior off the solution itself. The solutions for the D, system are simpler to analyze but in principle one could
consider the asymptotic behavior of the solutions to the D; system given by taking the suitable windows in the
sequences (2-67, 2-68).

Proposition 3.1 [Formal Asymptotics] The system

() = (0D (@) 32

possesses a solution with a formal asymptotic behavior at = oo of the form

®(x) ~ er T@OW 20y (z7) (3-3)

11



where Y = Yy +O(x~ /%) is a matrix-valued function analytic at infinity (Y is a diagonal invertible matrix specified
in the proof) and

T S0t iy, 34
(z) = ; m +Vi(z)E (3-4)
1o - 0 0
0| w w2 W
2 4 2d
W= | V] ws Wb e W (3-5)
0wl @2 wi2?
Nt+l-L N3 N-1+2
G :.=di —-N 2 2 22 . 2 2 3-6
lag ( ) d2 ) d2 ) ) d2 ( )
Q= diag(0,w,w?,...,w™2 W) w:= o'y (3-7)
E := diag(1,0,...,0) (3-8)
_1
to = (Vdy41) 2, (3-9)
1 vy
P 3-10
! d2 Va,+1 (3-10)
1 i1 ,
tj = T xes. (Va(y)) = dy . j=2,...,da. (3-11)

Such formal asymptotics is the asymptotics of a real solution within the sectors S

2k —1 2k +1
Sk::{xeC,arg(x)€<19+( i 19+( * M)}, for dy odd

2(d2+1)" " 2(d2+1)
km (k+1)m
Sp:=qx€C, arg(z) € [+ , 0+ for dy even 3-12
‘ { s ( (d2 + 1) d2+1)} : 12
PR CS) SN P A (3-13)
do
minus the contours & 1“;’“) used to define the pairing.
Proof.
In any given sector Sy of Eq. (3-13) we can choose a basis of steepest descent contours 'y( k= 1,...,ds; the

reason why these are the Stokes sectors and the proper construction of the steepest descent Contours is delayed to
the discussion about the Stokes’ matrices in Sect. 3.1.1.
We Fourier-Laplace transform the quasipolynomials ¢, (y) along these contours in order to obtain the functions ¢ _(z).

Notice that they are not necessarily the same as the previously introduced Q;k) () inasmuch as the steepest descent
contours do not all coincide with the contours Fl(,k) defined previously. However they are suitable linear combinations
with integer coefficients of such Q;k) (z) since the choice of the steepest descent contours is just a different basis in

the “homology” of the y-plane.
We then consider the asymptotic expansions (we set so := dy + 1) for

-1 —
(k) /(k)dye (Va(y) zy)¢n(y) ] (3-14)
Yy
Asymptotically the main contribution is given at the critical point of the exponent Va2(y) — xy corresponding to the
steepest descent contour vék). That is we need to compute

Va(y) — (3-15)

asymptotically as z — oo within the specified sector. Let us solve the relation Vi(y) — z = 0 in series expansion in
i
the local parameter at oo given by one determination of the ds-th root of x, A := z=.

Uy Fvay™ T+ = Vo (y) = A" (3-16)
A) =AY A (3-17)
=0

12



Then we have the formulas (recalling A = (Vz’(y))%)

1

tO - (USQ) @ )
dA 1 VQN(y) 1 Vd,
t = a_ 1 _
P YT = g ) s
J—

1
1
Y (Wdr = 5= res (Vi(y) ™ dy .

(3-18)

t; =

1T j—1
Let us denote by yi () the da solutions of the equation V4 (y) = « which have been solved by series in the ds-th root
of z in Eq. 3-17 and 3-18. We then have, up to an additive constant and in a neighborhood of z = oo

oo

x Ak
Valin@) — (o) = = [ n(o')da’ = ~dy [ yO0yntan == 30 By (3-19)

So —
j_02]

This formula is proven by taking the derivative (w.r.t. z) of both sides and using the defining equation for yi(z).
Notice that there is no logarithmic contribution since ts, = 0. The different saddle critical points are computed by
replacing A with w®\. Inserting into the integral representation of the functions <p(k)( )

Egg) w‘fly e N(V2(y)—zy) W(y) ~ (3-20)
~ Gk I mha n(y(Ak))/e 2 Ve O gy = (3-21)
n R
C x ’ / 27Th
_ J* yi(a)de A 2T 3-22
e on
Vi VO] &2
Differentiating V3 (y(Ax)) = Ax™ we obtain the relation
d )\kdz—l
VY (y(A)) = 72,( ™ (3-23)
where y'(\) means differentiation w.r.t. A.
Therefore we obtain
27h -1 —2p-d
~ hi/\k"*%vw 2d2
() () ~ =1 Valon(@)-am(@) InlUs@) [ 2mh
" Vha | V3 (ye(2))
o ;7:1 o (Valn (@) —an(@)) y n= 5 =R (3-24)
2/n
C 1T (! ’ QWhy/(Ak>
= et (g0, R (3-25)
_nt1 ds
~ Vg d2 1-dg 1 dgt] 1
=C2— N exp | ) M2 1+ 0o () (3-26)
Vhnp h par it I j

where the constant C' does not depend on n, A (depends only and universally on the coefficients of V5(y)) and
Ai o= wPFA.
The functions (j)% (z) have the following asymptotic expansion as x — oo in C\ Ud1 i

e O, (y)

0 (z) := V1@ [ds A d =
¢77, ( ) N ol Y (x — S)
~ e hVi@) § ko1 /ds Ndyste ™ Vig () =
k=0 ) xI
_ \/Ex_n_leﬁ’ Vi(z) (1 +0 (x—l)) . (3-27)
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Now, the rows of the fundamental matrix ®(z) are given by [@@1 (x),... 795\1;4)@271(95)]7 k=1,..
(0)

is given by [dn 'y, -- -, (;5 N +d2_1] Therefore the matrix of leading terms is given by

., do while first row

- N N+do -

-N @ —N-d
hn_1Vs; hNydo1Vs,"2 2
d
AV F A %+72
. = _1_da _ 14 da
enT@) diag (C,1,~~~) NV 273 N N2+ 7
_1_do _1.,4da
L )\d2N 2 2 )\d2N 3+3 ]
. —N . —Dtdo
d d
Cus,™ Cuvg, ™

-diag

T 3-28
Vi 2

Notice that the determinant of the Vandermonde-like matrix is actully very simple: by computing it along the
first row one realizes that only the first and last minor are not zero. Indeed for all other minor the coeersponding
submatrix has the first and last column proportional. The first minor is a constant in x while the last is of order

2~ %, Therefore we can write
r N N+td q
hN*l’USQ @dx—N hN+d271'052 a5 2 p—N—d2
AV AlN_%J"dTQ
e e _
L )‘dzNié (%2 )\dzNiéerQz _
’ N -
hN-1Vs, 22 N 0
0 A NI R AN E
_1_da _1,da
- 0 AN ANV (14 0@Y) (3-29)
L 0 Ao,V 72 7 )\d2N7%+d72 i
- N -
hN_lllsQ‘TCC N O 0
0 A NI F AN-ETE
d d.
- 0 ANTEE WRVTE 1 0@E) = (3-30)
L 0 >‘d2N_;_%2 /\d2N_%+%2 J
M1 0 0
0 WNJF%*dTZ (‘,_)N7%+d72
1_do _1,dy
— 0 (wQ)N+2 2 (w2)N 3t
0 1 1
N d.
diag (hN_w&er SN AN+HE-F .,AN—%+%) (1+0@Y)) (3-31)

When inserting this into the asymptotics we see that, up to factoring the constant invertible (diagonal) matrix on
the left

diag(1, CwN*ti=F Cuw2W+1/2=d2/2) . O (3-32)

which is irrelevant for the asymptotics and depends on N in a rather trivial manner, we obtain a solution with an
asymptotic behavior

dyt 52 ‘
<I>(:E)Nexp* EVi(z Zd;_]HQSH W
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Figure 2: The two possible choices for the domains of definition of Q;O) in the case d; =7

_N _ NAdo
diag (hyyv,, TN ANHETE N ) diag | 2 = e 2 N aront) =
Vhn-1 N
N+l N+l,d72 —N;'dQ N,l+d72
_ 17(a) . N Vs, = ANTzT3 Vs, 2 \MVT2T3 Ciny
=eh W -diag | \/hn_127", e (1+0(0\ )=
( Vhn v/ P Ntdo—1
1 —1\{,+1 _N{w;dz
Vs 2 Vs 2 _
= exp WT(:z:)W1> 2Cdiag [ \/hy_1, =2 peey —2 1+001) (3-33)
<h Vhn v/ ANtda
where W is the block-diagonal matrix
10 0 - 0
0 w w? - wh
w=|0 w2 ot .. Wik (3-34)
o 1 --- 1

Notice that W~1QW is the permutation matrix (in the subblock)

3.1 Riemann Hilbert problem
In this section we analyze the Riemann-Hilbert problem that arises naturally for the solutions of the D; system.

Recalling the expression for the sequence {?7(10) () }nen (Eq. 2-65), it is clear that they are piecewise analytic functions
)

in each of the d; 4+ 1 connected domains of the z-plane minus the contours F&j
Remark 3.1 The sequence QEL@(JJ), u=0,...,d1 can be analytically continued to entire functions, since the contours ry
can be deformed arbitrarily in the finite part of the x-plane. Therefore the “discontinuities” in the definition of the Hilbert

integral are just apparent and have an intrinsic meaning only when studying the asymptotic behavior at infinity.

) for = 1,...,d; while Dy is the domain

We denote by D,, the connected domain to the right of the contours I'
to the left of all contours. By retracting the contours to rays L, from the origin, the domains D,, become sectors in

the z—plane (see Fig. 2).
Let us denote by &N the piecewise analytic invertible matrix

() = 2V, 0N, @ (3-35)

N(@)T .

The fact that this is an invertible matrix follows from the fact that the various ®V*) are linearly independent and
®MO s independent from them because it satisfies the same recurrence relation but with different initial (in n)
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conditions.
These matrices satisfy the Riemann-Hilbert problem

1 2imse, 1 im0 <o 20,4,
0 1 0 0
N@=10 0 Lo 0 oN (@), aelW, p=1,....dr, (3-36)
0 0 0 )
0 0 0 1
where the subscripts ;, — denote the limiting value from the right or from the left w.r.t. the orientation of the

contour. Equivalently we can shrink D, by retracting the d; contours to the origin in such a way that the d; + 1
regions become sectors. Denoting by L,, the ray which separates D,, and D,, 11, the corresponding RH problem then
reads:

1 2imd,y 2imd,2 - 2imdy,q,
0 1 0 0
N (z) =GN (2)=|0 O Lo 0 N (2 (3-37)
o€l 0 0 0 '
0 0 0 1
Jﬂ’j =My T Hutly s MU= 0, ey dl, j = 1, ey d2, 10,5 = Hdi+1,5j ‘= 0 (3—38)

In order to formulate the complete RH problem we need to supplement the discontinuity data with the formal
asymptotic around the irregular singularity x = oo and the Stokes matrices. In doing so one should be careful that
the lines L, for which the discontinuities are defined do not coincide with any of the Stokes’ lines. We can always
avoid this occurrence by perturbing the lines L.

3.1.1 Stokes Matrices

The fundamental solution of the system D, is constituted by do Fourier-Laplace tranforms éflk)(x), k=1,...ds

and one Hilbert-Fourier-Laplace tranform Q;O)(ac). The asymptotic behavior of the dy F-L transforms is analyzed by
means of the steepest descent method in each of the sectors S, k =0,...2dy + 1 (3-13).

The computation is achieved by expressing the change of homology basis from the Fy(,l), cee F?(JdQ) contours to
the steepest descent contours®. In order to simplify the analysis of the Stokes matrices we point out that there
is no essential loss of generality in assuming Va(y) = ydﬁlﬁ; indeed, since we are concerned about topological
structures of the SDCs, as # — oo the dy solutions of the equation Vi(y) = z entering Def. 2.3 are distinct and
asymptotic to the da roots of  (up to a nonzero factor). The particular choice of the leading coefficient is also only
for practical purposes; should we choose a different coefficient we should appropriately rotate by ¥ = — arg(vg,+1)/d2
counterclockwise the pictures we are going to draw, but without any essential difference.

With this assumption, the Stokes phenomenon can be studied directly on the integrals

L[yt d+1 ‘ L
/dye_ﬁ(ydT_wy) = |z|4 /dz exp {A <;+ i e“‘z)] i A= %|z|% , a:=arg(z), (3-39)

where, in order to avoid too many subscripts in the formulas to come, we have set d = dy. The integrals in (3-39)

can be written as
/d A2 e)] - /d ~asd2 (3-40)
Z exp i1 ez || = se I -

where z = Z(s) is the map inverse to

d+1

s=5(2): -

=0T ez, 2= Z(s). (3-41)

The map z = Z(s) is a (d 4+ 1)-fold covering of the s-plane branching around points (z, s) whose projection on the
s-plane are the d critical values

d jdtDa 2im
d

—me w o wi=ed , j=0,...,d—1. (3-42)

5 = s (e) =

8 we suppress the subscript y from the steepest descent contours.
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In realizing this d + 1-fold covering, we take the branch-cuts on the s-plane to be the rays $(s) = S(sg«)) =const,
extending to R(s) = +00. As A — 400 the integrals (3-39) have leading asymptotic behavior that depends only on
the critical values of the map s(z) and on the homology class of the contour.

We now come back to the computation of the Stokes’ lines; by the definition of the SDC’s ~; (Def. 2.3, with now
Va(y) = y¥*+1/(d+1)) their image in the s-plane are contours which come from $(s) = +oc on one side of the branch-
cut (and on the appropriate sheet) and go back to R(s) = +0o on the other side of the branch-cut (and on the same
sheet)?. The cuts on the s-plane may overlap only for those values of a = arg(z) for which the imaginary parts of
two different critical values st(f)(a) and sg]})(a) coincide: a straightforward computation yields the lines separating
the sectors Sy defined in Egs. (3-13), which —under our inessential simplifying assumptions on V5 (y)— now reads with
ds replaced by d and 9 = 0.

We need also the following

Definition 3.1 For a given sector S centered around a ray arg(r) = ag with width A < =, the dual sector SV is
the sector centered around the ray arg(r) = ag + 7 and with width ™ — A.

For z — oo in each sector the SDCs are a constant integral linear combination of the contours Fg,k)’s; when x crosses
the Stokes line between two adjacent sectors the homology of the SDC’s changes discontinuously.

We denote the SDCs relative to the sector Sy by 'yj<k)7 j = 0..d — 1 and the matrix of change of basis with Cj. In
matrix form we have

3 = T, Cy, € GL(d,Z) . (3-43)

Our first objective is to compute these matrices Cy.
For each fixed generic (i.e. away from the Stokes’ lines) a we can construct a diagram (essentially a Hurwitz
diagram) which describes the sheet structure of the inverse map z = Z(s). We draw d + 1 identical ordered d-gons

each representing a copy of the s-plane and whose (labeled) vertices represent the projections of the d critical values

sg) Two vertices with the same label of two different d-gons are joined by a segment if the two sheets are glued

together along a horizontal branch-cut originating at the corresponding crtical value and going to $(s) = +o0o. Since
all the branch-points of the inverse map are of order 2 there are at most two sheets glued along each cut.
Furthermore we give an orientation to the segments (represented by an arrow) with the understanding that this gives
an orientation to the corresponding SDC. The convention is that an arrow going from sheet j to sheet £ means that
the SDC runs on sheet j coming from $(s) = +oo below the cut and going back above the same cut (or, which is
“homologically” the same, a contour running on sheet k coming from +o0o above and returning to +oco below the cut).

The diagram can be biunivocally associated to a matrix of size d x (d 4+ 1) in which each row correspond to a
SDC and each column to a sheet. This matrix has a —1 in the (k, j) entry if the k-th SDC points to the j-th sheet,
a 1 if the k-th SDC originates on the j-th sheet or a 0 otherwise. Hence each line of the matrix has only one +1 and
one —1. The matrix corresponding to the diagram in the figure is

0123 45 6 7 8 9 10 11

I
—_
I
1

SO oo oo O~ HO

(=N eloloNoNoBoll S =N

OO DO OO O HHOOO

S o oo oo OOOoOo
\
S oo oo+ OO0 O OoOo

QO H (3—44)

OO OO OO O O OoOo

OO OHODODODOOOoO oo

SO OO OOoOOoO o oo

OrRr P OO oo oo

I
— O OO, OO0 OO
R =, O, OOOoOOoOOoOoOo
© 00 J O UL W N H+—O

OO DD OO OO O

—_
o

As o = arg(x) ranges within a fixed sector Sy the diagram does not change topology and the corresponding matrix
Q1 remains unchanged.

We can now describe how a given diagram changes when o = arg(z) crosses the line between two adjacent sectors
S and Sky1 (counterclockwise); these lines correspond precisely to the values of « for which two distinct critical
values have the same imaginary parts (so that the cuts may overlap if they are on the same sheet); we leave to the
reader the simple check that these lines are precisely the boundaries of the Stokes sectors Sy.
As « increases by w/(d + 1) from Sy to Sgy1 the d-gons rotate by 7/d. In this process the connections between the
sheets change according to the following rule; if a the branch-point P; on sheet r crosses the cut originating from a

9For the SAC’s we should perform cuts extending to $(s) = —oo instead.
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Figure 3: Sheet structure in the case d = 11, a = 0. The contours depicted in figure are the SDC in the z plane.
The picture on the right represents the contours after incrementing « by 27/12. Notice the labeling the contours.

different branch-point P, on the same sheet (on the left of P; on sheet r, and hence P; crosses the cut from below as
it moves upwards) then the P; (and its cut) jumps on the sheet s which is glued to sheet r along the cut originating
at Pp, (see Fig. 4).

Diagrammatically the tip (or the tail) of the corresponding arrow moves from one d-gon to the one connected along
the vertex h.

In terms of the matrix QQ; the j-th row reflects along the hyperplane orthogonal to the h-th row.

The corresponding SDCs 'yj(-k) and 'y,(Lk) are related to the SDCs 7](-k+1) and 7}(11@+1) by the following relation
k+1 k
(3-45)
k+1 k k
TV = 19 + ey

where the incidence number ep; = €;p, is 1 if the SDCs fy](-k),w(tk) have the opposite orientation and —1 if they have
the same orientation. Alternatively the incidence number is just the (standard) inner product of the corresponding
rows h,j of the matrix Q.

We denote by M}, the d x d matrix which expresses this change in the SDCs. One can then check that the matrices
Q. and Q41 are related by

Qur1 =M Q- (3-46)

Therefore we can reconstruct the matrices My once we have an initial diagram representing the sheet structure.
Before constructing the initial diagram we want to point out that when « increases by 27/(d + 1) (i.e. we cross
two Stokes lines) the steepest descent (unoriented) contours are the same as the original ones but rotated by the
same amount clockwise.
That is the unoriented (i.e. forgetting the orientation of the SDCs) diagram is the same up to permuting cyclically
the labels of the (d+ 1) sheets and labels of the d cuts: notice that the critical points rotate by d(jiil) and the critical
values by 27“ counterclockwise. Indeed we have

7r zd+1 . gm .
s <z; a+ d—l—l) =4ri eI z = s(e'HT z; ) . (3-47)
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Before crossing

After crossing

Figure 4: The swapping of two critical values and the corresponding cuts.

As for the orientation of the SDC’s relative to the new labeling the d-th SDC passing through zﬁ‘,?*” reverses its
orientation relative to the (oriented) SDCs obtained by just rotating the initial SDCs (see Figure 3).

This implies that the matrices @y representing the diagrams in the various sectors and the Stokes’ matrices My
satisfy the recurrence relation

0 0 0 1 0 0 0-1
1 0 0 0 1 0 0 0
Gupr=| 9 1 00| cqLd+1,2z), p=|0 1 0 0| ¢ GL,2) (3-48)
0 0 0 0 0 0 0
0 0 1 0 0 0 10
Qrv2 =1 " QirSay1 , Mo =p- M -p". (3-49)
Therefore it is necessary to compute just Qo, Q1 and My, M.
Notice that the wedge contours Fg(f ) ,j=0,...,d are in one to one correspondence with the sheets of the map Z(s),
therefore the same argument proves that
-1-1 ----1-1
1 0 0 0
p=|01 -0 0/cqgLydz) (3-50)
0 0 0 0
0 0 1 0
Crr2=pCy P, (3-51)

Where both the matrices G441 and P implement the cyclic group Zg41 (although P is of size d x d): indeed the
matrix P is exactly the matrix implementing the generator of Z441 on the “wedge” contours, i.e. with the additional
constraint Z?:o r=0.

We now describe how to obtain the initial diagram, for example how we got Figure 3.

We start by noticing that the “wedge” contours Fy(f) enclose the sector Sox—; of width w/(d+1). It is an easy estimate
that the corresponding integrals are (more than) exponentially decreasing in the dual sector. Indeed

/r eé@d“/wﬂmy)dy‘ < exp (|z|M) /F e R dy (3-52)
k k

where M is the supremum of R(zy) as y goes along Fék). Now the contour Fz(,k) can be deformed as to “skim” the

sector S as close as we wish. Then the constant M is finite and negative if = lies within the dual sector S,\C/ and

in the region outside F?(Jk).

We now consider the case of odd d, leaving the easy generalization to even d’s to the interested reader. The main
(only) difference is that for odd d, o = arg(z) = 0 is not a Stokes’ line. Had we to study the case d even, then we
should take a convenient initial value of o (e.g. @ =€ << 1 or a = 7/2(d + 1), which correspond to an anti-Stokes

line).
Let us focus on any of the SDCs attached to a critical value lying in the right s-plane. Since the real part of those
critical values is positive, the corresponding integrals decrease as exp(—d;ile A), (A= %|x|%l) that is are (more
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than) exponentially suppressed on the line z € Ry.

As we increase « the d-gons rotate by dffla. It should be clear from the previous description of the change of
homology of the SDCs that the SDCs attached to such critical values do not change homology class while they
remain in the right s-plane: this is so because there are no branchpoints to their right.

Therefore the corresponding integrals are exponentially suppressed as long as « ranges in a corresponding sector of

width ﬁw =7 — ﬁw. By careful inspection of the anti-Stokes lines (i.e. the lines along which the integrals are

most decreasing) for these integrals one concludes that they coincide with appropriate Fg(,k) in the left z-plane.

This argument proves that all “wedge” contours Fz(,k) lying in the left plane are homological to SDCs (these are the
SDCs in the left z-plane in Figure 3).

We then take the first critical value lying in the right s-plane (in Figure 3, the SDC number 10). As we move «
so as to move this critical value to the right s-plane, the corresponding SDC can acquire a contribution only from the
first SDC in the left plane (number 9 in our example). As a consequence the corresponding integral is exponentially
suppressed in a sector of width = — QdL_H. Considering its anti-Stokes line and its linear independence from the
previously identified SDCs, we conclude that it must enclose two odd-numbered sectors Sagy1 and Sor4s (in our
example this is contour 10). Proceeding this way we can easily identify the homology classes of all SDCs for ao = 0.
The labelling of the sheets and the SDCs is largely arbitrary and the choice we have made in the example is just for
“aesthetic” reasons.

With these notation the basis of contours F?(f), k=1,...d and the basis vj(-o), 7 =0,...d —1 are related by

) = CpT = My_q - - - MoCoT (3-53)
50 — ¢y F (3-54)
_ 1 ENEARS
111110b007%
011100000
001000000 — 4]
000100000
Co=l000010000 (3-55)
000001000
000000100
000000010 — [3] +1
(0000001 11 [ fepa o

It is not difficult to give an explicit description of the matrices Qo, @1 and My, My but we will not give it here
for brevity: it is a lengthy but straightforward calculation which gives the matrices in the next Table (reported for
d=2,...,11) where one can clearly extrapolate the correct rule.

We now turn our attention to the Stokes matrices.
Consider the subblock of the fundamental system of solutions of the D; ODE relative to the F-L. transforms; if we
denote by Y (z) the dy x dy such block whose rows are the integrals of ¢™ (y) on the contours Fz(,k) and by Yi(z) the
analog matrix obtained by integrating over the SDCs, we have

Yi(z) = CY (x). (3-56)
The Stokes matrices are then given by
Sk = Yk+1Yk71 = C]H,lckil = Mk . (3—57)
10 10
M0=> 01 }MF{ 11 } id=2 (3-58)
[1-1 0 1 00
M= 0 1 O |m=[0 1 O ;d=3 (3-59)
|0 0 1 0 1 1
[1-1 0 0 1 0 00
0 1 00 01 0O
M=o 0 1 0|™ o010 = (3-60)
|10 0 1 1 01 01
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VL

Figure 5: The structure of Stokes sectors and discontinuities for the case dy = 7 and do = 11 and both leading
coefficients for the potential real and positive.

In order to complete the description of the Riemann—Hilbert problem we need to consider also the extra solution
obtained by Hilbert—Fourier-Laplace transform: in doing so we extend the previously computed Stokes matrices M
to the full fundamental system of ds + 1 solutions by means of

M, = [ (1) ]\gk } . (3-68)

Summarizing the whole discussion, we have proved the

Theorem 3.1 [Riemann-Hilbert Problem] Given the Stokes’ sectors Si, k = 0,...,2dy + 1 around z = oo defined
in Eq. (3-13) and the d; + 1 rays L, lying in the sectors SZ(Z), 1w =0,...,d; and chosen as to avoid the Stokes lines
(see, e.g., Fig. 5), we formulate the following Riemann—Hilbert problem for the GLg4,1-valued piecewise analytic
function ®(x)

(I>+(IE) = G# (I)_($) ’ x € L,u ’ (3_69)

with the Stokes matrices M, r constructed in this paragraph and the formal asymptotic specified in Prop. 3.1.

4 Summary and comments on large N asymptotics in multi-matrix
models

A complete formulation of the Riemann—Hilbert problem characterizing fundamental systems of solutions to the
differential - recursion equations satisfied by biorthogonal polynomials associated to 2-matrix models with polynomial
potentials is provided in Theorem 3.1.The approach derived here can be straightforwardlly extended to the case of
biorthogonal polynomials associated to a finite chain of coupled matrices with polynomial potentials following the
lines outlined in the appendix of [4].

The Riemann-Hibert data, consisting essentially of the Stokes matrices at co, are independent of both the integer
parameter N corresponding to the matrix size and the deformation parameters determining the potentials; that is, the
fundamental solutions constructed are solutions simultaneously to a differential-difference generalized isomonodromic
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deformation problem. This provides a first main step towards a rigorous analysis of the N — oo, AN = O(1) limit of
the partition function and the spectral statistics of coupled random matrices (as well as the question of universality in
the resulting Fredholm kernels, and hence the spectral statistics of 2-matrix models). Such an analysis should follow
similar lines to the methods that were previously successfully applied to ordinary orthogonal polynomials in the

1-matrix case [8, 19, 22, 23, 12, 13]. The main difference in the 2-(or more) matrix cases is that in the double—scaling
limit the functional dependence of the free energy on the eigenvalue distributions is not as explicit as in the 1-matrix
models [26, 21]. Tt is also clear that the hyperelliptic spectral curve that arises in the solution of the one-matrix

model has to be replaced by a different algebraic curve, which arises naturally in the spectral duality of the spectral
curves of [1], as was pointed out in [16].

In order determine the large N asymptotics with the help of the the RH problem, one should begin with an
ansatz that can be checked a posteriori against the given case. In the l-matrix case [12, 13], this was provided by
means of hyperelliptic ©-functions. The physical heuristics and the basic tools for generating such ansatz were also
given in [9, 16]. Much of of the heuristics can be extended to the 2-matrix model [6], and this will be the subject of
a subsequent work [3].
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