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Abstract

A method is presented for calculating the Lie point symmetries of difference equations with one, or several,
independent variables. The equations are given on a priori specified lattices. The Lie transformations act
on the lattice, as well as on the equation. The transformations take solutions into solutions and can be
used to perform symmetry reduction.

Résumé
Nous présentons une méthode permettant de calculer les symétries ponctuelles des équations aux diffé-
rences ayant une, ou plusieurs variables indépendantes. Les équations sont données sur un réseau spécifié
a priori. Les transformations du groupe de Lie agissent à la fois sur le réseau et sur l’équation. Ces trans-
formations amènent une solution en une autre solution et nous permettent d’appliquer la méthode des
réductions par symétrie.





1 Introduction

The theory of Lie groups and Lie algebras started out as a theory of transformations of solutions of differential
equations [1, 2]. They are used to solve differential equations, to classify equations and solutions, to establish
properties of their solution spces [3].

Applications of Lie groups, and of the fundamentally continuous transformations that they represent, to discrete
equations, are much more recent. A concerted effort is presently being made to adapt Lie theory to difference
equations, differential-difference equations and q-difference ones.

Two different philosophies are being pursued. In one, the discrete equation is a priori given; as is the lattice on
which it is realized. The aim is to find the group of transformations, taking solutions into solutions and then to apply
the group to solve, or at least to simplify the equation. Typically, in this approach the group acts on the equation,
but not on lattice [4, . . . , 9].

A different philosophy is to start from a differential equation and its known symmetry group. The aim is to
discretize the equation while preserving its point symmetries. Thus, the symmetries are a priori given, one looks for
a lattice and a difference equation on this lattice. The group acts on the equation and on the lattice (also given by
an equation, or system of equations) [10, 11, 12].

The purpose of this article is to combine the two approaches (see also Ref.[13, 14]). We will consider given
difference equations on given lattices. However, the lattice will also be given by an equation, or a system of equations.
We will then construct Lie point transformations, acting on the difference equations and the lattice and leaving the
solution set of this difference scheme invariant.

2 Symmetries of difference schemes in one dimension

2.1 General formalism

Let us consider a scheme involving one scalar function u(x) of one scalar variable x. A difference scheme will consist
of two equations

Ea

(
{xn+k}N2

k=−N1
, {un+k}N2

k=−N1

)
= 0

N1 , N2 ∈ Z
≥0 , a = 1, 2

(1)

involving N1 + N2 + 1 points. The equations must be such that given N1 + N2 neighbouring values of {xk, uk}, we
can calculate the values of {x, u} at one further point, to the left or right of the given set. We assume that the lattice
is infinite in both directions and that eq.(1) can be shifted arbitrarily to the right and to the left.

A solution of the difference scheme is a pair of expressions

xn = Φ(n, c1, . . . , cN )
un = Ψ(n, c1, . . . , cN ) , N ≡ 2(N1 + N2) ,

(2)

where c1, . . . , cN are integration constants. The points {. . . , xn−1, xn, xn+1, . . .} are not necessarily evenly spaced and
the value of xn+1 may depend not only on the previous values of xk but also on the solutions of uk at the previous
points.

We choose some point {x, u} = {xn, un} as the origin in the space X × U ⊂ R
2 of independent and dependent

variables and consider a group G of local point tranformations, acting in a neighbourhood of the point {x, u}. The
transformations will be generated by a Lie algebra of vector fields of the form

X̂ = ξ(x, u) ∂x + φ(x, u) ∂u . (3)

When dealing with differential equations, we must prolong these vector fields to identify their action on derivatives
ux, uxx, . . . (up to the order of the equation under study). When dealing with the difference scheme (1) we must
prolong the action of the vector field to all points figuring in eq.(1). The finite group transformations act on the
entire {x, u} space simultaneously (at least locally). The prolongation of the vector field (3) can hence be given as

pr X̂ =
N2∑

k=−N1

[
ξ(xn+k, un+k)∂xn+k

+ φ(xn+k, un+k)∂un+k

]
, (4)

where the summation is over all points figuring in eq.(1). We now require that the scheme (1) be invariant, under
the group G, on the solutions of eq.(1). In infinitesimal terms that means that the vector field (3) must satisfy

prX̂ Ea |Ei=0 = 0 , ∀ a, i . (5)
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Equation (5) provides the determining equations for the coefficients ξ(x, u) and φ(x, u). The actual algorithm for
calculating the symmetry algebra is as follows.

1. Use eq.(1) to express xk and uk for some value of k (usually the highest or the lowest one) in terms of the other
ones, e.g.

xn+N2 = R(xk, uk) , un+N2 = S(xk, uk)

n−N1 ≤ k ≤ n + N2 − 1 .
(6)

Substitute (6) into (5). We obtain two functional relations for ξ(x, u) and φ(x, u). Since eq.(1) has already
been used, these equations must hold for any N1 + N2 given neighbouring points. These equations are

∑N2−1
k=−N1

[
ξn+k

∂Ea

∂xn+k
+ φn+k

∂Ea

∂un+k

]
+ ξn+N2(R, S) ∂Ea

∂xn+N2

+φn+N2(R, S) ∂Ea

∂un+N2
= 0 , a = 1, 2

(7)

where we use the notation
ξn+k ≡ ξ(xn+k, un+k) , φn+k ≡ φ(xn+k, un+k)

and R , S are functions of (xk, uk), k = n−N1, . . . , n + N2 − 1, defined in eq.(6).

2. Assume that the dependence of ξ and φ on their arguments is analytic. Convert eq.(7) into a system of
differential equations for ξ and φ by differentiating with respect to the variables xk and uk with n−N1 ≤ k ≤
n+N2− 1. The obtained equations will be first order linear differential equations, involving fewer terms (since
e.g. a given xk can figure only in ξk , φk , ξn+N2 , φn+N2 , via R and S and explicitly via E1 and E2). Further
differentiations may produce one term equations that we can solve.

3. Substitute the general solutions back into eq.(7) and solve for ξ and φ.

If a continuous limit exists, then the pair of equations (1) goes into one single differential equations, generally
speaking of order N1 + N2. In other words, in the continuous limit, the two functions E1 and E2 are no longer
linearly independent.

Let us mention that instead of considering the variables {xk, uk} in different points, we can use a different basis,
in which we introduce discrete derivatives and spacings between points. Thus, for instance for 3 points we can put

{x− , x , x+ , u− , u , u+} ←→{
x , h+ = x+ − x , h− = x− x− , u , ux = u+−u

x+−x , uxx̄ = u+−2u+u−
(x+−x)2

}
,

(8)

having defined x ≡ xn , x± ≡ xn±1. The continuous limit is particularly clear in the second basis.

2.2 Example

Let us consider the nonlinear ordinary differential equation

uxx − uN = 0 , N 6≡ 0, 1 . (9)

A straightforward calculation shows that for N 6≡ −3 eq.(9) is invariant under a two-dimensional Lie group, the Lie
algebra of which is spanned by

P̂ = ∂x , D̂ = (N − 1)x∂x − 2u∂u . (10)

For N = −3 the symmetry algebra is sl(2, R) with a basis

P̂ = ∂x , D̂ = 2x∂x + u∂u , Ĉ = x2∂x + xu∂u . (11)

A natural way to discretize eq.(9) is to use a uniform lattice and put

E1 =
u+ − 2u + u−

(x+ − x)2
− uN = 0 (12)

E2 = x+ − 2x + x− = 0 . (13)
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Let us now apply the symmetry condition (5). First, the condition prX̂ E2 for E1 = E2 = 0 implies

ξ(2x− x−, (x− x−)2uN + 2u− u−)− 2ξ(x, u) + ξ(x−, u−) = 0 . (14)

Differentiating first by ∂u− , then by ∂u we obtain

− ξu+(2x− x−, (x− x−)2uN + 2u− u−) + ξu−(x−, u−) = 0 (15)[
N(x− x−)2 uN−1 + 2

]
ξu+u+(2x− x−, (x− x−)2uN + 2u− u−) = 0 . (16)

Eq.(16) implies that ξ is linear in u

ξ(x, u) = a(x)u + b(x) . (17)

Eq.(15) reduces to a(x+) = a(x), i.e. a is a constant. Substituing these results into eq.(14) we obtain

a [u+ − 2u + u−] + b(x+)− 2b(x) + b(x−) = 0 . (18)

This implies a = 0 and

b(x+)− 2b(x) + b(x−) = 0 . (19)

Differentiating successively with respect to x and x− we find bx+x+(x+) = 0, i.e.

b(x) = b1x + b0 . (20)

Thus, the invariance of eq.(13) implies ξ = b1x + b0 with b1, b0 constants. The function φ(x, u) is restricted by
the requirement prX̂ E1 = 0 for E1 = 0, E2 = 0. This invariance condition is given by

φ(2x− x−, (x− x−)2uN + 2u− u−)− 2φ(x, u) + φ(x−, u−)

−(x− x−)2[Nφ(x, u)uN−1 + 2b1u
N ] = 0 .

(21)

We successively differentiate this equation with respect to u− and u and obtain

− φu+(x+, u+) + φu−(x−, u−) = 0 (22)

φu+u+(x+, u+) = 0 . (23)

These two equations require that φ = φ1u + φ0(x) with φ1 a constant. Substituing back into eq.(21) we obtain the
remaining determining equation

φ0(2x− x−)− 2φ0(x) + φ0(x−)− (x− x−)2[(N − 1)φ1 + 2b1]uN

−N(x− x−)2φ0u
N−1 = 0

(24)

Since we have N 6≡ 0, 1 eq.(24) implies φ0(x) = 0 and φ1(1−N) = 2b1. Finally, we obtain the symmetry algebra of
the difference system (12), (13). It is 2-dimensional and coincides with the algebra (10) of the differential equation
(9), the continuous limit of eq.(12).

Notice that the case N = −3 is not distinguished from the generic case. As a matter of fact, no difference equation
on a uniform lattice can be invariant under the SL(2,<) group corresponding to the algebra (11). A basis for the
difference invariants of this algebra in the space {x, x−, x+, u, u−, u+} is

ρ1 =
h−u+

(h+ + h−)u
, ρ2 =

h+u−
(h+ + h−)u

, ρ3 =
h+h−

(h+ + h−)u2
(25)

where h+ and h− are defined as h+ = x+ − x, h− = x − x−. Hence, no function of x, x+ and x− alone can be set
equal to a constant. An SL(2, R) invariant scheme must be constructed out of these invariants. For instance, an
invariant scheme approximating eq.(9) for N = −3 is

h−(u+ − u)− h+(u− u−)
h+h−

=
2h+h−

(h+ + h−)
1
u3

, h−u+ = h+u− . (26)
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3 Symmetries of multidimensional difference schemes

3.1 General formalism

For simplicity we restrict here to the case of two independent variables. The generalization to n variables is immediate.
As in the case of one variable, we consider a difference scheme to be a system of relations between N points in

the space {x, t, u} enabling us to calculate x, t and u in an N − th point, if they are given in N − 1 points. In general
a lattice in two dimensions is given by a system of 4 equations, allowing us to calculate both x and y in new points
and to move in two linearly independent directions in the plane, from which we can calculate x and t at any point
of the lattice.

We find it convenient to label points on the lattice by two subscripts: (xm,n, tm,n) with (in principle) −∞ < m <
∞ , −∞ < n <∞. We put u(xm,n, tm,n) ≡ um,n. The difference scheme has the form

Ea (xm+k,n+l, tm+k,n+l, un+k,n+l ; −M1 ≤ k ≤M2 , −N1 ≤ l ≤ N2) = 0

a = 1, . . . , 5 .
(27)

We look for a Lie algebra of vector fields of the form

X̂ ≡ X̂m,n = ξm,n ∂xm,n
+ τm,n ∂tm,n

+ φm,n ∂um,n
(28)

(with e.g. ξm,n ≡ ξ(xm,n, tm,n, um,n)) that will generate Lie point symmetry transformations, i.e. transformations
taking solutions into solutions. The symmetry condition is again given by eq.(5). The prolongation of X̂ is again
calculated by shifting ξ, τ and φ to all points of the lattice involved in eq.(27)

pr X̂ =
∑
m,n

X̂m,n . (29)

Equation (5) provides a system of functional equations for just three functions ξ(x, t, u), τ(x, t, u) and φ(x, t, u).
As in the case of one independent variable, we convert them into differential equations and solve them to obtain the
symmetry algebra and ultimately the symmetry group.

3.2 Example. The discrete heat equation

The continuous heat equation
ut = uxx (30)

is invariant under an infinite dimensional pseudogroup. Factoring out the infinite dimensional pseudogroup corre-
sponding to the linear superposition principle, we are left with a 6 dimensional group. A basis for its Lie algebra
is

P̂0 = ∂t , P̂1 = ∂x , D̂ = x∂x + 2t∂t , Ŵ = u∂u

B̂ = t∂x − 1
2xu∂u , K̂ = t2∂t + xt∂x − 1

4 (x2 + 2t)u∂u

(31)

corresponding to time and space translations, dilation, multiplication of the solution by a constant, Galilei boosts
and expansions, respectively.

Let us now consider a discrete heat equation and lattice:

um,n+1 − um,n

tm,n+1 − tm,n
=

um+1,n − 2um,n + um+1,n

(xm+1,n − xm,n)2
(32)

xm+1,n − 2xm,n + xm−1,n = 0 (33)
xm,n+1 − xm,n = 0 (34)
tm+1,n − tm,n = 0 (35)

tm,n+1 − tm,n − c(xm,n − xm−1,n)2 = 0 , c 6= 0. (36)

The lattice equations (33),...,(36) can be solved to give

xm,n = Am + x0 , tm,n = cA2n + t0 . (37)
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Thus the lattice is regular (equally spaced), orthogonal and the lattice spacing in the x and t directions are related
(by the constant c).

Using the lattice equation (36) we simplify eq.(32) to

um,n+1 − um,n = c(um+1,n − 2um,n + um−1,n) (38)

Applying pr X̂ of eq.(29) to eq.(34) and (35), using the original equations and differentiating with respect to
um+1,n we find ξ = ξ(x, t), τ = τ(x, t). Differentiating the same relations with respect to xm−1,n we find that
actually we have ξ = ξ(x), τ = τ(t). Acting on (33) and (36) we finally obtain

ξ = Ax + B , τ = 2At + C (39)

where A,B and C are constants.
Finally, let us apply pr X̂ to eq.(38). Using eq.(33),...,(38) we obtain

φ
(
xm,n, tm,n + c(xm,n − xm−1,n)2, um,n + c(um+1,n − 2um,n + um−1,n)

)
+(2c− 1)φ(xm,n, tm,n, um,n) = c [φ(2xm,n − xm−1,n, tm,n, um+1,n)

+φ(xm−1,n, tm,n, um−1,n)] .

(40)

Taking the second derivative with respect to um−1,n and um+1,n of eq.(40) we obtain φ = R(x, t)u + S(x, t). Substi-
tuing back into eq.(40) and equating coefficients of um,n, um+1,n, um−1,n and 1, we obtain 3 equations for Rm,n and
one for Sm,n. The function Sm,n must satisfy eq.(38) and is an expression of the linear superposition principle. The
three equations for Rm,n = R(xm,n, tm,n) imply R = const.

Finally, the symmetry algebra of the discrete heat equation (32) on the lattice (33),...,36) is given by

P̂0 = ∂t , P̂1 = ∂x , D̂ = x∂x + 2t∂t , Ŵ = u∂u

Ŝ = S(x, t)∂u

(41)

where S(x, t) is any solution of the system (32),...,(36).
In other words, this particular discretization of the heat equation (30) has preserved a four dimensional subalgebra

of the algebra (31). The entire symmetry group could also be preserved, but the discretization would be much more
complicated [12].

4 Conclusion

We have presented a reasonably simple algorithm for calculating the Lie point symmetries of arbitrary difference
schemes. The determining equations are linear functional equations for the coefficients of the vector fields that
realize the symmetry algebra. They can be converted into systems of linear differential equations and solved. The
transformations considered are point ones; the finite transformations are obtained by integrating the vector fields.

Applications of the symmetries to obtain solutions and perform symmetry reduction will be presented elsewhere,
both for linear and nonlinear difference equations.
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