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Summary

Let Sn =
∑n

k=1 XkXk+1 and S = limn→∞ Sn where {Xk}∞k=1 are independent Bernoulli
random variables with mean pk. For the particular case when pk = 1

k+B
with B ≥ 0, we

show that the distribution of S is a Beta mixture of Poisson distributions. We also give
an interesting connection with a matching type problem.

Résumé

Considérons {Xk}∞k=1 un suite de variables aléatoires Bernoulli indépendantes avec
P(Xk = 1) = pk, et

∑
k≥1 pkpk+1 < ∞. Posons Sn =

∑n
k=1 XkXk+1 et S = limn→∞ Sn.

Nous trouvons une forme explicite pour la fonction génératrice des probabilités de Sn.
On montre que dans le cas particulier où pk = 1

k+B
, où B ≥ 0, la distribution de S

devient un mélange de lois de Poisson.





1. INTRODUCTION

Let {Xk}∞k=1 be a set of independent Bernoulli random variables with P(Xk = 1) = pk, and∑
k≥1 pkpk+1 < ∞. We set Sn =

∑n
k=1 XkXk+1 and S =

∑∞
k=1 XkXk+1 . We are interested in

the distribution of S.

The result according to which this limiting distribution is a Poisson distribution with mean
1 when pk = 1

k
is, to our knowledge, attributable to Diaconis. The proof, which is said to be

“combinatorial” in nature, does not seem to lend itself easily to more general pk’s. Section 2 gives a
novel and analytical proof of the above result, which does lend itself to extensions. We do this by
establishing an explicit recurrence for the probability generating functions of Sn. For the particular
case when pk = 1

k+B
with B ≥ 0, we show that the distribution of S is a Beta mixture of Poisson

distributions.

For the cases where pk = 1
k+B

with B being a non negative integer, we also establish in Section
3 a connection between the distribution of Sn and the distribution of the number of fixed points Zn

among the first n drawn points in a uniformly randomly generated permutation of n + B points.
We then obtain for the latter problem the probability generating function of Zn thus yielding an
alternate derivation of the distributions of Sn and S.

For the case B = 0, the distribution of the number of fixed points is a classical problem in
probability and was first analyzed by Montmort (1713). It also is a problem which has been
discussed extensively and which has led to numerous extensions (see Feller, 1968 or Johnson, Kemp
and Kotz, 1992, chapter 10, among others, for a survey). For instance, the distribution of Zn (B = 0)
is related to the number of cycles of length 1 in a uniform random permutation. More generally,
Lengyel(1997) considers the moments of the number of cycles of length r, while Arratia, Goldstein,
and Gordon (1990) study the joint distribution of the number of cycles of length 1,2,...f(n) and its
proximity to its asymptotic distribution, that is the joint distribution of independent Poisson(1),
Poisson(2),...Poisson(f(n)) random variables. Finally, we note that Michel Éméry (1998) has also
established some of the results of this paper with intricate but interesting methods of proof.

2. ANALYTICAL APPROACH

We define the random variables {Sn}n≥0 as above with S0 = 0. As well, we define the random
variables {Wn}n≥0 so that W0 = 0, and Wn = Sn−1+Xn ; n ≥ 1. We exploit the relationship between
the Wn’s and Sn’s, which share the same limiting distribution S, in setting up a recursive set of
equations involving their probability generating functions Gn(t) = E[tSn ] and Hn(t) = E[tWn ] ; n ≥
0. This relationship is given by Lemma 1. Corollary 1 gives the recurrence in terms of the Hn’s
alone and offers a further specialization for certain types of pk’s, which includes the cases where
pk = 1

k+B
.

Lemma 1. We have
(a) Gn(t) = pn+1Hn(t) + (1− pn+1)Gn−1(t) ; n ≥ 1 ;
(b) Hn(t) = (1− pn)Gn−2(t) + t pnHn−1(t) ; n ≥ 2 .

Proof. The result follows since (Sn|Xn+1 = 1) =d Wn, (Sn|Xn+1 = 0) =d Sn−1; n ≥ 1;
(Wn|Xn = 1) =d 1 + Wn−1, (Wn|Xn = 0) =d Sn−2; n ≥ 2.
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Corollary 1. (a) We have for n ≥ 1,

Hn+1(t)−Hn(t) = (t− 1)[pn+1Hn(t)− pn(1− pn+1)Hn−1(t)].

(b) Whenever the pk’s satisfy the conditions pk(1− pk+1) = αpk+1 for some α ≥ 1,

Hn+1(t)−Hn(t) = (t− 1)pn+1[Hn(t)− αHn−1(t)].

Proof. Part (b) is immediate from part (a). For part (a), we will establish that

Hn(t) = (t− 1)pnHn−1(t) + Gn−1(t) , (1)

Hn(t) = (t− 1)pn(1− pn+1)Hn−1(t) + Gn(t) ; (2)

which will lead to the desired result. From parts (b) and (a) of Lemma 1, Hn(t) = (t−1)pnHn−1(t)+
[pnHn−1(t)+ (1− pn)Gn−2(t)] = (t− 1)pnHn−1(t)+Gn−1(t) , which yields (1). Substituting (1) into
part (a) of Lemma 1, we obtain Gn(t) = (t− 1)pn+1pnHn−1(t) + pn+1Gn−1(t) + (1− pn+1)Gn−1(t) =
(t − 1)pn+1pnHn−1(t) + Gn−1(t). Finally, merging (1) with this last expression leads to (2) and
concludes the proof.

Remark 1. Here is an alternative proof of Corollary 1 which bypasses Lemma 1, and involves the
Wk’s only. Let K be the arrival time of the last success in the sequence X1, ..., Xn in other words

K = max{` : 0 ≤ ` ≤ n and X` = 1}

with X0 = 1. Let Hj(t) = 1 for j = −1. Since, for n ≥ 1, (Wn|K = n) =d 1 + Wn−1, and
(Wn|K = j) =d Wj−1 for 1 ≤ j ≤ n − 1; using the fact that Pn[K = j] = (1 − pn)Pn−1[K = j] for
j = 0, 1, . . . , n− 1, n ≥ 1 we obtain

Hn(t) =
n∑

j=0

Pn[K = j]E[tWn|K = j]

=
n−1∑
j=0

(1− pn)Pn−1[K = j]Hj−1(t) + pntHn−1(t)

= (1− pn)[{
n−2∑
j=0

Pn−1[K = j]Hj−1(t) + pn−1tHn−2(t)} − pn−1(t− 1)Hn−2(t)] + pntHn−1(t)

= (1− pn)[Hn−1(t)− pn−1(t− 1)Hn−2(t)] + pntHn−1(t)

= Hn−1(t) + (t− 1)[pnHn−1(t)− (1− pn)pn−1Hn−2(t)],

which leads directly to part (a) of Corollary 1.

Now, we obtain our main result by solving the recurrence of Corollary 1 for the cases where
α = 1, in other words pk = 1

k+B
.

Theorem 1. Whenever pk = 1
k+B

; B ≥ 0; we have

(a) Hn(t) =
∑n

k=0
(t−1)k

(1+B)k
and Gn(t) = 1 +

∑n
k=1

(t−1)k

(1+B)k
( n+1−k

n+B+1
);

(b) The probability generating function of S is E[tS] = 1F1(1; 1 + B; t− 1);
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(c) The distribution of S admits the following beta mixture of Poisson representation: S|P =d

Poisson(P) with P =d Beta(1, B). In particular, S is distributed as Poisson with mean 1
when B = 0.

Proof. Part (b) of Corollary 1, when α = 1, implies that Hn+1(t) = Hn(t)+[H1(t)−H0(t)]
∏n

k=1(t−
1)pk+1 = Hn(t) + (t − 1)n+1

∏n+1
k=1 pk, since H1(t) = 1 + (t − 1)p1 and H0(t) = 1. The probability

generating function for Hn is derived from this recurrence, and leads to that of Gn via Lemma 1.
Parts (b) and (c) follow directly from part (a).

Remark 2. We have E(S) = 1
1+B

, V ar(S) = 1
(1+B)

[1+ B
(1+B)(2+B)

], and P [S = x] = 1
(B+1)x

1F1(x+

1, x + B + 1,−1) ; x = 0, 1, 2, ...; which may be derived from the probability generating function
of S, or alternatively from the mixture representation. The distribution of S is of the GHF type
(Generalized Hypergeometric Factorial), and the Beta mixture of Poisson representation of S is
known (see Johnson, Kotz, and Kemp, 1992, chapter 2).

3. COMBINATORIAL APPROACH

This approach relies on the connection between the distributions of Wn and Zn where Zn arises in
the matching type problem that follows.

Assume that the elements 1,2,...n+B (B ∈ {0, 1, 2, ...}) are permuted according to a uniformly
generated permutation π and drawn as follows. First, draw element π(1). If π(1) = 1, a cycle of
length 1 is completed and we start over with elements 2,...,n+B. If π(1) = j with j 6= 1, draw
π(j), π(π(j)), . . . and so on until element 1 is drawn completing a cycle. Then continue the process
with the remaining elements (in increasing order). What is the distribution of the number of matches
(or fixed points) Zn among the first n drawn elements?

Equivalently, Zn may be defined as the number of cycles of length 1 among the first n drawings.
The next result establishes the equivalence between the distributions of Zn and Wn. It is followed
by a derivation of the probability generating function Mn(t) = E[tZn ]. 5

Theorem 2. For n ≥ 1, the distribution of Zn is identical to that of Wn with pk = 1
k+B

.

Proof. Let us define the Bernoulli random variables {Yk}n
k=1 as Yk = 1 if and only if a cycle is

completed at the kth drawing. It follows that a match occurs for the first drawing if and only if
Y1 = 1, and on the kth drawing if and only if Yk−1Yk = 1. Hence Zn =d Y1 +

∑n
k=2 YkYk−1, with

P(Yk = 1) = 1 − P (Yk = 0) = 1
n+B−k+1

. Finally, set Xk = Yn−k+1 ; k = 1, ..., n; which implies

Zn =d Xn +
∑n−1

k=1 XkXk+1 =d Wn, since the Xk’s are also independent Bernoulli random variables
with pk = P (Xk = 1) = P (Yn−k+1 = 1) = 1

B+k
.

Theorem 3. Setting Z0=0, the probability generating function of Zn is given by

Mn(t) =
n∑

k=0

(t− 1)k

(1 + B)k

.

5Since the case B = 0 is the classical matching case, the distributions of Wn and S given in Theorem 1 for B = 0
may be obtained directly from the well known distribution of Zn.
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Proof. We condition on the length τ of the first cycle. Since the length is uniformly distributed on
{1, ..., n + B}, we have

Mn(t) =
n+B∑
j=1

E[tZn|τ = j]
1

n + B
=

1

n + B
[t Mn−1(t) +

n∑
j=2

Mn−j(t) + B].

Now, by considering the expression (n + B + 1)Mn+1(t)− (n + B)Mn(t), we obtain the recurrence

Mn+1(t)−Mn(t) =
(t− 1)

n + B + 1
[Mn(t)−Mn−1(t)],

which coincides with the recurrence given in part (b) of Corollary 1 and, consequently, the proof of
Theorem 1 yields the result.
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