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Abstract

We present a combinatorial approach for calculating the phylogenetic invariants for an
evolutionary tree T with n taxa when one is given molecular sequences consisting of k
bases. Such invariants are potentially useful for reconstructing the evolutionary tree of
n taxa from sequence data. We show that the homogeneous invariants for the general,
stochastic Markov model of sequence evolution are the same as those for the general
model. We show that homogeneous invariants of degree d can only arise when d ≥ k+1.
We also calculate the invariants of low-degree when k = 2, k = 4 for the general model.
When k = 2, we provide a theoretical explanation for the cubic invariants found by
[5] for the four-leaf tree. We can also show that these cubic invariants generate the
quartic and quintic invariants when k = 2 for the four-leaf tree for the general model.
When k = 4, we determine all the quintic invariants when n = 3 and give a constructive
construction of 19, 079, 424 quintic invariants when n = 4 for the general 12-parameter
model.

Résumé

Nous présentons une approche combinatoire pour le calcul des invariants phylogéniques
d’un arbre d’évolution T de n espèces, où les données sont des séquences génomiques
de k bases. De tels invariants sont utiles pour la construction d’arbres phylogéniques de
n espèces, à partir de leurs séquences de nucléotides. Nous montrons que les invariants
homogènes liés au modèle Markovien stochastique pour l’évolution des séquences, sont
les mêmes que ceux liés au modèle général. Nous montrons que les invariants homogènes
de degré d ne peuvent apparâıtre que lorsque d ≥ k + 1. Nous calculons également,
pour le modèle général, les invariants de bas degrés lorsque k = 2, k = 4. Pour k = 2,
nous donnons une explication théorique des invariants cubiques trouvés par [5] dans le
cas d’arbres à quatre feuilles, pour le modèle général. Nous montrons également que ces
invariants cubiques génèrent les invariants de degrés 4 et 5 lorsque k = 2, dans le cas
d’arbres à quatre feuilles pour le modèle général. Pour k = 4, nous déterminons tous
les invariants de degré 5 lorsque n = 3, et nous donnons une construction de 19 079 424
invariants de niveau 5 lorsque n = 4, pour le modèle général à 12 paramètres.





1 Introduction

Determining the “true” evolutionary tree relating a given set of taxa such as species or viruses is
an important biological problem which requires solutions to some interesting mathematical and
statistical problems. In recent decades, biologists have sought to use the molecular sequence data of
these species to reconstruct the actual tree but have been frustrated by the difficulty of separating
the true signal of the actual tree from the random noise in the data. To solve the problem of
phylogenetic or evolutionary tree reconstruction many different approaches to solving this problem
have been suggested in the literature. The three main approaches are parsimony, distance-based
methods, and the statistical method of maximum likelihood (see [17] for a complete discussion). In
this paper, we present a combinatorial approach to solving mathematical problems that arise in the
method of phylogenetic invariants—an offshoot of the method of maximum likelihood. Phylogenetic
invariants hold the promise of providing a fast, efficient, and statistically consistent method of
evolutionary tree reconstruction, provided certain mathematical obstacles can be overcome.

In Section 2 we provide the biological background and motivation for the mathematical problems
that occur. It is not necessary to understand the biology to understand the underlying mathematical
problems. It suffices to know that given an evolutionary tree T and a choice of Markov model
describing the evolution of a system of k states, one obtains a system of multivariable polynomials
pβ. The pβ are indexed by the patterns β of the states that occur at the leaves and are polynomials
in the variables mij(v), πi that occur in the Markov model. Let R be the polynomial ring R[xβ],
where the xβ are indeterminates indexed by the patterns β. The main problem in the theory of
invariants is to determine all polynomials f ∈ R such that

f(p) = 0, p = (pβ).

Such polynomials f are the invariants of T for the k-state Markov model M and form an ideal
I = IM(T, k). By evaluating the elements of I at vectors obtained from the molecular sequence
data (see Section 2), one can theoretically reconstruct the actual evolutionary tree relating the n
taxa.

Thus far, the utility of the theory of invariants has been hampered as the ideal IM(T, k) has
only been determined in a handful of cases. When k = 4 the ideal IM(T, k) was determined [3, 20]
when M is either the Kimura 3-parameter, 2-parameter, or 1-parameter (= Jukes-Cantor) model.
In the former case, one assumes that the matrices M for each edge in the Markov model have the
form 

1− a− b− c a b c
a 1− a− b− c c b
b c 1− a− b− c a
c b a 1− a− b− c

 . (1)

and that the variables a, b, c may be different for different edges. By assuming b = c or a = b = c,
one reduces to the Kimura 2-parameter or Jukes-Cantor model (= Kimura 1-parameter). For
several other choices of the Markov model, the linear and quadratic invariants in IM(T, k) have
been determined [5, 6, 7, 8, 9, 22, 18, 1]. However, higher degree invariants are known in only a
couple of models [5, 6].

In this paper, we present a combinatorial approach for determining the elements of Igs(T, k)
of low-degree for the general stochastic model Mgs—the most general biological model M . When
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k = 4, this model assumes that the matrices M have the form
1− d− g − j a b c

d 1− a− h− k e f
g h 1− b− e− l i
j k l 1− c− f − i

 , (2)

and that the variables may differ for different edges. The condition that the columns sum to one
reflects the physical fact that under evolution a base either remains the same or changes and must
be satisfied by any biologically-realistic model. Hence, the invariants we determine can be used for
any biological model.

More generally, one can assume that the matrices M have the form
a b c d
e f g h
i j k l
m n o p

 (3)

This is the example when k = 4 of the general Markov model Mg. The model Mg is easier to work
with than Mgs. By Proposition 1, it suffices to determine the homogeneous invariants for a tree T .
We then show

Theorem 1. Let T be an evolutionary tree for sequences with k states. Let f be a homogeneous
polynomial in R[xβ]. Then f ∈ Ig(T, k) ⇔ f ∈ Igs(T, k).

We can obtain results about Igs(T, k) in several situations. In general, we obtain

Theorem 2. Let T be a binary, rooted tree with Markov model Mgs and k states. If f ∈ Igs(T, k)
is a non-zero homogeneous invariant, then deg f ≥ k + 1.

We then show that for each k > 1 there are invariants of degree k+1 on trees with enough leaves.
When k = 2, these invariants first arise on trees for four taxa. For k > 2, they first arise on trees
for three taxa. When k = 2, n = 4, Ferretti and Sankoff discovered that the set of homogeneous
cubic invariants f ∈ Igs(T, 2) form a 16-dimensional vector space on a tree T with n = 4 taxa and
showed that T has no homogeneous quadratic invariants. We are able to give new proofs of their
results and improve upon them. Combining Theorem 2, Propositions 4, 5, 6, and 7, in the binary
case we have

Theorem 3. Let T be an evolutionary tree for n taxa and k = 2 states.

a. If n = 3, then Igs(M, 2) = (f0).

b. [5] If n = 4 and f ∈ IT (Mgs, 2) is non-zero, homogeneous, then deg f ≥ 3.

c. [5] When n = 4, the set of homogeneous cubic invariants f ∈ Igs(T, 2) forms a 16-dimensional
vector space generated by the invariants fi in (16).

d. When n = 4, the set of f ∈ Igs(T, 2) with f homogeneous of degree f = 4, 5 is in the ideal
generated by the cubic invariants fi.

Theorem 3 suggests the following conjecture:
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Conjecture 1. Let T be a binary, rooted evolutionary tree for n = 4 taxa. The ideal of invariants
Igs(T, 2) is generated by the cubic invariants fβ in (16) and f0 =

∑
β∈KL xβ − 1.

In Section 7, we consider the situation when there are k = 3 states and determine all the homo-
geneous quartic and quintic invariants in Igs(T, 3) for a tree T with three taxa. It is mathematically
interesting as an interim step between the binary (k = 2) and nucleotide (k = 4) cases, but currently
has no known biological applications. In Section 8, we consider the nucleotide setting of k = 4. By
Theorem 2, Igs(T, 4) does not contain any homogeneous polynomials with degree less than five. We
are able to completely determine the homogeneous invariants of degree 5 when T is a tree of three
taxa.

Theorem 4. Let T be a binary, rooted evolutionary tree for three taxa. Then the set of quintic
homogeneous invariants in Igs(T, 4) form a 1, 728-dimensional vector space.

However, by Corollary 3, one cannot use Theorem 4 to determine phylogenetically interesting
information. Instead, we need to consider the fifth-degree invariants of Igs(T, 4) when T is a tree for
n = 4 taxa. Due to the computational complexity of this problem, we can only produce a partial
set of the homogeneous invariants in Igs(T, 4) with degree 5. We can show that the number of
invariants can grow quite large.

Theorem 5. Let T be an evolutionary tree for 4 taxa and k = 4 states. The set of homogeneous
invariants of degree 5 in Igs(T, 4) forms a vector space with dimension at least 43682 = 19, 079, 424.

In conclusion, we would also like to note that there are several different ways of approaching this
subject of invariants. For a more algebraic geometric viewpoint, we refer the reader to [10, 12] or the
forthcoming work of M. Klucznik. We would like to thank Michael Klucznik for many discussions
related to this work and also D. Bryant and D. Sankoff for their help.

2 Biological Background

In this section, we describe the biological background for the method of phylogenetic invariants and
motivate the mathematical problems that arise. The theory of phylogenetic invariants attempts
to determine the evolutionary relationships between taxa from their molecular sequences. It is a
relatively recent method, having been introduced by Cavender and Felsenstein [2] and Lake [16].
We now describe our setup.

We suppose that we have aligned molecular sequences for a set L of n taxa and that our goal is
to determine evolutionary history for the taxa. We suppose each sequence is m bases long. Then
for 1 ≤ i ≤ m, at the ith position or site in the sequence, as shown in Figure 1 we obtain an
ordered n-tuple βi composed of the bases which appear at the ith site in the n sequences. We call
the βi patterns. The method of phylogenetic invariants assumes that the current sequence evolved
following an evolutionary tree T and via a Markov model and that the specific T and Markov model
can be determined via an analysis of the frequencies with which the patterns occur.

We now fix a binary, rooted tree T such as the one in Figure 2. In other words, T has n vertices
with degree 1, a single vertex ρ (the root) with degree 2 and the remaining vertices have degree 3.
We let V denote the set of all vertices in T , L the set of terminal vertices with degree 1, and let
E be the set of edges in T . We let K = {1, . . . , k} denote the set of states and assume that we
can assign a state to each vertex v ∈ V . The states represent bases and in practice, k = 2 (binary
model) or k = 4 (nucleotide model) or k = 64 (amino acid model) are the most interesting cases.
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Taxa 1: ... A G C C |G| T ...

Taxa 2: ... G C T C |T| A ...

Taxa 3: ... A G C C |G| A ...

Taxa 4: ... A A A T |C| C ...

Figure 1: Nucleotide Sequences for Four Taxa. The fifth column from the left gives the pattern
β = (GTGC).

Figure 2: A binary rooted evolutionary tree T

Given a vertex v ∈ V , let σ(v) denote the unique vertex of T which is connected by an edge
to v and is closer to ρ in the usual graph-theoretic distance. We write ev = (σ(v), v) for the edge
connecting σ(v) and v. Each edge e ∈ E is of the form ev. Given sets B, C, we let BC denote the set
of vectors b = (bc)c∈C , bc ∈ B. Then β = (βv)v∈V ∈ KV represents a possible possible evolutionary
history with tree T with βρ as the initial root state, βv, v ∈ L, the currently observed states, and
βv, v ∈ V −L, the intermediate values. In particular, the state βσ(v)) at vertex σ(v) mutates to the
state βv at v along edge ev.

Let πi denote the probability that state i ∈ K occurs at ρ and let πρ = t(π1, . . . , πk) denote the
column vector giving the probability of all states at the root. For each v ∈ V −{ρ}, let Mv = (mij(v))
be the k × k substitution matrix describing the evolution along edge ev, where mij(v) denotes the
probability that state j at σ(v) changes to i at v. In the literature, various choices for the form
of Mv have been studied. For example, in the Kimura 3-parameter model [3], one assumes that
Mv has the form in (1). Again, we note that the variables a, b, c may be different for different v.
By assuming b = c or a = b = c, one reduces to the Kimura 2-parameter or Jukes-Cantor model
(= Kimura 1-parameter). In each case, an assumption regarding the form of Mv corresponds to
an assumption concerning the evolutionary process. We will let M = (Mv, πi) denote the Markov
model. In this paper, we study the most general evolutionary Markov model, which we refer to as
the general stochastic model for k states on T and denote by Mgs. The form of a typical matrix is
given in (2). Using the notations mij(v), πi from above, the only assumptions made on the Mv, πi

are ∑
i

mij(v) = 1 for all j ∈ K, v ∈ V − {ρ}, and
∑

i

πi = 1. (4)

The first equation states that a state j either changes or remains constant along ev, while the second
equation states that at the root the frequencies with which bases appear sum to one.

We also make great use of a related model Mg, the general model on T for k states, as it is
computationally easier to work with than the general stochastic model. In the general model, we
assume that the mij(v), πi, for all choices of i, j, v are independent variables. A typical matrix is
found in (3). Hence condition (4) need not be satisfied. In Theorem 1, we show that computations
involving the general stochastic model can be reduced to those involving the general model for T
with k states.

Let us now describe the probability functions that arise from the Markov models. Let β ∈ KL.
Then β = (βv) represents a possible pattern at a site in the aligned sequences where βv ∈ K is the
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base that occurs at the site in the sequence for taxa v ∈ L. We can easily calculate the probability
pβ that each vertex (or taxa) v has state βv for the Markov model M = (Mv, πi). We have

pβ =
∑

(βv)∈KV −L

πβρ

∏
v∈V −{ρ}

mβvβσ(v)
(v). (5)

For any Markov model satisfying (4), we have
∑

β∈KL pβ = 1.
Let xβ, β ∈ KL be independent variables and let R = R[xβ]β∈KL . An invariant f ∈ R for a

Markov model M for the evolutionary tree T is a polynomial f such that f(pβ)β∈KL = 0 for all
allowable choices of mij(v), and πi. If M satisfies (4), then

f0(xβ) = 1−
∑

β∈KL

xβ (6)

is an invariant. It is the simplest invariant that can occur.
Let IM = IM(T, k) be the set of all invariants f ∈ R for a choice of tree T and model M with

k states. We often write IM or IM(T ) if the choice of M and k is clear. It is easily seen that IM

is an ideal of the Noetherian ring R. Thus, there exists invariants f1, . . . , fr ∈ I which generate I.
In other words, I = (f1, . . . , fr) and for each f ∈ I, there exists ai ∈ R such that f =

∑r
i=1 aifi.

Let us now return to the original biological problem and show how invariants can be used to infer
evolutionary relationships. We suppose that we have sequences from n taxa that are composed of k
bases. We assume that the sequences are aligned and have length m. At each site in the alignment,
we assume that the observed pattern β evolved following the tree T and Markov model M . We
assume that each sites evolved using the identical Markov model M and the evolution at each site
is independent of that occuring at other or neighboring sites. We fix an identification between the
vertices v ∈ L and the n taxa. Let the molecular sequence for taxa v ∈ L be sv = (svj)1≤j≤m, where
svj ∈ K. Then at each site j, we have a pattern βj = (svj)v∈L. Hence βj ∈ KL. For each β ∈ KL,
let nβ be the number of sites j for which βj = β and let p̂β = nβ/m.

Now suppose that T is the actual evolutionary tree relating the n taxa and let mβvβσ(v)
(v), πi be

the actual numerical parameters in the Markov model describing this evolution. Then as m →∞,
p̂β → pβ. Hence for each f ∈ IM(T ), f(p̂β) → f(pβ) = 0 as m → 0.

Given a model, (T, M), we say that T is determined by IM(T ) if for each evolutionary tree
T ′ 6= T , there is an invariant f ∈ IM(T ′) such that f(pβ) 6= 0. For most choices of (T,M), T is
determined by its invariants. Hence, except when p̂ is in the variety determined by by the equations
in both ideals IM(T ), IM(T ′) (a case that occurs with probability 0) there is an invariant f ∈ IM(T ′)
such that f(p̂β) → C 6= 0 as m →∞.

Thus, the method of invariants can be applied as follows. For each tree T , calculate a set of
generators ST for the ideal IM(T ). If f(p̂β) ∼= 0 for all f ∈ ST , then T is the true tree, whereas
if |f(p̂β)| >> 0 for some f ∈ ST , then it is likely that T is not the correct tree. It can be shown
that this algorithm will select the true tree with probability one whenever T is determined by its
invariants.

In practice, the utility of the method of invariants has suffered from two drawbacks. The first
problem is determining the ideal IM(T, k) and is the main concern of this paper. The second problem
has been its performance in simulations. Simulation studies [13, 14] have suggested that the theory
of invariants requires relatively long sequences to give accurate answers. Since one often wants
to reconstruct phylogenetic trees using short sequences, this is a serious concern. However, these
studies used an implementation of the theory of invariants using only a couple of linear invariants
in IM(T ) for each tree T and it was suggested in [12] that the accuracy of the method of invariants
could be improved by using a larger set of invariants. A forthcoming paper will analyze whether the
invariants determined in this paper improve the practical performance of the method of invariants.
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Figure 3: Given a tree T with n terminal vertices, we can form a new tree T ′ by replacing two
terminal vertices connected to the same interior vertex by a single terminal vertex.

3 Notation and Mathematical Setup

In this section, we fix our notation and basic mathematical setup for the paper. As in the previous
section, we fix a binary, rooted tree T , let V be the set of all vertices in T , L the set of terminal
vertices (or leaves), and let E be the set of edges in T . We let K = {1, . . . , k} denote the set of k
states. Given a vertex v ∈ V , let σ(v) denote the unique vertex of T which is connected by an edge
to v and is closer to ρ in the usual graph-theoretic distance. We write ev = (σ(v), v) for the edge
connecting σ(v) and v.

As in the previous section, we let BC denote the set of vectors (bc) with bc ∈ B and the entries
indexed by c ∈ C. We view an element β ∈ KL as a possible observation at a site in the aligned set
of DNA sequences and refer to β as a pattern. For simplicity, we will often number the vertices in
L and write β as either a row or column vector with ordered indices. For each choice of T , Markov
model M and state β ∈ KL, there is a polynomial pβ defined by (5) giving the probability with
which pattern β occurs a given site. For a Markov model M , we let

PM ⊂ Rkn

denote the set of all vectors p = (pβ) that can arise from the choice of parameters mij(v), πi

permitted by the Markov model.
The invariants that we will study in this paper are polynomial functions in the variables xβ,

where β is a pattern in KL. For example, for the tree T in Figure 4 with k = 3, a possible pattern

is β = (1, 3) =

(
1
3

)
and the corresponding indeterminate is x(

1
3

). Let β ∈ (KL)d with components

βi ∈ KL. We let xβ denote the degree d monomial defined by

xβ = xβ1xβ2 · · ·xβd
, (7)

Alternatively, since (KL)d = (Kd)L, we can view β as d-dimensional vectors indexed by the elements
of L. Or if we’ve numbered the n vertices of L, we can view β as a n× d matrix with columns βi.

Define the set of invariants IM(T, k) for (T,M, k) by

IM(T, k) = {f ∈ R[xβ]|f(p) = 0 for p ∈ PM}.

As an example, we introduce the most important stochastic invariant,

f0 = 1−
∑

β∈KL

xβ.
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The equation f0(p) = 0 for p = (pβ)β∈KL states that a pattern is observed at every site in the
aligned sequences and holds for any Markov model satisfying (4).

We will often work with homogeneous invariants. We note we can define a Sd-action on (KL)d

by defining σ(β) = (βσ(1), . . . , βσ(d)), for σ ∈ Sd and β = (β1, . . . , βd). We denote by Γd the set of
all functions f : c : (KL)d → R such that

c(β) = c(σ(β)) for all σ ∈ Sd. (8)

Any homogeneous polynomial function f in the xβ can then be written

f(xβ)β∈(KL)d =
∑

β∈(KL)d

c(β)xβ, for some c ∈ Γd. (9)

Let f ∈ IM(T, k) be a homogeneneous invariant of degree d. Writing f as in (9) and by substituting
(5) into f(p) = 0, we obtain

∑
β∈(KL)d

c(β)
∑

β′∈(KV −L)d

∏
1≤j≤d

πβjρ

∏
v∈V −{ρ}

mβjvβjσ(v)
(v)

 = 0, (10)

where β = (βi), β′ = (β′
i) and βi = (βiv)v∈L, β′

i = (βiv)v∈V −L.
We now show how to obtain information about the invariants of a tree T from a subtree T ′. Fu

and Li used the same approach to study linear invariants in [8]. Assume T is a tree with n ≥ 3
nodes and let v1, v2 be two vertices of T with σ(v1) = σ(v2). Let w = σ(v1). Then by deleting the
edges ev1 , ev2 , one obtains a subtree T ′ = T ′(v1, v2) with n − 1 vertices as shown in Figure 4. We
let L′ denote the set of terminal vertices for T ′. It includes w.

Let f ∈ IM(T, k) be a degree d homogeneous invariant, written as in (9) with c ∈ Γd. For
β1 ∈ (Kd)L′

, define the coefficients

dc(β1) =
∑

βv1 ,βv2∈Kd

c(β)
∏

1≤i≤d

mβv1iβwi
(v1)mβv2iβwi

(v2), (11)

where β1 = (βv)v∈L′ , βv ∈ Kd, and β is obtained from β1 by deleting the coordinate βw and inserting
βv1 , βv2 . It is easy to check that the function

g =
∑

β1∈(Kd)L′
dc(β1)x

β1 (12)

satisfies (10) and is a degree d homogeneous invariant in Igs(T
′, k).

Suppose now that there are no homogeneous invariants for the (T ′, M, k). Then g = 0 and

dc(β1) = 0 for all β1 ∈ KL′
. (13)

Conversely, if (13) holds and Ig(T
′, k) has no homogeneous invariants, then f ∈ Igs(T

′, k). We use
these observations in Sections 6, 7, and 8 to determine all the invariants for T in certain special
cases.

4 Reduction to the General Case

In this section, we show that determining the invariants Igs(T, k) = IMgs(T, k) for the general
stochastic Markov model Mgs is equivalent to determining the invariants Ig(T, k) = IMg(T, k) for
the general Markov model Mg. This link is interesting both because calculations are simpler with
the general model and because we can also apply results already known for the general model [21]
to the general stochastic model. We first present some basic results about the ideals Ig, Igs.
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Proposition 1. Let T be a binary, rooted tree. Then

a. Igs(T, k) is generated by f0 = 1−∑β∈KL xβ and a finite number of homogeneous invariants fi.

b. The ideal Ig(T, k) is generated by a finite number of homogeneous invariants.

Proof. (a) The Hilbert basis theorem says that there is a finite set of generators gi for Igs. Given
g ∈ Igs, let r be the maximum degree of all non-zero monomial terms appearing in g. Let ĝ be
the homogeneous polynomial g(xβ/γ)γr, where γ =

∑
β∈KL xβ. Then the functions f0, ĝi form

the desired basis and (a) is established. We now show (b). For f ∈ Ig(T, k), let f =
∑

l fl be
its decomposition as a finite sum of homogeneous polynomials fl where deg fl = d. To prove (b),
it suffices to show fl ∈ Ig for each l. For we can replace each generator of Ig given by Hilbert’s
theorem by the finite set {fl}. We now establish the claim. By (5), the probability of state β ∈ KL

occuring is a homogeneous polynomial of degree d = 2n − 1 in the variables mij(v), πi. Let t
be an indendepent variable and let m′

ij(v) = tmij(v), π′
i = tπi. Let p, p′ ∈ Pg be the vectors

p = (pβ(mij(v), πi)β∈KL and p′ = (pβ(m′
ij(v), π′

i)β∈KL . Then p = tdp′. Since f(p′) = 0, we have

0 = f(p′) =
∑

l

tdlfl(p),

for all t ∈ R. Thus fl(p) = 0 for all p ∈ Pg. Hence fl ∈ Ig and (b) is proved.

Corollary 1. Let T , f0 be as in Proposition 1. Then Igs(T, k) = (f0) if and only if Igs(T, k)
contains no non-zero homogeneous invariants.

Proof. (⇐) follows from Proposition 1. We now show (⇒). Let f ∈ Igs(T, k) = (f0) be an non-
zero invariant. Then f = f0h, for some non-zero h ∈ R. Since f0 is not homogeneous, f is not
homogeneous and the proposition is proved.

As Pgs ⊂ Pg, it is clear that f ∈ Ig(T, k) implies that f ∈ Igs(T, k). Hence we have the following
corollary.

Corollary 2. Let T , f0 be as in Proposition 1. If Igs(T, k) = (f0), then Ig(T, k) = 0.

Now while Ig(T, k) ⊂ Igs(T, k), the converse does not hold as f0 ∈ Igs, but f0 /∈ Ig. Hence
Ig ( Igs. However, we will show in Theorem 1, that the homogeneous elements of both ideals
coincide. As a result, the converse to Corollary 2 will also hold. First, we need to introduce a
lemma and a new function. The following lemma is well-known.

Lemma 1. For n > 0, let x1, . . . , xn be independent variables. Then for d > 0, the monomials
of degree d in the n + 1 variables xi and 1 − x1 − · · · − xn are linearly independent over the real
numbers.

For each v ∈ V − ρ, let Bv be a set of d elements of K2. and B = (Bv)v∈V −ρ. Let β ∈ (Kd)L,
for some d. We define n(β, B) to be the number of vectors β′ = (βv)v∈V −L, with βv ∈ Kd, such that
for each v ∈ V − ρ, we have

Bv = {(βvi, βσ(v)i) for 1 ≤ i ≤ d}.

Using the function n, we can give a criterion for determining when a homogeneous function is an
invariant.
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Proposition 2. Let T be a binary, rooted tree with n > 1 leaves and n(β, B) defined as above.
Let f =

∑
β∈(Kd)L c(β)xβ be a homogeneous polynomial of degree d. Then f ∈ Igs(T, k) ⇔ the

coefficients cβ satisfy condition (*):

(*)
For each B = (Bv)v∈V −ρ, with Bv a set of d elements of K2, we
have

∑
β∈(Kd)L c(β)n(β, B) = 0.

Proof. We induct on n. When n = 2, (10) becomes∑
β∈(Kd)L

c(β)
∑

βρ,βv1 ,βv2∈Kd

∏
1≤j≤d

πβρj
mβv1jβρj

(v1)mβv2jβρj
(v2) = 0. (14)

Let Bv1 , Bv2 be the sets given in (*). Lemma 1 shows that (14) holds if we require the sets
{(βv1i, βρi)}, and {(βv2i, βρi)} to equal the respective sets Bv1 , Bv2 . In this case, the monomial term∏

1≤j≤d

πβρj
mβρjβv1j

(v1)mβρjβv2j
(v2)

is fixed and can be eliminated and (*) is verified. Conversely, it is easy to check that if (*) is
satisfied, then f is an invariant. Hence, the proposition is established when n = 2. We now assume
that n > 2 and the proposition holds for all smaller trees. Again, it is easy to check that if the c(β)
satisfy (∗), then f is an invariant. We now show the coefficients c(β) of f satisfy (*). Let v1, v2 be
terminal vertices in T with σ(v1) = σ(v2) and let T ′ be the tree obtained as in Section 3 by deleting
the edges ev1 , ev2 . Let w = σ(v1) be the new terminal vertex and L′ be the set of terminal vertices
for T ′. We let dc, g be defined as in (11) and (12). Since g ∈ Igs(T

′, k), the coefficients dc satisfy
(∗). Hence, if B1 is the set (Bv)v∈V1−ρ, we have

∑
β1∈(Kd)L′ dc(β1)n(β1, B1) = 0 and

∑
β1∈(Kd)L′

βv1 ,βv2∈Kd

n(β1, B1)c(β)
∏

1≤i≤d

mβv1iβwi
(v1)mβv2iβwi

(v2) = 0.

For β1, β2 ∈ Kd, we define the sets B(β1, β2) = {(β1i, β2i)| for 1 ≤ i ≤ d}. Now the monomials∏
1≤i≤d

mβv1iβwi
(v1)mβv2iβwi

(v2)

are distinct for distinct sets (B(βv1 , βw), B(βv2 , βw)). Hence by Lemma 1, we know that for each
choice of Bv1 , Bv2 ∈ (K2)d, we have∑

β∈(Kd)L

c(β)
∑

βw∈Kd

B(βvi ,βw)=Bvi

n(β1, B1) = 0,

where β1 is obtained from β by deleting the components βv1 , βv2 , and inserting βw. As the value of
the inner summation is n(β, B), (*) holds and the proposition is proved.

Proposition 2 enables us to prove Theorem 1 and compare the homogeneous general and general
stochastic invariants.

Proof of Theorem 1. We have already noted the trivial direction (⇐). Now suppose f ∈ Igs(T, k).
Writing f as in (9), the coefficients cβ satisfy condition (*) in Proposition 2. Reversing the arithmetic
in the proof of Proposition 2, it is straight-forward to check that f(p) = 0 for all p ∈ Pg. Hence
f ∈ Ig(T, k).

9



Corollary 3. For a binary rooted tree T with Markov model Mgs, the location of the root of T
cannot be determined from the observed frequencies p̂β.

Proof. It was shown in [21] that the root of T cannot be determined for the general Markov model
Mg. Equivalently, the ideal Ig(T, k) does not depend on the placement of the root of T . Since
Theorem 1 shows that the ideal of invariants Igs(T, k) is generated by Ig(T, k), we see that the
ideal Igs(T, k) is independent of where the tree T is rooted. Hence, if T and T ′ are two rooted trees
with the same underlying unrooted tree, the probability vectors arising from the Markov models are
indistinguishable. Hence the root of T cannot be determined and the corollary is established.

Finally, we note one further corollary. Let f ∈ Igs(T, k) be a homogeneous degree d polynomial
and let f =

∑
β∈(Kd)L cβxβ. Let A = {Av}, where each Av is a set of d elements of K for each v ∈ V .

Let NA be the set of matrices β ∈ (Kd)L, where {βvj} = Av, for each v ∈ L. Define

fA =
∑

β∈NA

cβxβ.

We then have

Corollary 4. Let f be a degree d homogeneous polynomial in xβ, β ∈ KL. Then f ∈ Igs(T, k) if
and only if fA ∈ Igs(T, k) for all choices A = {Av}, where Av is a set of d elements in K.

Proof. Let f be written as above. If f is an element of Igs(T, k), the coefficients cβ satisfy (*) in
Proposition 2 for each choice of set B. For each v ∈ V , let Av be the set of first coordinates occuring
in the set Bv ∈ B. Then we note that the matrices β occuring in the corresponding equation (*)
are precisely those where the set of elements in the row corresponding to v ∈ V are given by the set
Bv. Hence, condition (*) is satisfied for the coefficients of fA for each set B. Thus fA ∈ Igs(T, k)
by Proposition 2. Conversely, if fA ∈ Igs(T, k) for each choice of A = {Av}, then condition (*) is
satisfied for all choices of A and B. Hence (*) is satisfied for the coefficients cβ of f for all choices
of sets B. Hence f ∈ Igs(T, k).

5 Determination of Low-Degree Invariants

In this section, we study the low-degree invariants that can occur. By Proposition 1, it suffices to
study homogeneous invariants. We first prove Theorem 2 and see that homogeneous invariants for
the general model cannot occur when the degree d is small compared with the number of states k.

Proof of Theorem 2. Let f ∈ Igs(T, k) be a homogeneous invariant of degree d. Assume that d ≤ k.
We write f =

∑
β∈(KL)d c(β)xβ as in (9). By Proposition 2, the coefficients satisfy (*) for all choices

of sets B. Fix β ∈ (Kd)L. For each v ∈ V − L− {ρ}, let Bv = {(1, 1), (2, 2), . . . , (d, d)}. For v ∈ L,
let Bv = {(1, βv1), . . . , (d, βvd)}. Then condition (*), combined with (8), shows that c(β) = 0. Hence
f = 0 and the theorem is proved.

For most trees, there will be homogeneous invariants of degree d when d ≥ k + 1. We now make
this precise by analyzing some small trees. We start by showing that there are no invariants for a
tree with two leaves.

Proposition 3. Let T be the binary rooted tree on two taxa in Figure 4. For k > 1, Igs(T, k) is
generated by f0 = 1−∑β∈KL xβ.

10



Figure 4: The evolutionary tree T with two terminal vertices v, w.

Proof. By Corollary 1, it suffices to show that I has no non-zero homogeneous elements. Let
f ∈ Igs(T, k) be homogeneous of degree d. To prove the proposition, we will show that f = 0. As in
(9), let f =

∑
β∈(Kd)L c(β)xβ. Fix β′ = (βv1 , βv2) ∈ (Kd)2 where βvi

= (βvi1, . . . , βvid) with βvij ∈ K.
Let

Bv1 = {(βv1i, βv1i) | for i = 1, . . . , d},
and

Bv2 = {(βv2i, βv1i) | for i = 1, . . . , d}.
Then criterion (*) in Proposition 2 shows that

∑
σ∈Sd

cσ(β′) = 0. Because cβ′ = cσ(β′), we have
cβ′ = 0. Hence f = 0 and the proposition is proved.

6 The Binary Case: k = 2

We now determine the low dimensional invariants when k = 2 for small trees. We first consider
trees T with three leaves. The two possible rooted trees T are shown in Figure 5. If k = 2 with
K = {1, 2}, by Theorem 2, T has no homogeneous quadratic invariants for the general model. We
now show that there are no homogeneous invariants for these T .

Proposition 4. Let T be a rooted tree for three taxa with f0 = 1−∑β∈KL xβ. Then Igs(T, 2) = (f0).

Proof. By Corollary 3, we can assume that T is the tree T1 in Figure 5. By Proposition 1 and
Theorem 1, it suffices to show that Ig(T, 2) contains no homogeneous polynomials. Let T ′ be the
tree obtained by deleting the edges ev1 , ev2 . Let w = σ(v1) be the new terminal vertex. Let
β̂ = (βv1 , βv2 , βv3) ∈ KL. Then

pT
β̂

= pT ′

1βv3
mβv11(v1)mβv21(v2) + pT ′

2βv3
mβv12(v1)mβv22(v2), (15)

where (pT ′
11, p

T ′
12, p

T ′
21, p

T ′
22) is the probability vector for the tree T ′. By Proposition 3, Ig(T

′, 2) = 0 and
thus P T ′

Mg
= R4. Hence we can regard the pT ′

ij as independent variables. Equation 15 then defines

a map g : R12 → R8 defined by g(pT ′
ij , mβij

(v)) = (pT
β̂
)β̂∈KL . It is easy to verify using Mathematica

that the tangent map Dg of g has rank 8 at at least one point of R12. Hence the image of g contains
an open ball. Now any polynomial f ∈ Ig(T, 2) vanishes on the image of f by the definition of being
an invariant. Hence f vanishes on the open ball and f = 0. So Ig(T, 2) = 0 and the proposition is
proved.

In contrast to Proposition 4, when T is a tree on four taxa, there are non-zero homogeneous
invariants in Igs(T, 2). By Theorem 2, any such invariant must be at least cubic in degree. When
T is the tree T ′ in Figure 6, Ferretti and Sankoff [5] used an empirical approach using Monte-Carlo
methods to discover the cubic homogeneous invariants in Igs(T, 2). We now present a combinatorial
proof of their results. First, we need to introduce some notation.

11



Figure 5: The two distinct rooted trees on taxa v1, v2, v3.

Figure 6: The two different rooted trees on four taxa.

Given two column vectors a, b ∈ K2, γ =

(
a
b

)
is a four-dimensional vector. Identifying the

ith component with the state at vertex vi, each four-dimensional vector β represents a possible
observed pattern at the leaves of T . Hence, xβ is a well-defined variable. Following the convention
in (7), given a 4× d matrix β ∈ (Kd)L with columns βi, we have a well-defined degree d monomial

xβ = xβ1 . . . xβd
. Let β =

(
a1 a2 a3

b1 b2 b3

)
, where the ai, bi ∈ K2 are column vectors. We define fβ to

be the polynomial

fβ =
∑

σ∈S3

sgnσ · x(
a1

bσ(1)

)x(
a2

bσ(2)

)x(
a3

bσ(3)

), (16)

where sgn denotes the sign homomorphism sgn : Sn → {±1}. It is easy to check that fβ is an
invariant in Ig(T, 2).

Proposition 5. [5] Let T be the binary rooted tree for four taxa T1 in Figure 6. The set of
homogeneous cubic polynomials in Igs(T, 2) is a 16-dimensional vector space generated by the 16
polynomials f(

a1 a2 a3

b1 b2 b3

), for sets {a1, a2, a3}, {b1, b2, b3}, each consisting of distinct elements of

K2.

Proof. Let f ∈ Igs(T, 2) be a homogeneous cubic polynomial. Let

f =
∑

ai,bi∈K2

cβxβ, where β =

(
a1 a2 a3

b1 b2 b3

)
.

Let T ′ be the tree on three taxa obtained by deleting the edges ev1 , ev2 . By Proposition 3, Igs(T
′, 2)

has no homogeneous elements. Hence the coefficients cβ satisfy (13). We now note some simple
consequences. Let β1 = (βvj) ∈ (K3)L′

and set bi = t(βv3i, βv4i) for i = 1, 2, 3. Letting βw1 = βw2

12



and βw3 6= βw1, (13) gives

c

α1

α2

α4

α3

·
·

· · ·

+ c

α1

α3

α4

α2

·
·

· · ·

+ c

α4

α3

α1

α2

·
·

· · ·

+ c

α4

α2

α1

α3

·
·

· · ·

 = 0, (17)

where the matrices are 4× 3 matrices, the αi ∈ K and the dots stands for values that are unimpor-
tant. On the bottom line the dots stand for the vectors b1, b2, b3. In the jth column, the top two
rows represent the values of βv1j, βv2j. Specializing by letting α1 = α4, we obtain

c

α1

α2

α1

α3

·
·

· · ·

 = −c

α1

α3

α1

α2

·
·

· · ·

, (18)

for all αi ∈ K. Analogously, we obtain

c

α2

α1

α3

α1

·
·

· · ·

 = −c

α3

α1

α2

α1

·
·

· · ·

.

It follows that c

(
a1 a2 a3

b1 b2 b3

)
= 0 unless the vectors a1, a2, and a3 are distinct. We now show that

the same is true for the bi. Suppose b1 = b2. Then (18) shows that c

(
a1 a2 a3

b1 b1 b3

)
= 0 if a1 and a2

have a common first or second coordinate as

c

(
a1 a2 a3

b1 b2 b3

)
= c

(
aσ(1) aσ(2) aσ(3)

bσ(1) bσ(2) bσ(3)

)
, (19)

for all σ ∈ S3. Hence we can assume that a1 = t(α1, α2) and a2 = t(α2, α1), for α1 6= α2 ∈ K. Then

(17) shows c

(
a1 a2 a3

b1 b2 b3

)
= −c

(
a′1 a′2 a3

b1 b2 b3

)
, with a′1 = t(α1, α1) and a′2 = t(α2, α2). Since we just

showed this coefficient was zero, we have shown c

(
a1 a2 a3

b1 b1 b3

)
= 0. Thus the vectors bi must be

distinct if cβ 6= 0.
We have shown that the cβ are zero unless the sets {ai}, {bi} each consist of distinct elements.

A repeated use of (18) and (19) shows f =
∑

β cβfβ, where the summation is over matrices

β =

(
a1 a2 a3

b1 b2 b3

)
, where the sets {ai}, {bi} each consist of distinct elements of K2. The proposition

is proved.

We now show that the cubic invariants fβ in Proposition 5 generate all the quartic invariants in
Igs(T, k).

Proposition 6. Let T be the tree T1 in Figure 6. Then the set of degree 4 homogeneous invariants
in Igs(T, 2) is contained in the ideal generated by the cubic invariants of Igs(T, 2).

Proof. Suppose f is a fourth-degree polynomial in Igs(T, 2). We let

f =
∑

ai,bi∈K2

cβxβ, where β =

(
a1 a2 a3 a4

b1 b2 b3 b4

)
,

13



and the cβ satisfy (8). Let T ′ be the tree obtained by deleting the edges ev1 , ev2 , and w the new
terminal vertex with w = σ(v1) = σ(v2). We now note some simple consequences of (13) applied to
T ′. Letting βw1 = βw2 = βw3 6= βw4, we have

c

(
· · · ·
b b b ·

)
= 0, (20)

for all b ∈ K2. Similarly, letting βw1 = βw2, βw3 = βw4, with βw1 6= βw3, we obtain

c

(
· · · ·
b1 b1 b2 b2

)
= 0,

for vectors b1, b2 ∈ K2. Hence if c

(
a1 a2 a3 a4

b1 b2 b3 b4

)
6= 0, then at least three of the vectors bi must

be distinct. Since the tree T is symmetric, we could have applied the same analysis to the vertices
v3, v4 instead of v1, v2. Hence by symmetry, we see that at least three of the vectors ai must be
distinct.

Thus we have four situations to consider. First, that the sets {ai}, {bi} each contain exactly
three distinct vectors. Second, the set {ai} contains exactly three distinct vectors, and all the bi

are distinct. Third, the set {bi} contains exactly three distinct vectors and the ai are distinct, and
fourthly, both the ai and bi are distinct. In each case we will show that the sum of the corresponding
monomials of f are in the ideal generated by the cubic invariants in Igs(T, 2). Hence f will be as
well and the proposition is proved.

We now prove the first case and assume that the set {ai}, {bi} each contain exactly three distinct
vectors. Let a1 and b1 be the vector with multiplicity two in each set. We will see that the manner
in which the ai and bi are paired is critical to whether the corresponding coefficient can be non-

zero. First, we show that c

(
a1 a1 a2 a3

b2 b3 b1 b1

)
= 0. With βw1 = βw2, βw3 = βw4, βw1 6= βw3, (13),

shows c

a1 a1 a2 a3

w
x

y
z

b1 b1

 = −c

a1 a1 a2 a3

w
z

y
x

b1 b1

. In one of these two coefficients, the vector b1

must occur with multiplicity 3 among the bi and thus by what we have already shown, both these
coefficients are zero. Hence, we are reduced to considering the case of coefficients of the forms

c

(
a1 a1 a2 a3

b1 b1 b2 b3

)
and c

(
a1 a1 a2 a3

b1 b2 b1 b3

)
,

with {ai}, {bi} are sets of distinct vectors in K2. We will deal with both cases simultaneously.
Using (20) and (13) together gives the three equalities

c

(
a1 a1 a2 a3

b1 b1 b2 b3

)
= −c

(
a1 a1 a2 a3

b1 b1 b3 b2

)
,

c

(
a1 a1 a2 a3

b1 b2 b1 b3

)
= −c

(
a1 a1 a2 a3

b1 b3 b1 b2

)
,

c

(
a1 a1 a2 a3

b1 b2 b3 b1

)
= −c

(
a1 a1 a2 a3

b1 b3 b2 b1

)
.

Because there are only four choices for each bi, one of the two coordinates of either b2 or b3 will
agree with the respective coordinate of b1. Without loss of generality, we assume that it is b2. Then
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using (13) with βw1 = βw2 = βw3 6= βw4, we obtain the relationship

c

(
a1 a1 a2 a3

b1 b1 b2 b3

)
= −2c

(
a1 a1 a2 a3

b1 b2 b1 b3

)
. (21)

One can obtain a similar equation if we assume it is b3 which shares a coordinate with b1. Combining
these results, we have shown∑

{a′i}={a1,a1,a2,a3}
{b′i}={b1,b1,b2,b3}

cβ′x
β′ = 12c(

a1 a1 a2 a3

b1 b1 b2 b3

)x(
a1

b1

)f(
a1 a2 a3

b1 b2 b3

), (22)

where β′ =

(
a′1 a′2 a′3 a′4
b′1 b′2 b′3 b′4

)
, the f(

a1 a2 a3

b1 b2 b3

) are the cubic invariants defined in (16). The

constant coefficient 12 occurs because by (8), cβ does not depend on the order of the columns. Since
there are 24 different matrices β′ with the same columns, using (21), we obtain 12. Equation 22
establishes the proposition for the case when the sets {ai}, {bi} each have exactly three distinct
elements. The second and third cases can be handled in a similar but more elaborate manner.

We now establish the fourth case when the sets {ai} and {bi} contain four distinct elements. Since

the three previous cases have been established, we can assume that cβ = 0 for β =

(
a1 a2 a3 a4

bi bj bk bl

)
unless the sets {ai}, {bi} are distinct. Fix the ai and let b1 = t(0, 0), b2 = t(0, 1), b3 = t(1, 0),

b4 = t(1, 1). Let yijkl = c

(
a1 a2 a3 a4

bi bj bk bl

)
. Letting βw1 = βw2 = βw3 6= βw4, (8) shows

yijkl + yikjl + ykijl + ykjil + yjikl + yjkil = 0. (23)

By changing which three βwi are equal, (13) gives three other equations of type (23). Similarly, each
choice of βwa = βwb 6= βwc = βwd, when columns a and b contain either b1, b2 (for equation (24)) or
b1, b3 (for equation (24)) produces equations of the form

y1234 + y2134 + y1243 + y2143 = 0, (24)

y1324 + y3124 + y1342 + y3142 = 0. (25)

Similarly, the choice of βwa = βwb 6= βwc = βwd, when columns a and b contain b1 and b4 produces
equations of the form

y1234 + y1324 + y4231 + y4321 + y2143 + y2413 + y3142 + y3412 = 0. (26)

Solving the 16 equations of form (23), the 6 equations of form (24), and the 3 equations of form
(26), one finds a 10-dimension solution set W . The basis vectors are given in Table 1. Each vector
can be shown to arise from the cubic invariants of I(T, 2). As a typical case, we consider the basis
vector w5 from Table 1. Algebraic manipulation shows that the coefficients of

x(
a3

b2

)f(
a1 a2 a4

b1 b3 b4

) + x(
a4

b1

)f(
a1 a2 a3

b12 b4 b3

)

are those represented by w5. As the same holds true for the other wi, every vector in the solution
set to the equations in (23), (24), (26) represents the coefficients of an invariant generated by the
cubic invariants of Igs(T, 2). Hence, f is in the ideal generated by the cubic invariants of Igs(T, 2)
and the proposition is proved.
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w1 = ( 1,-1,-1, 1, 1,-1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0)
w2 = ( 0, 0, 0, 0, 0, 0, 1,-1,-1, 1, 1,-1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0)
w3 = ( 0, 1, 0,-1, 0, 0, 0,-1, 0, 1, 0, 0, 0, 1, 0,-1, 0, 0, 0, 0, 0, 0, 0, 0)
w4 = (-1, 1, 1,-1, 0, 0, 1,-1,-1, 1, 0, 0, 0, 0, 0, 0, 1,-1, 0, 0, 0, 0, 0, 0)
w5 = ( 0, 0, 1, 0,-1, 0, 0, 0, 0,-1, 0, 1,-1, 0, 0, 1, 0,-1, 1, 0, 0,-1, 0, 1)
w6 = (-1, 0, 1, 0, 0, 0, 1, 0,-1, 0, 0, 0,-1, 0, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0)
w7 = ( 0, 1, 1,-1,-1, 0,-1, 0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 0, 0, 1, 0,-1, 0, 0)
w8 = ( 0,-1, 1, 0, 0, 0, 1, 0,-1, 0, 0, 0,-1, 0, 0, 1, 0, 0, 0, 0, 1,-1, 0, 0)
w9 = ( 0, 0, 1,-1, 0, 0, 0, 0,-1, 0, 0, 1, 0, 0, 0, 1, 0,-1, 0, 0, 0,-1, 1, 0)
w10 = ( 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 1, 0, 0, 0, 1, 0,-1, 0, 0, 0,-1, 0,-1)

Table 1: A basis for the solution space to Equations 23, 24, 26. The coordinates represent the
values of yabcd and are listed in lexicographical order starting with y1234 and ending with y4321.

A similar but more elaborate analysis using Mathematica shows that the quintic invariants are
also generated by the cubic invariants.

Proposition 7. Let T be the four-taxa tree T1 in Figure 6. Then the set of degree 5 homogeneous
invariants in I(T, 2) is contained in the ideal generated by the cubic invariants of I(T, 2).

Proposition 6 and 7 suggest the veracity of Conjecture 1.

7 The Three State, Three-Taxa Tree

In this section, we will use the same combinatorial analysis as in the previous section with binary,
four-taxa trees to determine the invariants of low degree for the trees with n = 3 taxa and k = 3
states. Let T be the tree T1 with three taxa in Figure 5. By Theorem 2, the ideal I(T, 3) contains no
homogeneous elements with degree less than 4. We now show that there are homogeneous invariants
in I(T, 3) with degree 4.

We first introduce some notation and present a general construction of invariants for the three-
taxa tree with k > 2 states. Let α, δ, γ1, γ2, γ3 be states in K with the γi distinct. Given elements
σ, σ′ ∈ Sk, define the matrices

β(σ, σ′) =

 γ1 . . . γ1 γ2 γ3

aσ(1) . . . aσ(k−1) aσ(k) α
bσ′(1) . . . bσ′(k−1) δ bσ′(k)

 ,

β1(σ, σ′) =

 γ1 . . . γ1 γ2 γ3

aσ(1) . . . aσ(k−1) α aσ(k)

bσ′(1) . . . bσ′(k−1) bσ′(k) δ

 .

We can then define an invariant fαδγi
by

fαδγi
=

1

(k − 1)!

∑
σ,σ′∈Sk

sgn(σσ′)
(
xβ(σ,σ′) − xβ1(σ,σ′)

)
. (27)

The constant 1/(k − 1)! occurs to normalize the invariant so that its coefficients are all ±1. It is
easy to check that fαδγi

satisfies the combinatorial equations in (13). Since by Proposition 3, there
are no non-trivial invariants on the two-taxa tree, by the discussion following (13), we have:
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Proposition 8. Let T be the tree T1 on three taxa in Figure 5. Let k > 2 be an integer and α, δ,
γ1, γ2, γ3 be states in K = {1, . . . , k} with the γi distinct. Then fαδγi

∈ Igs(< T, k) and the set of
fαδγi

, with γ2 < γ3 form a linearly independent set of k3(k − 1)(k − 2)/2 invariants.

When k = 3, there are 33 different choices for α, δ, γi with γ2 < γ3. Hence the vector space
of homogeneous quartic invariants in Igs(T, 3) is at least 27-dimensional. We know show that the
construction in (27) gives a basis for all the quartic invariants.

Proposition 9. Let T be the tree T1 with three taxa in Figure 5. The homogeneous elements of
degree 4 in Igs(T, 3) form a 27-dimensional vector space generated by the functions fαδγi

for α, δ,
γ1, γ2, γ3 ∈ K with γ2 < γ3.

Proof. It suffices to show that every homogeneous element in Igs(T, 3) with degree 4 is in the vector
space generated by the fαδγi

. Let f ∈ Igs(T, 3) be a homogeneous polynomial with degree 4. We
can write

f =
∑

ai,bidi∈K

cβxβ, where β =

a1 a2 a3 a4

b1 b2 b3 b4

d1 d2 d3 d4


and assume that the coefficients cβ satisfy (8). Let T ′ be the tree on two taxa obtained by deleting
the vertices v1, v2 and the edges connecting them to w = σ(v1) = σ(v2). Since Igs(T

′, 2) has no
homogeneous elements, (13) holds and from it we will draw some simple consequences. If we suppose
a1 = a2 = a3 = a4, then by letting βwi = bi, (13) shows that cβ = 0, for the corresponding β.

We now suppose a1 = a2 = a3 6= a4. Then if b1 = b2, by letting βw1 = βw2, βw3 = βw4 with
βw1 6= βw3, we obtain cβ = 0. We obtain similar results if b2 = b3 or b1 = b3 or two of d1, d2, d3 are
equal. Hence we can assume b1, b2, b3 are distinct and d1, d2, d3 are distinct. Since k = 3, one can
assume b4 = b1. Then letting βw1 = βw4, and βw2, βw3 distinct, from (13) one obtains the equation

c

a1 a1 a1 a4

b1 b2 b3 b1

d1 d2 d3 d4

 = −c

a1 a1 a1 a4

b1 b2 b3 b1

d4 d2 d3 d1

. (28)

If d1 = d4, then both sides in (28) can be shown to be zero by (13). If d1 6= d4, then d4 = d2 or
d4 = d3 and the coefficient can again be shown to be zero by (13). So whenever a1 = a2 = a3 6= a4,
the corresponding coefficient cβ is zero. Similarly, cβ = 0 when a1 = a2, a3 = a4.

Hence, we can assume that {ai} is a set with 3 distinct states and that a1 appears with multi-
plicity two. One can use (13) to quickly show that the corresponding coefficient is zero in each of
the following cases: whenever b1 = b2; whenever b1 = b3, b2 = b4 (resp. b1 = b4, b2 = b3); whenever
b1 = b3 = b4; or whenever the di satisfy similar conditions. Hence we can assume that {bi}, {ci} are
both sets with 3 distinct states with one state occuring with multiplicity two. We can also assume
that the two-dimensional vectors t(bi, di) are distinct for if the ith, jth vectors were equal, then by
letting βwi = βwj, with the other βwk taking different, distinct values, (13) shows that cβ = 0.

The above analysis shows that the only matrices β for which cβ 6= 0 are those with the following
properties: In each row, all three states appear and the four vectors (ai, bi) (resp. (ai, di), (bi, di))
are distinct. We now analyze relationships between these vectors. Judicious choices of βw in (13)
give relations such as

c

a1 a1 a2 a3

b1 b2 b1 b3

d1 d2 d3 d1

 = −c

a1 a1 a2 a3

b3 b2 b1 b1

d1 d2 d3 d1

 = c

a1 a1 a2 a3

b3 b2 b1 b1

d1 d2 d1 d3

.
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The use of all such relations shows that if we choose a′i, b′i, c′i ∈ K, for i = 1, 2, 3 such that
{a′i} = {b′i} = {c′i} = {1, 2, 3}, then we have

∑
ai,bidi∈K

cβxβ = 12c

a′1 a′1 a′2 a′3
b′1 b′2 b′1 b′3
c′1 c′2 c′3 c′1

fb′1c′1a′i
, (29)

where

β =

a1 a2 a3 a4

b1 b2 b3 b4

d1 d2 d3 d4

,

and the summation is over ai, bi, ci such that {ai} = {a′i}, {bi} = {b′i}, {ci} = {c′i}. Summing
equation 29 over all possible choices of {a′i}, {b′i}, {c′i}, one obtains f on the left hand side. Hence
f is in the vector space generated by the fαδγi

and the proposition is proved.

A similar but much more elaborate analysis using Mathematica shows

Proposition 10. Let T a binary rooted tree for three taxa with three states as in Figure 5. Then
the set of homogeneous degree 5 invariants in Igs(T, 3) is contained in the ideal generated by the
quartic invariants of Igs(T, 3).

As in Section 6, it suggests

Conjecture 2. Let T a binary rooted tree for three taxa with three states as in Figure 5. The ideal of
invariants Igs(T, 3) is generated by the 27-quartic invariants in Proposition 9 and f0 = 1−∑β∈KL xβ.

8 k=4: Invariants for Nucleotide Nucleotide Sequences

In this section, we will determine the quintic invariants in Igs(T, k) in the nucleotide case of k = 4
states for trees T with n = 3 and n = 4 taxa. We use the same combinatorial analysis as in
Sections 6, 7. The importance of this result is that they are the first invariants produced for
nucleotide sequence analysis that make no assumption about the Markov models involved other
than their existence.

We first determine the nucleotide invariants for a tree with three taxa. Let T be the tree T1

with three taxa in Figure 5. By Theorem 2, the ideal Igs(T, 4) contains no homogeneous elements
with degree less than 5. By Proposition 8, we know that there are non-zero homogeneous degree 5
invariants in Igs(T, 4). We now determine the entire set.

Let λ be a partition of 5, with parts 0 < λ1 ≤ λ2 ≤ . . . . Let Mλ be the set of all sets A of five
elements of K where the set of multiplicities with which the elements of K appear in A is given by
the partition λ. For example, A = {1, 2, 3, 3, 3} is an element of M123.

For v ∈ L, let Av be a set with five elements from K = {1, 2, 3, 4}. Let A = {Av} and recall our
definition of the set NA of all matrices β ∈ (K5)L such that the entries in the row corresponding
to v ∈ L are given by Av. Let Igs,A(T, 4) denote the set of all homogeneous quintic invariants
f =

∑
β∈(K5)L cβxβ ∈ Igs(T, 4) with the property that cβ 6= 0 ⇔ β ∈ NA. By Corollary 4, it suffices

to determine Igs,A(T, 4) for each A.
Now define the three sets

C1 = {132, 132, 132}, C2 = {122, 132, 132}, C3 = {123, 132, 132}.
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Proposition 11. For v ∈ L, let λv be a partition of 5 and Av ∈ Mλv . Let A = {Av}. If
Igs,A(T, 4) 6= 0, then {λv} = C1, C2, or C3.

Proof. Let T ′ be the tree obtained by deleting edges ev1 , ev2 and let w = σ(v1). Then the cβ satisfy
the equation given by (13). We first show that we cannot have λ1 = (5). Since the three vertices vi

are only distinguished by where the root is placed, Corollary 3 shows that λv 6= (5), for all v ∈ L.
Assume λ1 = (5) and let f ∈ Iga,A(T, 4) be a non-zero element. Write f =

∑
β∈(K5)L cβxβ. Fix

β′ ∈ NA with cβ′ 6= 0. Define β1 ∈ (K5)L′
by (β1)vi = β′

vi, for v ∈ L−{v1, v2} and (β1)wi = β′
v1i, for

i = 1, . . . , 5. Then (13) shows that cβ′ = 0, which contradicts our assumption. Hence none of the λv

can equal (5). Similar arguments show that none of the λv can equal the partition (14) or (23). We
now assume that one of the λi = 123 for some i. Again, by Corollary 3 we can assume that λ3 = 123.
We now show that λ1 = λ2 = 132. Let f ∈ Igs,A(T, 4) be a non-zero element, f =

∑
β∈(K5)L cβxβ.

Let β′ ∈ (K5)L with cβ′ 6= 0. Since λ3 = (123), we can assume β′
v31 = β′

v32 = β′
v33 6= β′

v34 6= β′
v35.

Then using (13), it is easy to see that the entries β′
vi1

, β′
vi2

, β′
vi3

are distinct for i = 1, 2. Now unless
λ1 = λ2 = 132, inspection shows that one of the vectors (β′

v14, β
′
v24) or (β′

v15, β
′
v25) has the property

that the first coordinate comes from the set {β′
v11, β′

v12, β′
v13} and the second coordinate comes from

the set {β′
v21, β′

v22, β′
v23}. If this occurs, it is then straightforward to show using (13) that cβ′ = 0.

Since this contradicts our assumption, we must have λ1 = λ2 = 132 if λ3 = 123. Similar arguments
apply if λi = 122 for some i. Hence the proposition is proven.

Proposition 12. Let λ1, λ2, λ3 be partitions of 5. Assume Ai ∈ Mλi
for each i and let A = {Ai}.

Then

a. If {λi} = C1, then Igs,A(T, 4) is an 9-dimensional vector space.

b. If {λi} = C2, then Igs,A(T, 4) is a 1-dimensional vector space.

c. If {λi} = C3, then Igs,A(T, 4) is a 1-dimensional vector space.

Proof. Let f be a homogeneous quintic polynomial f =
∑

β∈(K5)L cβxβ as in (9). We assume that
cβ = 0 if β /∈ NA. Let T ′ be the tree obtained by deleting edges ev1 , ev2 , let w = σ(v1), and
let L′ be the set of terminal vertices of T ′. Since there are no homogeneous invariants on T ′ by
Proposition 3, to prove the proposition, it suffices to find all f whose coefficients satisfy (13) for
all choices of β1 ∈ (K5)L′

. Hence we are reduced to solving a set of linear equations, where the
variables are the elements of NA and the equations are those given by (13). We also have cβ = cσ(β),
for σ ∈ S5. In case (a), there are 1458 S5-orbits in NA. Solving the set of equations that arise
from (13) using Mathematica shows that there is an 9-dimensional solution space. We note that
the equations that occur essentially only depend on the λi and not on the choice of Ai. Solving the
equations in cases (b), (c) result in one-dimensional solution spaces.

We note that in case (b), the invariants which arise are precisely those given by Proposition 8. In
all three cases, there is a basis of invariants in which all the non-zero entries are ±1. The “smallest”
such invariant has 215 non-zero entries.

Proof of Theorem 4. Now M132 has 4 elements and M123 and M122 each have 12 elements. If {λi} =
C2, there are 3 choices for which i has λi = 122. Hence there are 3(12)(4)2 = 576 different linearly
independent invariants arising from case (b) of Proposition 12. There are also 576 invariants arising
from case (c) and 576 = 9(4)3 invariants from case (a). Hence combining Propositions 11 and 12
establishes the theorem.
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Despite the many invariants on the three-taxa tree T1 in the k = 4 nucleotide case, by Corollary 3
they are irrelevant for purposes of determining phylogenetic trees as there is only one unrooted tree
on three taxa. Hence, in order to do phylogenetic analysis, we need to determine the invariants in
Igs(T, 4), where T is the tree T1 in Figure 6. The easiest invariants to define are analogues of the
Sankoff-Ferretti invariants [5] defined in (16).

Let ai, bi ∈ K2, for i = 1, . . . , 5. Let β =

(
a1 a2 a3 a4 a5

b1 b2 b3 b4 b5

)
. Define

fβ =
∑

σ∈S5

sgn(σ)xβ(σ), β(σ) =

(
a1 a2 a3 a4 a5

bσ(1) bσ(2) bσ(3) bσ(4) bσ(5)

)
. (30)

It is easy to see that fβ = 0 if ai = aj or bi = bj, for some i 6= j. It is straight-forward to see that
the coefficients of fβ satisfy condition (*) in Proposition 2 and thus the fβ are invariants. Further,
the invariants fβ, for different choices of sets {ai}, {bi} are linearly independent. Now there are(

16
5

)
= 4368 choices of five distinct vectors ai ∈ K2. Hence we have proven Theorem 5.

To determine the entire set of homogeneous quintic invariants in Igs(T, 4) is much more com-
putationally complex than when T is a three-taxa tree. Algorithmically, all one needs to do is
to find all solutions cβ to the equations (*) in Proposition 2. However, in the generic case, when
one restricts to determining the homogeneous quintic invariants in Igs,A(T, 4) for A = {Av}, with
Av ∈ M132, the equations (*) amount to solving approximately 6, 000, 000 equations in the 108, 108
variables xβ for β ∈ NA.

Similarly, the approach we used when T was a three-taxa three, of using equation (13), does not
work. For when T is a four taxa tree, the associated three-taxa tree T ′ has non-trivial homogeneous
quintic invariants and hence (13) does not give a necessary and sufficient condition for f to be an
invariant. Equation 13 still gives a sufficient condition however. Hence if the coefficients cβ of f
do satisfy (13), then f is an invariant.

We now present an example of how many quintic homogeneous invariants in Igs(T, 4) arise in
this fashion. Let a1, . . . , a5 be five distinct vectors in K2. Let A3, A4 ∈ M132, where Mλ is defined
as above. Let N = Nai,Aj

be the set of matrices β ∈ (K5)L such that

{ai|i = 1, . . . , 5} = {(βv1i, βv2i)|i = 1, . . . , 5}

and {βvji|i = 1, . . . , 5} = Aj, for j = 3, 4. Let Igs,N(T, 4) be the set of all homogeneous quintic
invariants f =

∑
β∈(K5)L cβxβ ∈ Igs(T, 4) where cβ = 0 if β /∈ N . Then fixing the ai, A3, A4, and

solving the equations (13) shows that Igs,N(T, 4) is a vector space with dimension at least 76. We
note that invariants fA coming from (30) form a 24-dimensional subspace of Igs,N(T, 4).
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