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Abstract

The model sets were originally used for modelling physical quasicrystals. In this contri-
bution we determine for a class of one-dimensional model sets based on quadratic unitary
Pisot numbers the possible values of distances between adjacent points. We describe the
self-similarities of such model sets and explain the possibility of their identification with
substitution generated symbolic sequences.





1 Introduction

In all cases what is called a quasicrystal in mathematics is either an infinite point set, or tiling of a
corresponding space. For a recent overview of the field we refer to [7, 18].

Quasicrystals take their origin in physics. The logic of the name is often expressed as ‘aperiodic
crystal’. They were discovered in 1984 [19] and eversince they have been a subject of intensive
experimental and theoretical studies, (see for instance the earlier literature in [23] and proceedings
from the most recent world quasicrystal conferences [22]). In spite of that there is no generally
accepted definition of a quasicrystal which would satisfy a mathematician. In physics, with specific
properties of real quasicrystals in mind, the absence of mathematical precision usually represents
no difficulty.

In mathematics, the quasicrystals appeared about a decade before the discovery of quasicrys-
talline materials in physics under the name of Penrose tilings of the plane [17]. Their algebraic
theory was then developed by de Bruijn [4]. Much later [15, 16, 9] it was recognized that qua-
sicrystals can be understood as a special case in the general theory of Y. Meyer [14]. The earliest
reference we know which links Meyer’s theory to quasicrystals is [3].

The origins of quasicrystals in physics and mathematics are closely related to
√

5. Indeed, that is
the irrationality in the Penrose tilings, and that is the irrationality which appeared in the diffraction
spectra from which the existence of quasicrystals was first recognized. Other irrationalities were
introduced into the theory of quasicrystals rather naturally later on as well.

Quasicrystals carry a number of interesting lattice-like properties with the obvious exclusion of
periodicity, namely self-similarities or relative discreteness and uniform density (Delone property),
and possibly others. Generally, one requires a mathematical model for quasicrystals to be a Delone
set with Fourier transform producing Bragg peaks [3, 5]. One of the definitions of mathematical
quasicrystals satisfying this requirement is the so-called cut and project scheme [1, 8]. A slab is cut
in a higher dimensional crystallographic lattice and its points are projected onto a suitable lower
dimensional subspace. The resulting sets are called cut and project quasicrystals, or model sets.
Additional requirement on a model set to have a self-similarity implies the possibility of equivalent
algebraic description of the model set. In this case the stage for a cut and project quasicrystal is an
algebraic module over a ring of integers and it exploits the Galois isomorphism on the corresponding
algebraic field. A specific model set is determined by a position, shape and size of a bounded region,
called an acceptance window.

The most simple example of a cut and project scheme is a projection of the lattice Z
2 on two

straight lines. One may show that if a model set Λ ⊂ R arising in such a cut and project scheme is
to have a self-similarity ϑΛ ⊂ Λ, the self-similarity factor ϑ has to be a quadratic Pisot number [15].
Moreover, Λ is subset of a ring of integers in the quadratic field Q[ϑ].

Model sets with quadratic irrationalities are the subject of this paper. The quadratic Pisot
numbers considered here are determined by two families of quadratic equations, namely

x2 = mx + 1 , m = 1, 2, 3, . . . ,
x2 = mx− 1 , m = 3, 4, 5, . . . .

(1)

The greater of the solutions of each of the equations for a fixed m is a Pisot number β. For any
such β there are uncountably many non equivalent model sets in the algebraic ring Z + Zβ.

It is curious to notice that the lowest value of m in both families, leads to the same algebraic rings
Z + Zτ , τ = 1

2
(1 +

√
5), and therefore to identical model sets based on the golden mean irrational-

ity. In physics, the global reflection symmetry of diffraction pattern of observed quasicrystalline
materials is related to an algebraic number. The only experimentally observed ones, connected to
quadratic Pisot numbers are 5, 8, 10 and 12-fold symmetry. Quasicrystals with 5-fold (10-fold)
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symmetry are related to the golden ratio, the others correspond to the second lowest members of
the two families (Pisot numbers 1 +

√
2 and 2 +

√
3 solutions of x2 = 2x + 1 and x2 = 4x − 1

respectively). These irrationalities are singled out among other quadratic Pisot numbers also by
their unique property with respect to quasiaddition operations [13].

In this contribution we describe the distances between adjacent points in the one-dimensional
model sets based on quadratic unitary Pisot numbers. The fact that there are only three kinds
of such distances in a particular model set is related to results about the distribution of numbers
nθ (mod 1), known as the 3-gap theorem, (among many articles on the subject, see for example [20]).
However, the derivation of the mentioned property for model sets from the 3-gap theorem is far
from straightforward. In Section 3 we give an independent and relatively simple proof. Moreover,
we derive the dependence of the values of the distances on the size of the acceptance window. For
the golden ratio this was already obtained in [11], together with the results for higher dimensional
model sets.

The one-dimensional cut and project sets are of only limited interest in the physics of quasicrys-
tals. However, their properties may prove to be useful in other applications. Their aperiodicity in
the strongest sense can be for example used for improving the properties of random number gen-
erators [6]. In this context, one usually needs to generate a large number of points of a model set.
Numerical generation raises the standard problems of finite computer precision, etc. The possibility
to generate one-dimensional model sets using substitutions can circumvent such difficulties: the set
is generated with absolute precision by a symbolic method. Substitution rules and their relation to
self-similarities of one-dimensional model sets are described in Section 4.

2 Preliminaries

We shall study aperiodic point sets arising from a cut and project scheme in a two-dimensional
Euclidean space. Consider the projection of the lattice Z

2 to the straight lines in direction of
vectors

x1 =
1

η − ξ
(−ξ, 1) , x2 =

1

ξ − η
(−η, 1) , (2)

where ξ, η are general real numbers. A point (a, b), a, b ∈ Z, may be written as (a, b) = (a +
bη)x1 + (a + bξ)x2. The projection of the lattice Z

2 on the straight lines are thus Z-modules
π1(Z

2) = Z[η] := Z + Zη and π2(Z
2) = Z[ξ] := Z + Zξ.

A cut and project set arising by such a projection scheme may be thus written as

Σ(Ω) := {a + bη | a, b ∈ Z, a + bξ ∈ Ω} ,

where Ω is a bounded interval in R. This is a model set in the sense of Moody [16]. It satisfies
the Delone property, i.e. it is (i) uniformly discrete (there exists ε > 0 such that for x, y ∈ Σ(Ω),
x 6= y one has |x− y| > ε), and (ii) relatively dense (there exists r > 0 such that for any x ∈ R the
intersection (x− r, x + r) ∩ Σ(Ω) is non-empty).

Let us assume that the model set Σ(Ω) has a self-similarity. It means that there exists a factor
0 < β 6= 1 such that βΣ(Ω) ⊂ Σ(Ω). Such a requirement implies that β is a quadratic Pisot
number [15]. (A Pisot number β is a solution of an algebraic equation xn = an−1x

n−1 + a1x + a0,
ai ∈ Z, such that β > 1 and all the other roots of the equation are in absolute value less than 1.)
Moreover, the requirement of a self-similarity in the projection scheme in two dimensions enforces
particular orientation of the projecting subspaces given by vectors x1, and x2 in (2). It may be easily
shown that η ∈ Q[β] and ξ = η′, where η′ means the image of η under the Galois automorphism on
Q[β].
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We shall not study Σ(Ω) with general quadratic β and η ∈ Q[β]. We consider a class of quadratic
unitary Pisot numbers β and model sets in

Z[β] := {a + bβ | a, b ∈ Z} .

Let us mention that the experimentally observed model sets with crystallographically forbidden 5-,
8-, and 12-fold symmetries are just of this type.

All quadratic unitary Pisot numbers arise as solutions of the equations x2 = mx + n with m, n
satisfying conditions m, n ∈ Z, m > 0, 1 − m < n < 1 + m, and n = ±1. These conditions all
together provide two families of irrationalities (1). Let us denote the two roots of the equations (1)
by

β =
m +

√
m2 ± 4

2
, β′ =

m−
√

m2 ± 4

2
. (3)

Following properties of β and β′ for the two families are easily verified:

[β] =

{
m , for x2 = mx + 1

m− 1 , for x2 = mx− 1
, β′

{
< 0 , for x2 = mx + 1

> 0 , for x2 = mx− 1
.

With the notions introduced above, the definition of model sets considered in this paper may be
rewritten in an algebraic formalism.

Definition 2.1. Let β be a quadratic unitary Pisot number. A model set is the set

Σ(Ω) := {x ∈ Z[β] | x′ ∈ Ω} ,

where Ω, a bounded interval in R with non-empty interior, is called the acceptance window of Σ(Ω).

Let us recall the basic properties of such model sets.

• First of all, they are aperiodic in the strongest sense. They do not contain any periodic subset.

• According to Moody [16], a model set is Delone, and satisfies Σ(Ω)−Σ(Ω) ⊂ Σ(Ω) + F , with
F finite. This implies that Σ(Ω) is a Delone set of finite type. It means that there is only a
finite number of local configurations in Σ(Ω). For a one-dimensional model set it means that
there are only finitely many distances between adjacent points of Σ(Ω). We determine the
distances in Section 3 for the model sets based on all quadratic unitary Pisot numbers of (1)

• Model sets from Definition 2.1 have abundance of self-similarities. Self-similarities and relation
of model sets to substitution sequences are described in Section 4.

It can be shown that the algebraic Definition 2.1 corresponds to the cut and project scheme.
However, there is a difference for the two families of equations. The ring Z[β] can be interpreted
as projection of the lattice Z

2 using two straight lines with slopes β and β′ respectively. For β root
of x2 = mx + 1, the projections are orthogonal; in the case of x2 = mx− 1, the cosine of the angle
between the straight lines on which we project is equal to 2

m
.
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3 Distances

The properties of a model set Σ(Ω) studied in this Section depend on the length l of the acceptance
interval Ω rather than on its position on the real axis. A very important fact, which is often used,
is that we need not study all posible lengths l > 0. It suffices to restrict our consideration to the
values of l within the range (1, β]. Note that the positive real half-axis can be divided into disjoint
union (0, +∞) =

⋃
k∈Z

(βk, βk+1].
Model sets based on β solution of x2 = mx±1 satisfy the rescaling condition (4) in the following

lemma. For the golden ratio τ the statement was shown in [2].

Lemma 3.1. Let β be a quadratic unitary Pisot number. Let Ω be a bounded interval in R. Then

Σ (βΩ) = β′Σ(Ω) . (4)

As a consequence of Lemma 3.1, we may limit our attention to mdoel sets whose acceptance
windows have length l ∈ (1, β], and put aside all other values of l. For them, the statements can be
easily derived using Lemma 3.1.

Consider model sets Σ[c, d), where l = d − c ∈ (1, β]. Note that adding/removing the extreme
point to/from the acceptance window may cause only adding/removing of one quasicrystal point.
It is obvious from the algebraic definition of a cut and project set that

Σ[c, d] =

{
Σ[c, d) , for d 6∈ Z[β] ,

Σ[c, d) ∪ {d′} for d ∈ Z[β] ,

and similarly for the other extreme point of the acceptance interval Ω.
As an example let us now study a model set whose acceptance window has length equal to 1.

Such a model set can be written as an increasing sequence of points. This statement is formulated
in Lemma 3.2. It will be used also further to determine the distances between adjacent points in
model sets with general acceptance window.

Lemma 3.2. Let β be the root of the quadratic equation x2 = mx ± 1. The set Σ[c, c + 1) is an
increasing sequence

Σ[c, c + 1) = {xb := dc− bβ′e+ bβ | b ∈ Z} .

Proof: According to the definition Σ[c, c + 1) := {x ∈ Z[β] | c ≤ x′ < c + 1}. Consider x ∈ Z[β],
i.e. x = a + bβ, a, b ∈ Z. Then if x belongs to Σ[c, c + 1), we have c ≤ a + bβ′ < c + 1 and hence
c− bβ′ ≤ a < c + 1− bβ′. Note that the latter inequalities have precisely one integer solution a for
any fixed b ∈ Z. This solution can be written as the upper integer part dc − bβ′e. Therefore the
point x is of the form x = a + bβ = dc− bβ′e+ bβ, what was to show. �

Let us determine the distances between adjacent points in the model set Σ[c, c + 1) ⊂ Z[β].
According to Lemma 3.2, it is an increasing sequence (xb)b∈Z, thus adjacent points are xb, xb+1. We
have

xb+1 − xb =

⌈
c− b + 1

β′

⌉
+ (b + 1)β −

⌈
c− b

β′

⌉
− bβ

The difference of the arguments of the integer parts is −β′. For β, solution of x2 = mx+1, we have
0 < −β′ < 1, thus xb+1 − xb ∈ {β, β + 1}. For β, solution of x2 = mx− 1, we have −1 < −β′ < 0,
thus xb+1−xb ∈ {β−1, β}. Together xb+1−xb = β, or β−ββ′. The fact that both of the possibilities
may occur is justified using the Weyl theorem about uniform distribution of numbers nλ (mod1) in
the interval (0, 1), see [21].
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Let us now demonstrate the result about the distances in a generic model set with the acceptance
window [c, d), where d− c ∈ (1, β). For that, we introduce the following notation. We put

φj(β) :=

{
β − j , for j = 0, 1, . . . , [β]− 1 ,
1 , for j = [β] .

Note that φj+1(β) < φj(β). Clearly,

[β]⋃
j=1

(φj(β), φj−1(β)] = (1, β] .

Proposition 3.3. Let β be a quadratic unitary Pisot number. The distances between adjacent points
of the model set Σ[c, d), take only two or three values, according to the length d−c of the acceptance
interval. Put

Lj,β = j − β′ , for j = 1, . . . , [β] .

Then
for d− c ∈ (φj(β), φj−1(β)), j = 1, . . . , [β] the distances are 1, Lj,β and Lj,β + 1,
for d− c = φj−1(β), j = 1, . . . , [β] the distances are two 1, Lj,β.

Proof: According to the definition, model sets are ordered by inclusion, if their acceptance windows
are ordered in the same way. Therefore we have Σ[c, c + 1) ⊂ Σ[c, d) ⊂ Σ[c, c + β). Recall that
the distances between adjacent points in the model set Σ[c, c + 1) are β and β − ββ′. Similarly,
according to Lemma 3.1, the distances in the model set Σ[c, c + β) are 1 and 1− β′. Since the tiles
of the model set Σ[c, d) arise as a union of tiles of lengths 1 or 1 − β′, and in the same time by
division of tiles of lengths β = m− β′ or β − ββ′ = m− ββ′ − β′, their only possible lengths are k
and p − β′, for some positive integers k, p. (Note that ββ′ = ∓1.) Let us examine, which k and p
are admissible.

Suppose that x ∈ Σ[c, d) and x + k ∈ Σ[c, d), i.e. x′, x′ + k ∈ [c, d). This however implies that
x′ + 1 ∈ [c, d), and therefore x < x + 1 ≤ x + k are points of the model set. In order that x + k is a
neighbour of x, one has to have k = 1.

Let x, x + p − β′ ∈ Σ[c, d), and assume that they are neighbours. This clearly implies that
x + p− 1− β′ /∈ Σ[c, d). We have also x + 1 /∈ Σ[c, d). Indeed, either x + 1 < x + p− β′, and thus x
and x + p− β′ are not neighbours. Or x + 1 > x + p− β′, which is true only for p = 1 and β′ > 0.
In this case x, x + 1− β′, x + 1 ∈ Σ[c, d) implies that d− c ≥ β, which is a contradiction. Together,
we have

d− 1 ≤ x′ < d , and c ≤ x′ + p− β < c + 1 .

This implies c + β − p < d, and d− 1 < c + β − p + 1, which gives

β − (d− c) < p < 2 + β − (d− c) .

There are one or two integers satisfying the latter inequalities. Thus for fixed d, the distances
between neighbours of the quasicrystal can be either k = 1, and of one or two other values of the
type p− β′.

If β − (d − c) =: j is an integer, precisely one value of p is allowed. Since 1 < d − c ≤ β, we
have 0 ≤ β − (d − c) < β − 1. Therefore d − c = β − j = φj(β) for j = 0, 1, 2, . . . , [β] − 1. For
d− c = φj(β), the distances between neighbours in the quasicrystal take two different values: 1 and
j + 1− β′ = Lj+1,β. The statement of the proposition for other values of d− c follows easily. �
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4 Self-similarities

Quasicrystals reveal rich structure of inflation symmetries. An inflation symmetry of a Delone set
Λ is given by its center u and a scaling factor s, such that

s(Λ− u) ⊂ Λ− u . (5)

Choose an arbitrary point u ∈ Σ(Ω), and s ∈ Z[β]. Then the condition (5) may be rewritten for
Λ = Σ(Ω) as

s′(Ω− u′) ⊂ Ω− u′ . (6)

Since u′ ∈ Ω, the interval Ω−u′ contains 0. If s′ ∈ [0, 1], the condition (6) is automatically verified.
Therefore any u ∈ Σ(Ω) is an inflation center with the scaling factor s ∈ Σ[0, 1]. In addition, there
are infinitely many inflation centers of Σ(Ω) which do not belong to Σ(Ω). For complete description
of inflation centers of model sets based on τ we refer to [10]; generalization to other quadratic
unitary Pisot numbers may be found in [13].

Model sets are aperiodic and therefore cannot be closed under ordinary addition. Rich structure
of inflation symmetries allows one to use for modelling of the growth of quasicrystals other binary
operations, under which a model set is closed. For s ∈ Z[β], s′ ∈ [0, 1], we define the so-called
s-quasiaddition

x `s y := sx + (1− s)y . (7)

For x, y ∈ Σ(Ω), (x `s y)′ = s′x′ + (1 − s′)y′ is just a convex combination of points x′, y′ ∈ Ω.
Therefore (x `s y)′ ∈ Ω, which implies that x `s y ∈ Σ(Ω). Thus every model set Σ(Ω) ⊂ Z[β] is
closed under `s for s ∈ Z[β], s′ ∈ [0, 1].

Interesting is the opposite question: For which rings Z[β], with β a quadratic unitary Pisot
number, and for which binary operation `s, where s ∈ Z[β], s′ ∈ (0, 1), one may identify every
Delone set closed under `s with some Σ(Ω) ⊂ Z[β]? In [13] we have shown that only for three
quadratic unitary Pisot numbers β = 1

2
(1+

√
5), β = 1+

√
2, and β = 2+

√
3, there exists a binary

operation `s, such that Λ being closed under `s means that Λ is an affine image of some Σ(Ω).
Precisely these three quadratic unitary Pisot numbers correspond to the experimentally observed
non-crystallographic rotational symmetries.

A different way how to construct aperiodic Delone sets of finite type with a self-similarity are the
substitution systems [3, 12]. A substitution system is given by a finite alphabet A = {a1, . . . , ak},
and a substitution rule θ, which to every ai ∈ A associates a word θ(ai) in the alphabet A. If
a1, a2 are letters such that the word θ(a1) begins with a1, and the word θ(a2) ends with a2, then
infinite repetition of the substitution rule applied on the pair a2|a1 separated by the delimiter |
gives a bidirectional infinite word w, which is a fixed point of the substitution θ. A substitution
rule has a matrix M, defined as Mij = number of letters aj in the word θ(ai). Assume that to the
maximal eigenvalue ϑ of the matrix M there corresponds an eigenvector (x1, . . . , xk) with positive
components xi. Assigning the letters ai with lengths xi, we may compose the tiles of these lengths
according to the order of letters in the word w (identifying the delimiter | with the origin), we obtain
a Delone set Λ of finite type with a self-similarity ϑ.

That substitution systems are related to cut and project sets is well known in the case of the

Fibonacci substitution rule a 7→ θ(a) = aba, b 7→ θ(b) = ab. It has the matrix M =

(
2 1
1 1

)
with

the eigenvalue τ 2 and the eigenvector (x1, x2) = (τ 2, τ). By repeated application of this substitution
rule to the initial pair b|a we get

b|a → ab|aba → abaab|abaababa → . . .
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Setting the length of a to be τ 2 and the length of b to be τ , we obtain a Delone set, which coincides
with the model set Σ[− 1

τ2 ,
1
τ
) = {a + bτ | a + bτ ′ ∈ [− 1

τ2 ,
1
τ
)}.

More general results for cut and project sequences based on the golden mean τ are provided
in [12]. There we have shown that using substitution rules one may generate every model set
Σ(Ω) ⊂ Z[τ ], which has the boundaries of the acceptance interval Ω in Q[τ ]. Although Σ(Ω)
has only three possible distances between its adjacent points, it turns out that the substitution rule
generating Σ(Ω) has generally a larger alphabet. For example the model set Σ[0, 1+ 1

τ2 ) is generated
by the substitution

a 7→ ac , b 7→ acb , c 7→ db , d 7→ acdb ,

starting from the initial pair b|a, if we set the length of a to be 1, lengths of b, c to be τ , and the
length of d to be τ 2. On the other hand, if at least one of the boundaries of Ω does not belong to
Q[τ ], then there does not exist any substitution rule, which generates Σ(Ω).

The results of [12] may be readily extended to one-dimensional model sets with any quadratic
unitary Pisot number.
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