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1 Motivation

The Laguerre method has been used in recent years, particularly by Magnus who
found some continuous Painlevé equations, and Forrester and Witte who derived a
discrete Painlevé fifth after the reduction of a coupled system. Our interest was
what other difference equations could be found from different semi-classical weights.
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2 What are semi-classical orthogonal polynomials?

We define a monic orthogonal polynomial sequence {P,(x)}°>, with respect to a
weight function w(x) on the real line R as

/Pn(x)Pm(x)w(a:)da: = dpmhn Where h, =0 .
R

Then they always satisfy the three point recurrence relation
Pn—i—l — (33 - Sn)Pn — RyPh1

where R, and S,, are explicitly defined and with the initial conditions P, =1,P_1 = 0.

Now classical orthogonal polynomials have a weight function w(x) which satisfies the
Pearson equation

(@@ (a) = ()

for deg ¢ < 2 and deg v» =1 . However if the deg ¢ > 2 and\or deg v > 1, then the
weight function produces a class of semi-classical orthogonal polynomials.



To illustrate this point we choose to write the Pearson equation in the alternate way
1 dw(x) v—¢  V(zx)
w(z) de ¢ W(x)

where W(xz) and V(x) are polynomials. In this case the classical weights satisfy the
equation if deg V <1 and deg W < 2 and if deg W > 2 and\or deg V > 1, then we
have semi-classical weights.

Then as an example, if we alter the Hermite weight function wo(z) = e * to wi(z) =
e~ then from the Pearson equation we have

e T (=21 — 423)e ™ = —2z — 423

a polynomial of degree 3. Therefore we refer to this weight as a semi-classical weight.

A consequence of this change is that while the semi-classical orthogonal polynomials
still satisfy the three point recurrence relation, the recurrence coefficients often satisfy
interesting nonlinear relations. It is these relations between the coefficients which
interests us from the perspective of integrable systems.



3.1 The Markov-Stieltjes Function

We introduce the formal semi-classical orthogonal polynomials P,(z), n = 0,...,c0
which are orthogonal with respect to some weight function w(z) on a support S

/Pn(z)Pm(z)w(z)dz = (Py, Pn),
S
with a corresponding recurrence relation

Poy1(z) = (2= Sp)Pu(z) + RuPr—1(2).
Then given the Markov-Stieltjes function

f(z) = /S (@) g,

Z— X

equations for P, can be summarized as
F(2)Pu(z) = P (2) + en(2),

where Péi)l(z) and e,(z) are given by:

PO () = / P.(z) — Pn(x)fw(x)da: Can(2) = /Spn(a:)w(x)d:c.

S z—x z—




Since both P,(z2) and ¢,(z) satisfy the recurrence relation we can give an explicit
form of P,(z) and ¢,(z) defined in terms of the recurrence relation’s coefficients:

n—1 n—1 /j—1
o () (B )
j=0 j=1 \k=0

P,(z)

o) = o | Gt ZS +2+Z<‘7+1+ZSS> =t

1=0

The relation for P,(z) is derived using P,(2) = 2" 4+ pan-12""1 + prn22""2+ ... and
the recurrence relation. However, since €,(z) is not polynomial we expand it

en(z) = / Pn(x)w(a:)da: = h, ( 1 + Cn,n+2 + €n,n+3 + .. )
S

5 — Zn+1 Zn+2 Zn+3

and since it also satisfies the monic recurrence relation:
P, P, S, P R,P,_
/ T d’lU(ZE):/ —|—1+ n n+ n ld’lU(ZE)
S S

z — X z — X
=  zen(2) — hndno = €,+1(2) + Snen(z) + Rpen—1(2)
we ook at compatibility between the two.




Additionally we have the following relations between Pn,Pél) and e,

PP, — P, PY) —hn-1
P, 1en — Phen—1 = —hp
which can be easily found using the Christoffel-Darboux identity:

n

3 Pi(z)Pi(y) _ (Pot1(2)Po(y) — Pot1(y) Pa(z))
h; o hn(x —y) -

7=0

We also have that f(z) satisfies a first order differential equation

W(2)0:f(z) =V (2)f(2) + U(z) ,

which we derive using f(z), to get expressions for V and U (which are polynomials
in 2).

_ ([ WRw),  _  [d( 1 Nl ) d W)y o
W) = [P0 = - [ L weuw ) a+ [P o
= . E//EziX/(w)z i xw(w)d:r;
= VEUE+WE [ (75 - 3] 2



3.2 The Fundamental Linear System for Semi-Classical Orthogonal Polyno-
mials

We look at the compatibility between the equation for fP, and W(z)(9.f(z)) in order
to identify a general differential equation for P,

Wfo.-Po+ (VF+U)P = W(8.PY) + d.e0)
Wo.Po(P) 4 en) + VPu(PY + ) + UP2 = W(8.PP, + 0:e0) Pa
)

We then go about separating the polynomial expression P(l1 and ¢, so we get the
following two equivalent expressions, which we denote ©,

o, w((8.PP)P, — (8.P)PY) —UuP2 —vp,PY,
W((0.P,)en — (0:6n)Pp) + V Preyp

where ©,, is a polynomial bounded by a constant.

We consider the same method again except we use fFP,_1.

(Vf+U) Py + Wf(O:Pi1) = WP, + d.en1)
VP 1 (P 4 €n) + UPoPoo1 + WPt (PY +en) = WP, + 8.64-1) Py

Again we separate the polynomial expression P(l)1 and ¢, to get a second object,
which will be called €2,:

Qn W(P (a P(l)Q) Péi)l(azpn—l)) - VPn—lprgi)l — UPnPn—l ’
W(en(azpn—l) - Pn(azen—l)) + Ve Pr—1 .



Since the recurrence relation can be expressed in a matrix form

b = (F 5 8 Y, where vy = (70
we also express our two polynomial expressions for ©,, and £2,, in matrix form:
Pp1 —PY ( wa.PY, (2) ) _ [ 2+ VP.aPY + UPP
p, —-PY Wo.P,(z) e, + VPP 4+ UP? ’
which can easily be solved to give:

( Wa.PY, > _ 1 ( PA —pW) ) Q, + VP, 1 PD + UP,P,_;
Wazpn hyp—1 P, —FPn_1 @n+VPnP7E£1+UPT% )

where we have two differential equations:

1
Wazpn — (ann — enpn—l) ;
hn—l

However this is a differential system for P, and P(l)l, whereas we are interested in
a differential system for P, only.



Looking for a second differential relation for P,, we consider Wo0,P,,—1 and use the
recurrence relation to keep a similar order

1

n—2
However we have no expression to remove the z from the equation, so we consider
the problematic part of the expression, which we can expand:

(z — Sn)©y (z — Sn) (W(en0:(Ppn) — 0:(en) Pn) + VenPp)
W(—=0.n(Ppy1 + RaPr1) + 0:Pu(ent1 + Ruen—1)) + VPu(ent1 + Ruen-1)
= Qu+1+ RS2+ Vh,
to give a second differential equation.
1
hn—1
We now have a differential system

wou =3 (6r ) @ TV m ) )V

n—1

en—l

n—1

W(0,Pp-1) =

(Qn—lpn—l - ((Z - Sn—l)Pn—l — Pn)) .

Waan—l — (@n—lpn — QnPn—1> —VP,1

where ¥ (z) = ( P];ig?z) )
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4 Compatibility Relations

If we present the recurrence and differential equations in a semi-discrete Lax repre-
sentation we have ¥,4+1(2) = L, (2)¥n(2) and 9,9, (z) = M,(2)Yn(z), where

o= %= Sn —Rn M. — # Q,(2) —O,(2)
" 1 0 T Why \ ©On1(2) —((2) + V(2)hn-1)
and leads to the semi-discrete Lax equation 0.L, = M,+1L, — L,M,. Equating this

expression gives us
( 1 O ) _ L( Qn+1(z) —@n+1(2) ) ( Z—Sn —Rn )
0O O  Why On(z) —(u41(z) +V(2)hy) 1 0
1 ( z—S, —Rn ) ( Qn(2) —O,(2) )
Whp_1 1 0 On-1(2) —(2n(2) + V(2)hn-1)

we can identity two distinct relations.

Qn_|_1 Qn en+1 @n—l
(z ) ( hn hnl) T hn—|—1 hn—l +
@n Qn—l—l Qn
— S = 1%
(z ) hn hn + hn—l +

11



To fully utilize the compatibility relations we need to express both ©, and €2, in
terms of the recurrence coefficients. This is achieved by substituting the expressions
for P, and ¢, into ©,, and <2, hence:

n n—1
1 1
©, = W(z)h, + g S 4. | x [nzt = g S; | (n— 1)z"2 4 ...

on+1 on+2
n n—1
n—+1 n—+ 2 n 1
+ Zn—|—2+ Zsj Zn+3+"' X F T Zsj 2
§=0 J=0
n n—1
1 1 _
+V(Z)th Zn—|-1+ ZSj zn—|—2+”. x |20 = Zsj 2" l_l_
j=0 j=0

12



]
=
=
I\
\—
>

S

1 n 1 n / 1
$2n il DL W+Z<Rj+l+zsj5k’>ﬁ+“'

7=0 j= k=0
+V(2)
1 n 1 n / 1
Xhn | == > s, -t (Rj+1+25jsk>ﬁ+...
j=0 j=0 k=0

n—2 n—2 /j—1
x |21 — Z S 22 4 Z (Z S Sk — RJ> 234

=0 j=1 \k=0

These definitions will be particularly useful when we are looking at examples of
specific semi-classical weights.

13



5.1 Semi-classical Hermite weights - Example 1
We choose the semi-classical Hermite weight e 5% ~3*" then from the Pearson equation
we have

V(z) = —(az+0bz%) , W()=1.

When we substitute V(z), W(z) into the relations above and then make use of the
consistency relations, we must be reminded that a weight function of this form
satisfies a simplified recurrence relation, specifically one where S,, = 0. We find that
©,, and £2,, have the following forms respectively

SH Q2
n n—1

and consequently there is only one non-trivial equation

(Rn—l-l(Rn—l—Q _I_ Rn—l—l) - Rn(Rn + Rn—l)) b _I_ a(Rn—i—l - Rn) =1.
Then after integrating up we are left with

Rn(b(Rn—i—l + R, + Rn—l) + CL) = an + /8
which is a discrete form of Painlevé I, d-P;j.

14



Example 2

Alternatively we consider the semi-classical Hermite weight e~ ®*~ 3% ~3% then from
the Pearson equation we have

V(z2) = —(a1 + asz +a32?) , W(z)=1.
From these values of V(z2), W(z) we have the following forms for ©,, and €2, respec-
tively
en QTL
N = S, :
- (azz + a2 + Snaz) o

Then in the consistency relations we have two non-trivial equations

R,11(a3(Sp41 + Sn +a2)) — Ru(az(Sn + Sn-1) +a2) =1
Sn(aQ + Sna3) = _a3(Rn—|—1 + Rn) —ax
of which the first is a pure difference equation and implies that

an + 3
R, =
a3(Sn + Sn—l) + a>

— _a3Rn.

hence we have

Sq%a3+5na/2+a,1:_a3< Oz(n—l- 1)+/3 + an_l_/B )

az3(Sp+1+ Sn) a2 az3(Sp 4+ Sp—1) + a2
which is an alternate expression for discrete P;. This can be seen from the continuum
limits S = e%u, a = a1 and [ = 4%

2&3 )

15



5.2 Semi-classical Laguerre weights - Example 1

We first consider the semi-classical weight lo(2) = (z—t)be (»2+3%") with by, a1,a2 > 0
and where the support S is an arc from (¢ — o). Then in the consistency relations
we have two non-trivial equations

a2(Rp+1+ Rn) = —Sn(a2S, + (a1 —azt)) + (2n+ 1 4 a1t + b1),
R+1(a2(Spt1 + Sn) + (a1 — azt)) — Ry(a2(Sn + Sn-1) — (a1 — azt)) = S, —t.
Example 2

Alternatively we consider the weight function 11(z) = 2" (t — 2)»e~* with by, b> > 0 and
where the support S joins the points O0,t and oo in some way, such as an arc from
0O — oo. Then in the consistency relations we have two non-trivial equations

Sn(Sn - t) - Rn—l—l(Sn—|—1 + Sn) + Rn(sn + Sn—l)
= —-R+12n+34+t+b1+b)+R.(2n—1+t4+ b1 + b2),

n—1
2) 8= S2+ Su(2n+ 2+t + b1+ b2) = Rpy1 + Ro+ (20 + 1+ bo)t.
5=0

16



Example 3

Finally we can deform both parts of the weight and have a weight function of the
form I»(z) = 2 (¢t — 2)P2e=(@2+2%) with by, bo, a1,as > 0 and where the support S joins
the points 0,¢ and oo in some way, such as an arc from 0 — oo. Then from the
consistency relations we have the non-trivial equations

Roy1(a1 + a2(Sp+1 + 25, — 1)) + Ru(a1 + a2(2S, + Sp—1 — t)) + (2n + 1 + bit)

n—1
=2) S — Sna1(Sn —t) — a2S7(Sn — t) + Su(2n + 2+ b1 + b2),
j=0
Rn+1(afl(sn+l + S — t) + CLQ(Rn—I—Q + R, + 57%4_1 + Sﬁ + Sn—i—lsn
—t(Spt1+ Sn)) — (2n+ 3+ b1+ b2))
—Rn(a1(Sn + Sn-1—t) + a2(Rug1 + Rno1+ S5+ S5_1 + SnSn-1
—t(Sn + Sn-1)) —(2n+ 1+ b1 + b2))
= 5,(Sn — t) + 2R,.

17



5.3 Semi-classical Jacobi weight

Our choice of deformation to the semi-classical case, consists of rewriting the weight
function as w(z) = (1 — z)“«?(t — x)7, where a second variable ¢t has been included
with addition of another parameter ~.

Then (like the Laguerre case) we get a coupled system of nonlinear difference equa-
tions:

~Snt1 (QZSj(1+t)(2n+4)+(2n+5—|—oz+6—|-7)5n+1(at+ﬁ(t+1)+’y))

j=0

+Sn <2ZSj(1+t)2n+(2n1-I—oz+6—|-7)5n(at+ﬁ(t+ 1)+7))

7=0

=2n+5+a+B+)Rus2+ 2R — 2n—14+a+B+7)R.+2t,

Roia <2ZSj—(1+t)(2n-l-3)+(2n-|-4-|-oz+6+7)5n+1—(ozt-l-ﬁ(t-l-1)+7)>

7=0

n—1
~R, (2zsj—(1+t>(2n—1>+(2n—2+a+ﬁ+~y>sn1—<at+5<t+ 1)+~y>)

J=0

=S, (2n+3+a+8+VNRp1—Cn—1+a+8+)R+t+5; - (1+1)S,)

18



6 Remarks

1. Given specific weights it is easy to derive relations from the Lax equation -
however classifying these relations (such as through a continuum limit) is not

2. The method described here is only applicable for deformations of the classical
families Hermite, Laguerre and Jacobi. If it was to be used with other types of
orthogonal polynomials then the appropriate analogue of the Pearson equation

would be required.
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