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What is a Lax pair?

A

e A Lax pair is a pair of linear problems who’s compatibility is
el associated with a nonlinear equation.
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What is a Lax pair? (5 = ¢(l + 1 ? m) = L(l7 m)¢(17 m)
p=0o(l,m+1) = M(l,m)p(l,m)
6 =Ld= LMo
¢ =Mp= MLo

Compatibility condition: LM = ML

A nonlinear equation is integrable if it has a Lax pair.



A
S The recently discovered, higher order version of the lattice

Stuvljy on R .
Certain 2x2 sine-Gordon equation, LSG,:
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px an oF oo
LSG; : ST Nmyxy = -+ =L
g X T >
The LSG, equation . f} >\2M2 : y )
Py X = = + )\lul_xy
Py Xy oy

So-called because using x = y retrieves the well-known
lattice sine-Gordon equation:

LSG: )icx(g — A\ p1xx) = B)_cfc — Ao
p o
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Lax pair for LSG,

Elliptic Lax pair for LSG,

The elliptic Lax pair for LSG; is

L < ©/p p/Mﬁ‘c)
©'Xa/x ppy/y

o (p’fc/(m m)

oy Qo

where o = p(n) is the Weierstrass ‘p’ elliptic function, and ¢’
is its derivative wrt. n.

We call terms that depend on the spectral variable, n,
spectral terms. Those that depend on the lattice variables,
I, m, are lattice terms.



The (1,2) entry of the compatibility condition
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o' X /% 0y/(p) oy Qo

(@’ch/g‘c ©/y )( p/p  P'Ax )
puy ¢ /o o' Xa/x ppy/y

The (1,2) entry of which,

Mike Hay

Compatibility
condition

©°p/y + polx = pPohix + o?p/y

is clearly an identity.
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Py 90

The important feature of the spectral dependence is that it
groups the terms into equations that lead to LSG,. The

(1,2) entry of the compatibility condition is

Compatibility
condition

p*as + p*dp +
p’zbd - p’zb&

aB =dp
bS = ba
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Generalized Lax pair

Generalized Lax pair for LSG,

Now consider a general 2 x 2 Lax pair with one separable

termin each entry
aA bB
L = (cC dD)

_ al (=
M = ( AT 0A >

Lower cases: a=a(l,m), upper cases A=A(n)
We are free to choose a spectral dependence so that the
sought after equations arise.
The (1,2) entry is

A=D
= A=A

A= # BA

aPAZ +  dBDE +
bSBA baBA
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Generalized Lax pair

By analyzing all entries, we find that LSG, comes from any
Lax pair with the following spectral dependence:

-

where
A= F/=
C = BI'/=
D = F|/Z

aA bB
cC dD)’ M_<

A = F»/B

A = F,/B

F) # kF,, k a constant

ao + 57
dé + &f
ap
ba
o
ay

al (=
I JA

)

ao + CB
do + by
dp
bé
)



General solution of the compatibility condition
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Need to solve the compatibility condition in full generality.

All Lax pairs studied so far have compatibility conditions that
are solvable by using the parametrization:

Mike Hay

O I
a—kia=b—kb = :;_’QHWCI

kv + kak5'

S 2

Generalized Lax pair

Using this tool, often in an exponentiated form, there has
been no need to appeal to assumptions about the lattice
terms.



Other equations from this Lax pair
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equations
- Constructing a spectral dependence that gives rise to
those equations

How else can the lattice terms be grouped?
aPBA= baBA

4
b6BA d3DE

Grouping terms

What other integrable equations can we find Lax pairs for?



Grouping terms
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AZ BA
(1.2)
BA D=

Consider the different combinations of different sized groups
in this entry.

Any combination chosen has implications for the other
entries of the compatibility condition.

Grouping terms



How the choice affects the other entries

A
Completeness

LT Let's use the following groups in the (1,2) entry:

Lax Pairs

Mike Hay

AE BA A = FiJ=

(1,2) d N A
’ BA D= A = (Fi+F)/B

- D F,/E

Turning to the (2,1) entry:
C T
o CA AT (F1+F2)E Fi=
(2,1) = N

C
Dr CA Fzg P
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Lattice term
equations

The resulting lattice term equations

These groupings lead to the following lattice term equations:

by

dé + ¢
aB + bé
kba

co

kea

ac

cfB

ds + by
ba

_dB

ay + cd
—Elfy

which are associated with the trivial pair of equations:

M(E—x) =
Y—x+k(A—X) =

k(QA — AX2)
X

k= (uA = A2)
b



Completeness survey
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[ aA bB _ (oA PE
L‘<cc dD>’ M_<’YF M)

Lead to unconstrained, nontrivial lattice equations.
The equations are:

- LSG;, higher order lattice sine-Gordon
- LMKdV,, higher order lattice modified KdV

and no others



Conclusion
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form with a set number of terms.

We do this by considering all possible groupings of
lattice terms that arise in each entry of the compatibility
condition.

It is also possible to conduct this analysis with other
types of Lax pairs including differential,
differential-difference and isomonodromy Lax pairs.

Conclusion



