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This work is part of my PhD dissertation at University of
California, Irvine under the supervision of Alice Silverberg.

Thanks to David Grant, Colorado at Boulder, for unpublished work
on genus 2 curves.

Thanks to Points10 organizers for invitation to speak.
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Motivating examples

Gauss:
E : y2 = x3 + B

p - odd prime of good reduction, p ≡ 2 (mod 3) =⇒

#E (Fp) = p + 1.

p - odd prime of good reduction, p ≡ 1 (mod 3) =⇒

#E (Fp) = p + 1− (π + π)

where π ∈ Z[−1+
√
−3

2 ] = OQ(ζ3) and p = ππ, and π satisfies the
congruence condition

π ≡ 1 (mod 3)
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Motivating examples

Gauss-Herglotz:
E : y2 = x3 + 4x

p - odd prime of good reduction, p ≡ 1 (mod 4) =⇒

#E (Fp) = p + 1− (π + π)

where π ∈ Z[
√
−1] = OQ(i) and p = ππ, and π satisfies the

congruence condition

π ≡ 1 (mod 2 + 2i)
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Motivating examples

Rajwade:
E : y2 = x(x2 − 4ax + 2a2)

p - odd prime of good reduction, p ≡ 1, 3 (mod 8) =⇒

#E (Fp) = p + 1−
(

a

p

)
(π + π)

where π ∈ Z[
√
−2] = OQ(

√
−2) and p = ππ, and π satisfies the

congruence condition

π mod 4
√
−2

∈
{

1, 3, 1±
√
−2, 3±

√
−2, 5 + 2

√
−2, 7 + 2

√
−2
}
.
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Stark’s genus 1 result

Suppose:

d - square-free positive integer, d ≡ 7, 11 (mod 12)

(π) - prime ideal of Q(
√
−d) of norm p with (p, 6d) = 1

π = u + v
√
−d with u, v ∈ 1

2Z

H - Hilbert class field of Q(
√
−d), P - prime of H above π

Then:

E : y2 = x3 +
a2dγ2(τ)

48
x − a3d

√
−dγ3(τ)

864

is defined over H and has CM by Q(
√
−d), and

#E (OH/P) = NH/Q(P) + 1−

(
(−1)

d+1
4 a

P

)
2,H

(
4u

d

)
2u,

where τ = −3+
√
−d

2 , and γ2, γ3 are the Weber modular functions,
and (·/P)2,H is the quadratic residue symbol in H.
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Stark-like genus 2 result

Suppose:

K - CM-field, [K : Q] = 4, some restrictions, K ′ - reflex field

τ ∈ h2 and Jac(C (τ)) - as below

k - field of definition as below

P - 2 - prime of k where Jac(C (τ)) has good reduction

η(Nk/K ′(P)) = λOK with |λ|v =
√

Nk/Q(P) for all v |∞

λ = aν + bνw + cw + d with a, b, c , d ∈ Z, fixed ν ∈ K , and

ε(λ) =

{
+1 if d ≡ 1 (mod 4),

−1 if d ≡ 3 (mod 4).

Then: Jac(C (τ)) is defined over k and has CM by OK , and

# Jac(C (τ))(Ok/P) = NK/Q(1− ε(λ)λ).
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CM-type and reflex field

We view all number fields as embedded in C.

A CM-field is a totally imaginary quadratic extension K of a totally
real number field K0. Unique complex conjugation x in K .

A CM-type is a pair Φ = ({ϕ1, . . . , ϕn},K ) with K a CM-field and
with distinct ϕi : K ↪→ C and no ϕi = ϕj .

Abuse of notation: Φ : K ↪→ Cn defined by Φ(x) = t(xϕ1 , . . . , xϕn).

These data determine a reflex CM-type (K ′, {ψi , . . . , ψn}) and a
multiplicative homomorphism

η : (K ′)× → K×

η(x) =
∏
i

xψi .

The map η extends to a map of ideals.
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Explicit model

C (τ) : y2 = x(x − 1)

(
x − ϑ2

21ϑ
2
30

ϑ2
01ϑ

2
10

)(
x − ϑ2

20ϑ
2
30

ϑ2
00ϑ

2
10

)(
x − ϑ2

20ϑ
2
21

ϑ2
00ϑ

2
01

)
where ϑAB : h2 → C are Siegel modular functions

ϑAB = θ[δ](0, τ), (A,B ∈ {0, 1, 2, 3})

where the binary expansions of A,B are 2a, 2b (a, b ∈ 1
2Z

2)

θ : C2 × h2 → C

θ[δ](z , τ) =
∑

g−a∈Z2

e
(
2−1 · tgτg + tg(z + b)

)
.

Compare Stark:

E : y2 = x3 +
a2dγ2(τ)

48
x − a3d

√
−dγ3(τ)

864
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Field of definition

Let Θi denote the i-th symmetric function of
ϑ2

21ϑ
2
30

ϑ2
01ϑ

2
10
,
ϑ2

20ϑ
2
30

ϑ2
00ϑ

2
10
,
ϑ2

20ϑ
2
21

ϑ2
00ϑ

2
01

.

Each Θi is in Q.

Jac(C (τ)) is defined over

k0 := Q (Θ1, . . . ,Θ3) .

My results need certain class field k over K ′ with k ⊇ K ′ · k0.

Conjecturally

k = K ′ · k0.

Compare Stark: k = HK - Hilbert class field
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Complex multiplication

A - principally polarized abelian variety with CM by K .

Take F : Cn → A and ideal a of K such that:

0 −→ a −→ K ⊗ R −→ (K ⊗ R)/a −→ 0
↓ ↓ Φ ↓

0 −→ Φ(a) −→ Cn F−→ A −→ 0.

A determines an alternating Riemann form E : Cn × Cn → R.
Choose Ω ∈ Mn×2n(C) whose columns are basis for Φ(a) such that

E (Ωx ,Ωy) = txJy , (x , y ∈ R2n).

Write Ω = (ω1 ω2) with n × n matrices ωi . Define

τ = ω−1
2 ω1.

Then τ is in Siegel upper half space hn and is the moduli point for
the principally polarized abelian variety (A,E ).
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Complex multiplication

Complex representation φ : K → M2(C):

Φ(αx) = φ(α)Φ(x)

Rational representation ξ : K → M4(Q) given by

φ(α)Ω = Ωtξ(α).
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Complex multiplication for genus 2

Suppose:

k - number field, A - abelian variety over k

A has CM by K , [K : Q] = 2 dim A, µ∞ ∩ O×K = {±1}
K ′ - reflex field, K ′ ⊆ k

P - prime of k such that A has good reduction modulo P

η(Nk/K (P)) = λOK with |λ|v =
√

Nk/Q(P) for all v |∞

Then:

#A(Ok/P) = NK/Q(1− ε(λ)λ) with ε(λ) ∈ {±1}
= χ(1),

where χ(x) ∈ Z[x ] is the characteristic polynomial of ε(λ)λ.
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Complex multiplication for genus 1

Suppose:

k - number field, E - elliptic curve over k

E has CM by K ⊆ k with K 6= Q(i),Q(ζ3)

P - prime of k such that E has good reduction modulo P

Nk/K (P) = πOK

Then:

#E (Ok/P) = Nk/Q(P) + 1− ε(π)(π + π) with ε(π) ∈ {±1}
= NK/Q(1− ε(π)π)

Compare Stark:

ε(π) = ε(u + v
√
−d) =

(
(−1)

d+1
4 a

P

)
2,H

(
4u

d

)
, π + π = 2u
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Complex multiplication for genus 1

k P

| |
K

id←− K Nk/K ′(P)
� � |
Q Nk/Q(P)

k P

| |
λOK K

η←− K ′ Nk/K ′(P)
� � |
Q Nk/Q(P)
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Distinguished moduli point

Suppose:

K - CM-field, [K : Q] = 4

discriminant of K0 = Q(dK0) is dK0 , assume dK0 ≡ 3 (mod 4)
so that OK0 = Z + wZ with w =

√
dK0

Simplify by choosing lattice OK0 in K

K0 - class number one so that OK = OK0 + νOK0

Then: {ν,−νw ,w , 1} is a symplectic basis for

Eζ : K × K → Q

Eζ(x , y) = TrK/Q(ζxy)

with ζ = (−2w(ν − ν))−1
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Distinguished moduli point

Suppose:

Im ζϕi > 0 for i = 1, 2

Ω =

(
νϕ1 −(νw)ϕ1 wϕ1 1
νϕ2 −(νw)ϕ2 wϕ2 1

)
∈ M2×4(C)

Then: CM-point τ ∈ h2 corresponding to (C2/ΩZ4,Eζ) is

τ :=

(
wϕ1 1
wϕ2 1

)−1(
νϕ1 νϕ2

−(νw)ϕ1 −(νw)ϕ2

)
∈ h2.

Compare Stark:

τ =
−3 +

√
−d

2
∈ h
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Theta functions

α =

(
A B
C D

)
∈ GSp+(2n,Q) acts on Cn × hn by

α(z , τ) =
(
t(Cτ + D)−1z , (Aτ + B)(Cτ + D)−1).

For f : Cn × hn −→ C and γ ∈ GSp+(2n,Q)

(f |kγ)(z , τ) = det(Cτ + D)−k f (α(z , τ)).

(Restricted class of) Theta functions are holomorphic f such that

f |kγ = f for all γ ∈ Γ,

f (z + τp + q, τ) = f (z , τ) for all t(p, q) in a lattice Λ ⊂ Qn.
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Arithmetic theta functions

Theta functions have Fourier expansions. A theta function is called
arithmetic if its Fourier coefficients are in Qab.

Examples:

classical theta θ[δ](z , τ) (Fourier coefficients in Q or Q(i))

Weierstrass ℘, ℘′ (arithmetic up to 2πi factors)

Really: use half-integral weight and vector-valued theta functions.

Shimura: GSp+(2n,AQ) acts on arithmetic theta functions.
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Rumely and improvements

Suppose F : Cn × hn → Pm is a projective embedding,
F = (f0, . . . , fm), each fi an arithmetic theta function.

Define projective group

P = {x ∈ GSp+(2n,R)×
∏
p

GSp(2n,Zp) : f x
i = fi for all 0 ≤ i ≤ m}.

Rumely: in terms of P, gives

field of definition for F (τ) as class field over K ′

formula for grössencharacter of F (τ)

Extension: suppose fi even or odd, then P ∩ (−P) = ∅.

Correct Frobenius element λ ∈ K should have rational
representation

ξ(λ) ∈ P.
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Explicit computation of projective group

Genus 2 theorem reduces to computation of P for particular
projective embedding. Result:

P = {x ∈ GSp+(2n,R)×
∏
p

GSp(2n,Zp) :

x2 ≡


1 0 0 0
0 ∗ 0 ∗
0 0 1 0
0 ∗ 0 ∗

 (mod 2), x2 ≡


∗ ∗ ∗ ∗
∗ ∗ ∗ ∗
∗ ∗ 1 ∗
∗ ∗ ∗ ∗

 (mod 4)}.

Congruence condition on Frobenius element λ ∈ K is this
congruence modulo 4.
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Why distinguished moduli point?

Recall ξ : K → M4(Q) given by

φ(α)Ω = Ωtξ(α).

Suppose w2 + aw + b = 0, a, b ∈ Z.

Distinguished moduli point controls rational representation:

tξ(ν) =


∗ ∗ ∗ ∗
∗ ∗ ∗ ∗
∗ ∗ 0 0
∗ ∗ 0 0

 , tξ(−νw) =


∗ ∗ ∗ ∗
∗ ∗ ∗ ∗
∗ ∗ 0 0
∗ ∗ 0 0

 ,

tξ(w) =


∗ ∗ ∗ ∗
∗ ∗ ∗ ∗
∗ ∗ −a −b
∗ ∗ 1 0

 , tξ(1) =


∗ ∗ ∗ ∗
∗ ∗ ∗ ∗
∗ ∗ 1 0
∗ ∗ 0 1

 .
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Grant’s generalization of Jacobi derivative formula

Thanks to David Grant, Colorado at Boulder.

Define Siegel modular forms D,∆ : h2 → C by

D(τ) =
∏
η even

θ[η](0, τ)

∆(τ) = D(τ)2.

D defined only up to sign.

Fix τ ∈ h2 such that ∆(τ) 6= 0.

Fix odd theta characteristic δ.
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Grant’s generalization of Jacobi derivative formula

X num[δ]z : C2 × h2 → C defined by

X num[δ]z(z , τ) = θ[δ](z , τ)3 det
1≤i ,j≤2

(
∂2

∂zi∂zj
log θ[δ](z , τ)

)
.

Define U[δ](τ) :=

(
θ[δ]z,1(0, τ) θ[δ]z,2(0, τ)

X num[δ]z,1(0, τ) X num[δ]z,2(0, τ)

)
.

Then (Grant, unpublished):

det U[δ](τ) = ±2π6D(τ).

Compare Jacobi:

θ′11(0, τ) = πθ00(0, τ)θ01(0, τ)θ11(0, τ).

Compare Rosenhain:

det

(
θ[δ1]z,1(0, τ) θ[δ1]z,2(0, τ)
θ[δ2]z,1(0, τ) θ[δ2]z,2(0, τ)

)
= ±ϑ1ϑ2ϑ3ϑ4.
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Definition of sigma function

Modify U[δ](τ) to W [δ](τ) such that

w = W [δ](τ)z ∈ C2

are parameters for C2 (when ∆(τ) 6= 0).

Grant:

θ[δ]w (w , τ) =
1

2
w1 −

1

(2π6D(τ))2
w3

2

3!
+ w1(e11w

2
1 + 2e12w1w2 + e22w

2
2 ) + · · ·

Let σ[δ]w (w , τ) : C2 × h2 → C be

σ[δ]w (w , τ) :=
2

2π6D(τ)
e

(
−tw

(
e11 e12

e12 e22

)
w

)
θ[δ]w (w , τ).
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Definition of ℘-like functions

Define ℘∗ : C2 × h2 −→ C for i , j , k ∈ {1, 2}:

℘ij [δ](w , τ) :=
−1

(2πi)2
∂2

∂wi∂wj
log σ[δ](w , τ),

℘ijk [δ](w , τ) :=
−1

(2πi)3
∂3

∂wi∂wj∂wk
log σ[δ](w , τ),

℘[δ](w , τ) := ℘11℘22 − ℘2
12.
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Embedding of analytic Jacobian

Map F (z , τ) : C2 → P8 given by

z 7→
(
σ3, σ3℘11, σ

3℘12, σ
3℘22, σ

3℘111, σ
3℘112, σ

3℘122, σ
3℘222, σ

3℘
)

defines a projective embedding C2/(τ 1)Z4 ↪→ P8.

That is, {℘∗} are a basis for L(3Θ).

Modifications of these ℘∗ are weight 0 arithmetic theta functions
we can apply Rumely and extensions to resulting embedding.
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Algebraic Jacobian

Can recover model of genus 2 hyperelliptic curve,

C [δ](τ) : y2 = x5 + b2x
3 + b3x

2 + b4x + b5.

Each bi = bi [δ](τ) modular of weight 3i , with character.

℘-like functions given in terms of curve coordinates:

℘22[δ](w , τ) = X1 + X2,

℘12[δ](w , τ) = −X1X2,

℘222[δ](w , τ) = −2
Y1 − Y2

X1 − X2
,

℘122[δ](w , τ) = 2
Y1X2 − Y2X1

X1 − X2
.

Have isomorphism:

Jac(C [δ](τ)) −̃→F (τ)
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Thanks!

Thanks!
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