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000

Motivating examples

Gauss:
E:y’=x+B

p - odd prime of good reduction, p =2 (mod 3) =
#E(F,) =p+1.
p - odd prime of good reduction, p=1 (mod 3) =
#E(Fp)=p+1—(m+7)

where 7 € Z[fl%‘/j] = Oq(¢) and p = 7T, and 7 satisfies the
congruence condition

=1 (mod 3)
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Genus 1
oeo

Motivating examples

Gauss-Herglotz:
E:y?=x3+4x

p - odd prime of good reduction, p =1 (mod 4) —
#E(Fp)=p+1—(7+T7)

where m € Z[\/—1] = Oq(;) and p = 77, and T satisfies the
congruence condition

m=1 (mod 2+ 2i)
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Genus 1
ooe

Motivating examples

Rajwade:
E:y? = x(x* — dax + 2a%)

p - odd prime of good reduction, p =1,3 (mod 8) —
a _
#E(F) —p+1-(2) (r+7)

where m € Z[\/—2] = y=2) and p =77, and 7 satisfies the
congruence condltlon

7 mod 4/ -2
c {1, 3,14+v=2,34+V—2,5+2V=2,7+ 2\/—2} .
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Genus 1
°

Stark’s genus 1 result
Suppose:
@ d - square-free positive integer, d = 7,11 (mod 12)
o (7) - prime ideal of Q(v/—d) of norm p with (p,6d) =1
o m=u+vy—dwith u,v e iz
@ H - Hilbert class field of Q(\/Td) B - prime of H above 7

Then:

Fdn(r)  Pdv=dn(r)
48 864

is defined over H and has CM by Q(v/—d), and

E:y?=x3+

d+1

B (-1) = a 4u
#E(On/PB) = Npy/(P) +1 - (‘B) o (d) 2u,

where 7 = _3% V_d, and ~o,y3 are the Weber modular functions,
and (-/B)2,4 is the quadratic residue symbol in H.

Nick Alexander (UCI) Point counting on reductions of CM abelian surfaces



Genus 2
.

Stark-like genus 2 result

Suppose:

e K - CM-field, [K : Q] = 4, some restrictions, K’ - reflex field
T € bho and Jac(C(7)) - as below

o k - field of definition as below

@ P12 - prime of k where Jac(C(7)) has good reduction
N(Nk/k(B)) = AOk with [A[, = /Ny ,q(B) for all v|oo
A=av+ bvw+ cw + d with a,b,c,d € Z, fixed v € K, and

() = +1 ifd=1 (mod 4),
W= if d =3 (mod 4).

Then: Jac(C(7)) is defined over k and has CM by Oy, and

# Jac(C(7))(Ok/PB) = Nk /q(1 — €(A)A).
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Genus 2
]

CM-type and reflex field

We view all number fields as embedded in C.

A CM-field is a totally imaginary quadratic extension K of a totally
real number field Ky. Unique complex conjugation X in K.

A CM-type is a pair ® = ({¢1,...,¢n}, K) with K a CM-field and
with distinct ¢; : K < C and no p; = @;.

Abuse of notation: ® : K — C" defined by ®(x) = *(x?#,..., x¥n).

These data determine a reflex CM-type (K’,{¢j,...,%n}) and a
multiplicative homomorphism

n: (K')* — K~

n(x) = H x¥i,

The map 7 extends to a map of ideals.
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Genus 2
°

Explicit model

93,93 93,93 93,93
C(r):y2 = x(x—1) <X_ 21 3o> (X_ 20 30) (X_ 20 21>
I510%0 50050 5073

where U4 : ha — C are Siegel modular functions

IaB :9[(5](0,7'), (A,B < {0,1,2,3})

where the binary expansions of A, B are 2a,2b (a,b € %22)

0:C2xh, —C
00)(z.m)= D e(27-‘gra+'g(z+b)).
g—acZ?

Compare Stark:

20”)/2(7') a3d\/—dfy3(7)
E:y?=x3 2 —
y =Xt g X 864
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Genus 2
°

Field of definition

2 92 2 92 2 92
ﬁglﬂgo 19%01930 19%01951

) ) N
9519170 Y5090 * P00V

Let ©; denote the i-th symmetric function of
Each ©; is in Q.
Jac(C(7)) is defined over

ko = Q(O1,...,03).

My results need certain class field k over K’ with kK D K’ - k.

Conjecturally

k=K' k.

Compare Stark: k = Hy - Hilbert class field
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Genus 2
®0

Complex multiplication

A - principally polarized abelian variety with CM by K.

Take F : C" — A and ideal a of K such that:

0 — a — K®R — (K®R)/a — 0
l L ® !

0 — ®(a) — C” £ A — 0.

A determines an alternating Riemann form E : C" x C" — R.
Choose Q € M;x2,(C) whose columns are basis for ®(a) such that

E(Qx,Qy) =txJy, (x,y € R*).

Write Q = (w1 wp) with n x n matrices w;. Define
-1
T =Wy W1.

Then 7 is in Siegel upper half space §, and is the moduli point for
the principally polarized abelian variety (A, E),
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Genus 2
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Complex multiplication

Complex representation ¢ : K — My(C):
P(ax) = ¢(a)P(x)
Rational representation & : K — M4(Q) given by

P()Q = Q¢(a).
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Genus 2
°

Complex multiplication for genus 2

Suppose:

@ k - number field, A - abelian variety over k

@ Ahas CM by K, [K: Q] = 2dimA, p,, NOg = {1}

o K’ - reflex field, K' C k

@ ‘P - prime of k such that A has good reduction modulo 3

° n(Nk/K(‘B)) = AOk with |)|, = Nk/Q(‘B) for all v|oco
Then:

#A(Ok/B) = Nk/q(1 — €(M)A)  with €(A) € {1}
= x(1),

where x(x) € Z[x] is the characteristic polynomial of e(\)A.
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Genus 2
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Complex multiplication for genus 1

Suppose:

@ k - number field, E - elliptic curve over k
@ E has CM by K C k with K # Q(i), Q((3)
@ ‘P - prime of k such that E has good reduction modulo 3

o Ny/k(P) =m0k
Then:

HE(Ok/FB) = Nijq(PB) +1 — e(m)(m +7) with e(r) € {£1)
~ Ni/q(1 — €(m)r)

Compare Stark:
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Genus 2
oe

Complex multiplication for genus 1

X — =

k
|
K < K Nyw(®) | A0k K & Nk (B)
| N/ ’
Q Ny Q(B)
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Genus 2
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Distinguished moduli point

Suppose:

o K - CM-field, [K : Q] = 4
e discriminant of Ky = Q(dk,) is dk,, assume di, = 3 (mod 4)
so that Ok, = Z + wZ with w = /dk,

e Simplify by choosing lattice O, in K
@ Ko - class number one so that Ok = Ok, + vOk,

Then: {v,—vw, w, 1} is a symplectic basis for

EC K x K — Q
Ec(x,y) = Trk q(¢xy)

with ¢ = (—2w(v —v))7!
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Genus 2
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Distinguished moduli point

Suppose:

@ Im(¢¥ >0 fori=1,2

¥l —(I/W)% w1

Then: CM-point T € b, corresponding to (C?/QZ* E;) is

. w®l 1 -1 p¥1 P2
= <W“"2 1> (—(VW)LM —(VW)W) €b2.

Compare Stark:
—-3++v—-d
T= 7+2 €h
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Shimura’s reciprocity laws
.

Theta functions

a= ( é g ) € GSp™(2n,Q) acts on C" x b, by
a(z,T) = (t(CT + D)_lz, (AT 4+ B)(CT + D)_l).

For f : C" x h, — C and v € GSp™(2n, Q)

(fly)(z,7) = det(CT + D) *f(a(z,7)).

(Restricted class of) Theta functions are holomorphic f such that

flgy=1~f forallyerl,
f(z+7p+q,7) = f(z,7) forall {(p,q) in a lattice A C Q".
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Shimura’s reciprocity laws
°

Arithmetic theta functions

Theta functions have Fourier expansions. A theta function is called
arithmetic if its Fourier coefficients are in Q2P.

Examples:

o classical theta 0[0](z, 7) (Fourier coefficients in Q or Q(/))
e Weierstrass p, o’ (arithmetic up to 27/ factors)

Really: use half-integral weight and vector-valued theta functions.

Shimura: GSp™(2n, Aq) acts on arithmetic theta functions.
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Shimura’s reciprocity laws
.

Rumely and improvements

Suppose F : C" x b, — P™ is a projective embedding,
F = (fo,...,fm), each f; an arithmetic theta function.

Define projective group

P = {x € GSp™(2n,R) x l_IGSp(2n7 Z,): X =fiforall 0 <i<m}.
P

Rumely: in terms of P, gives

o field of definition for F(7) as class field over K’
e formula for grossencharacter of F(7)

Extension: suppose f; even or odd, then PN (—P) = ().

Correct Frobenius element A € K should have rational
representation

£(N) € P.
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Shimura’s reciprocity laws
.

Explicit computation of projective group

Genus 2 theorem reduces to computation of P for particular
projective embedding. Result:

P = {x € GSp*(2n,R) x [[ GSp(2n, Z,) :
P

(mod 2),x = (mod 4)}.

* O ¥ O
o= O O
% O % O
L R
* K K ¥
* =X %
L S

oo o

Congruence condition on Frobenius element A € K is this
congruence modulo 4.
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Shimura’s reciprocity laws
]

Why distinguished moduli point?

Recall £ : K — My4(Q) given by

$(a)2 = Q'¢(a).

Suppose w2 +aw + b =0, a,b € Z.

Distinguished moduli point controls rational representation:

x ok k% x ok %k %
¢ I ERE R Y N EEEERE
¢(v) = * x 0 0 S E(-vw) T lx ox 0 0]
* x 0 0 * * 0 0
x % * * * ok % %
: N ERE * 3 I E
§(w) = * % —a —b - €(1) T lx ox 10
* % 1 0 * % 0 1
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Projective embedding
®0

Grant’s generalization of Jacobi derivative formula

Thanks to David Grant, Colorado at Boulder.

Define Siegel modular forms D, A : h, — C by

D(r)= ][ émi.7)

n even
A(r) = D(7)%

D defined only up to sign.

Fix 7 € by such that A(7) # 0.

Fix odd theta characteristic .
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Projective embedding
oe

Grant’s generalization of Jacobi derivative formula

X™M[§], : €2 x by — C defined by

2
X" (5],(z,7) = 0[6](z,7)3 cllet<2 <888 log 0[6](z, 7')> .

0[6]2.1(0,7) 0[6]2,2(0, )
Define U[d](7) := <Xnum[6]zi( 0,7) X””m[5]z,§(077)>'

Then (Grant, unpublished):
det U[0](7) = £27°D(7).

Compare Jacobi:

11(0,7) = m000(0, 7)001(0, 7)611(0, 7).

Compare Rosenhain:

e 0[01]2,1(0,7)  0[61]:2(0,7)\ _
det <9[52]z,1(0,7') 9[52]272(077)) = +1920939,.
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Projective embedding
°

Definition of sigma function

Modify U[d](7) to W[d](7) such that
w = W[S](r)z € C?
are parameters for C? (when A(7) # 0).

Grant:

3
0[6]w(w, ™) = 2wy !l m

2 _W EY +W1(611W12+2612W1W2+622W22)-

Let o[0]w(w,7) : C*> x h — C be

Nick Alexander (UCI) Point counting on reductions of CM abelian surfaces



Projective embedding
]

Definition of -like functions

Define @, : C? x hy — C for i, j, k € {1,2}:

-1 H?
pU[é](W,T) = WW IOgO'[(S](W,’T)7
dolwr) = P olsl(w, )
Pk S (27i)3 Ow;Ow;Owy &9 T
oll(w,7) = prip2 — ph.
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Projective embedding
.

Embedding of analytic Jacobian

Map F(z,7) : C?> — P?® given by
Z— (03,03@11703@12703@22,039111,03@112,039122703@222,03@
defines a projective embedding C2/(7 1)Z* — P8,

That is, {p«} are a basis for £(30).

Modifications of these g, are weight 0 arithmetic theta functions
we can apply Rumely and extensions to resulting embedding.
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Projective embedding
]

Algebraic Jacobian

Can recover model of genus 2 hyperelliptic curve,
CIO1(7) : y% = x5 + box® + b3x® + byx + bs.

Each b; = b;[6](7) modular of weight 3/, with character.

p-like functions given in terms of curve coordinates:

©2[6](w, T) = X1 + Xo,
p12[6](w, ) = = X1 X2,

Yi—Y>
9222[5](W? T) 2X1 X2
X = Y2 Xy
p122[0](w, ) =2 X =X
Have isomorphism:
Jac(C[o](7)) — F(7)
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Projective embedding
°

Thanks!

Thanks!
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