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Infinite words

Finite and infinite words

Notation and properties

A finite alphabet, A* monoid of finite words, AZ set of biinfinite words
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Infinite words

Finite and infinite words

Notation and properties

A finite alphabet, A* monoid of finite words, AZ set of biinfinite words

Let u= (up),v = (v,) € AZ. The distance between u and v is

1
14 min{jeEN|u#vjoruj#v j}

d(u,v):

d(u, v) is metric, (A%, d) is compact metric space.
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Infinite words

Finite and infinite words

Notation and properties

A finite alphabet, A* monoid of finite words, AZ set of biinfinite words

Let u= (up),v = (v,) € AZ. The distance between u and v is

1

d = .
(u,v) 14+ min{j e N|uj # vjor u_j # v_j}

d(u, v) is metric, (A%, d) is compact metric space.
The density of a letter a € Ain u e A% is

o #il-n<i<nu=a)
p(a) T nll—>n;o 2n_|_1 )

if the limit exists. ‘@D:I
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Infinite words

Finite and infinite words

Notation and properties

A biinfinite word u is called sturmian if C,(n) =n+1forallne N
and the densities of letters are irrational.

Example. The word ---111|000- - - has the complexity C(n) = n+1
for all n € N.
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Infinite words

Finite and infinite words

Notation and properties

A biinfinite word u is called sturmian if C,(n) =n+1forallne N
and the densities of letters are irrational.

Example. The word ---111|000- - - has the complexity C(n) = n+1
for all n € N.
Lemma

Let u € {0,1}% be a limit of a sequence of sturmian words (u(™).
Then u is either sturmian or the densities of letters are rational.

O
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Infinite words

Finite and infinite words

Notation and properties

A biinfinite word u is called sturmian if C,(n) =n+1forall ne N
and the densities of letters are irrational.

Example. The word ---111|000- - - has the complexity C(n) = n+1
for all n € N.

Lemma

Let u € {0,1}% be a limit of a sequence of sturmian words (u(™).
Then u is either sturmian or the densities of letters are rational.

Proof.

Let w, w be factors of the same length in u. Since u = lim;,_ u(m)
Img € N such that w, w are factors of u(™), which is sturmian.
Therefore Hw|o - |W!0‘ <1 and v is balanced.

If, moreover, the densities are irrational, then v is sturmian.
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Interval exchange transformation

Outline

© Interval exchange transformation
@ Definition and properties
@ Infinite words associated with riet
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Interval exchange transformation Definition and properties

Interval exchange transformation

Definition

r interval exchange transformation T [Katok, Stepin, Keane]
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Interval exchange transformation Definition and properties

Interval exchange transformation

Definition

r interval exchange transformation T [Katok, Stepin, Keane]
Let /1,...,/, beintervals, [ ;==L U---Ul,
m:{1l,...,r} = {1,...,r} a permutation of {1,...,r}
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Interval exchange transformation Definition and properties

Interval exchange transformation

Definition

r interval exchange transformation T [Katok, Stepin, Keane]
Let /1,...,/, beintervals, [ ;==L U---Ul,

m:{1l,...,r} = {1,...,r} a permutation of {1,...,r}

T : | — I is the bijection given by

I b I
——— —
: ; ; ; |
T
: : : ; !
———— —— ———
=10y -1 ln=1()
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Interval exchange transformation Definition and properties

Interval exchange transformation
Orbits

Let T be a r interval exchange transformation, / its domain, xg € /.
When is the orbit { T"(xp) | n € Z} dense in 17

P. Ambroz (CTU Prague) Matrices of 3iet preserving morphisms 8 /30



Interval exchange transformation Definition and properties

Interval exchange transformation

Orbits
Let T be a r interval exchange transformation, / its domain, xg € /.

When is the orbit { T"(xp) | n € Z} dense in 17

For general r, partial answers by Keane:

1. necessary condition
m{1,2,...,k} #{1,2,...,k} forall k=1,2,...
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Interval exchange transformation Definition and properties

Interval exchange transformation

Orbits
Let T be a r interval exchange transformation, / its domain, xg € /.

When is the orbit { T"(xp) | n € Z} dense in 17

For general r, partial answers by Keane:

1. necessary condition
m{1,2,...,k} #{1,2,...,k} forallk=1,2,....,r—1

2a. sufficient condition
|h|,|k|,...,|l/| are linearly independent over Q
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Interval exchange transformation Definition and properties

Interval exchange transformation

Orbits
Let T be a r interval exchange transformation, / its domain, xg € /.

When is the orbit { T"(xp) | n € Z} dense in 17

For general r, partial answers by Keane:

1. necessary condition
m{1,2,...,k} #{1,2,...,k} forallk=1,2,....,r—1

2a. sufficient condition
|h|,|k|,...,|l/| are linearly independent over Q

2b. sufficient condition (weaker), the so-called i.d.o.c. condition

orbits of all discontinuity points of T are disjoint ®|
MN®
T

8 /30
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Interval exchange transformation Definition and properties

Interval exchange transformation

Example — 2 interval exchange transformation

Only one permutation fulfilling the necessary condition 7{1,2} = {2,1}

0 14l [1al + |1g]
s e -
\ - \ -
N Phd NI
N\ - N\
N P - N
N - \
pd N\ pd
K pNa
0 18]

The sufficient condition: % is irrational
In this case it is also necessary
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Interval exchange transformation Definition and properties

Interval exchange transformation

Example — 3 interval exchange transformation

Three possible permutations
m{1,2,3} ={2,3,1} #{1,2,3} ={3,1,2} «{1,2,3} ={3,2,1}
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Interval exchange transformation Definition and properties

Interval exchange transformation

Example — 3 interval exchange transformation

Three possible permutations
m{1,2,3} ={2,3,1} «{1,2,3} ={3,1,2} «{1,2,3} ={3,2,1}

Ia I Ic Ia I Ic
PN P A
K ZAN A A N

N v N v v \

N s N o s
N N s \
N N
N e < \ P
v N v N \ —
v < v < -

s 7N e N P N - -
K - S = = s
—_—— —— ——— —— —— ————

Ig Ic Ia Ic
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Interval exchange transformation Definition and properties

Interval exchange transformation

Example — 3 interval exchange transformation

Three possible permutations
m{1,2,3} ={2,3,1} «{1,2,3} ={3,1,2} «{1,2,3} ={3,2,1}

Ia Is

Ic Ig Ia

||+ k|

Bk S irrational

The necessary and sufficient condition:

Note that this does not mean i.d.o.c.
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Interval exchange transformation Infinite words associated with riet

Infinite words associated with riet

Definition

Let T be a r interval exchange transformation, / = Ulx its domain and
- associated

xo € 1. Biinfinite word ut(x0) = (Un)nez = -+ U—pu_1|uguy - -
with T is defined by

(1)

up =X if T"(x) € Ix.
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Interval exchange transformation Infinite words associated with riet

Infinite words associated with riet

Definition

Let T be a r interval exchange transformation, / = Ulx its domain and
xo € 1. Biinfinite word ut(x0) = (Un)nez = -+ U—pu_1|uguy - - - associated
with T is defined by

up =X if T"(xo) € Ix. (1)

Specially for r =3: | = I4Ulg U Ic and (u,) € {A, B, C}% is given by
if T7(x0) € I

if T"(xo) € Ig
if T"(x0) € Ic

unp =

O ™ >

O
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Interval exchange transformation Infinite words associated with riet

Infinite words associated with riet

Definition
Let T be a r interval exchange transformation, / = Ulx its domain and
xo € 1. Biinfinite word ut(x0) = (Un)nez = -+ U—pu_1|uguy - - - associated
with T is defined by

up =X if T"(x) € Ix. (1)
Definition
An aperiodic word ut(x0) = (tn)nez given by (1) is called riet word. }
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Interval exchange transformation Infinite words associated with riet

Infinite words associated with riet

Properties

@ In the case r = 2, 2iet words are Sturmian words
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Interval exchange transformation Infinite words associated with riet

Infinite words associated with riet

Properties

@ In the case r = 2, 2iet words are Sturmian words

o Keane: complexity is C(n) < (r —1)n+1
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Interval exchange transformation Infinite words associated with riet

Infinite words associated with riet

Properties

@ In the case r = 2, 2iet words are Sturmian words
o Keane: complexity is C(n) < (r —1)n+1

@ A riet word with C(n) = (r — 1)n+ 1 for all n is called
non-degenerated, otherwise it is degenerated
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Interval exchange transformation Infinite words associated with riet

Infinite words associated with riet
Properties

@ In the case r = 2, 2iet words are Sturmian words
o Keane: complexity is C(n) < (r —1)n+1
@ A riet word with C(n) = (r — 1)n+ 1 for all n is called

non-degenerated, otherwise it is degenerated

Proposition
Let T be a 3iet transformation with |la| = «, |Ig| = 3 and |Ic| = 7.
@ The infinite word ut(xo) is aperiodic if and only if

a+ B and B + ~y are linearly independent over Q.

o If the word ut(xo) is aperiodic then it is degenerated if and only if

a+pf+ve(a+B)Z+(B+7)Z.
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Morphisms and incidence matrices

Outline

© Morphisms and incidence matrices
@ Sturmian morphisms
@ 3iet preserving morphisms

P. Ambroz (CTU Prague) Matrices of 3iet preserving morphisms

13 /30



Morphisms and incidence matrices

Morphisms and incidence matrices

Definitions

A mapping ¢ : A* — A* is said to be a morphism over A if

o(ww) = p(w)p(w) for Vw, w € A*
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Morphisms and incidence matrices

Morphisms and incidence matrices

Definitions

A mapping ¢ : A* — A* is said to be a morphism over A if

o(ww) = p(w)p(w) for Vw, w € A*

The action of a morphism ¢ can be naturally extended to biinfinite words

o(u) = (- u_pu_1|uour -+ ) = p(u_2)p(u-1) p(uo)p(ur) - - - .

The mapping ¢ : u +— ¢(u) is continuous on A%

O
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Morphisms and incidence matrices

Morphisms and incidence matrices

Definitions

A mapping ¢ : A* — A* is said to be a morphism over A if

o(ww) = p(w)p(w) for Vw, w € A*

The action of a morphism ¢ can be naturally extended to biinfinite words

o(u) = (- u_pu_1|uour -+ ) = p(u_2)p(u-1) p(uo)p(ur) - - - .

The mapping ¢ : u +— ¢(u) is continuous on A%

Incidence matrix of a morphism over a k-letter alphabet {a1, ..., ax} is
kxk
M, eN

(M,,);; = number of letters a; in the word ¢(a;) @|
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Morphisms and incidence matrices

Morphisms and incidence matrices

Properties

Let ¢ and 1 be morphisms over A, the matrix of their composition, that
is, of the morphism u — (¢ o ¥)(u) = ¢(¢(u)) is obtained by

Moy = MM, .
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Morphisms and incidence matrices

Morphisms and incidence matrices

Properties

Let ¢ and 1 be morphisms over A, the matrix of their composition, that
is, of the morphism u — (¢ o ¥)(u) = ¢(¢(u)) is obtained by

Meoy = MyM,, .
Let u € AZ has well defined densities of letters
Fo = (plar), - p(ax)) .

Then for the infinite word o (u)
- . ﬁuMw
Po(u) = ~ I\’
206

O
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Morphisms and incidence matrices

Morphisms and incidence matrices

Properties

Let ¢ and 1 be morphisms over A, the matrix of their composition, that
is, of the morphism u — (¢ o ¥)(u) = ¢(¢(u)) is obtained by

Meoy = MyM,, .
Let u € AZ has well defined densities of letters
Fo = (plar), - p(ax)) .

Then for the infinite word o (u)
- . ﬁuMw
pcp(u) - M (1) 5
PulVly, H
<
MNODI
"""

15 / 30

If uis a fixed point of ¢ then py,M, = Ap,,.
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Morphisms and incidence matrices  Sturmian morphisms

Morphisms preserving sturmian words

Definitions

Two ways to define

@ A morphism ¢ over the binary alphabet {0,1} is said to be locally
sturmian if there is a sturmian word u such that ¢(u) is also
sturmian.

@ A morphism ¢ over the binary alphabet {0,1} is said to be sturmian
if ¢o(u) is sturmian for all sturmian words u.
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Morphisms and incidence matrices  Sturmian morphisms

Morphisms preserving sturmian words

Definitions

Two ways to define

@ A morphism ¢ over the binary alphabet {0,1} is said to be locally
sturmian if there is a sturmian word u such that ¢(u) is also
sturmian.

@ A morphism ¢ over the binary alphabet {0,1} is said to be sturmian
if ¢o(u) is sturmian for all sturmian words u.

Monoid of Sturm, denoted St, finitely generated monoid of morphisms
with generators

0— 01 0— 10 0—1

:1'_>17 ¢2:1'_>1) ¢31'_>0 =
)
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Morphisms and incidence matrices  Sturmian morphisms

Morphisms preserving sturmian words

Properties

Theorem (Berstel, Mignosi and Séébold)
Let ¢ be a morphism, the following three conditions are equivalent
(i) p € St

(ii) « is sturmian

(iii) ¢ is locally sturmian

{ )
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Morphisms and incidence matrices  Sturmian morphisms

Morphisms preserving sturmian words

Properties

Theorem (Berstel, Mignosi and Séébold)
Let ¢ be a morphism, the following three conditions are equivalent
(i) p € St

(ii) « is sturmian

(i) ¢ is locally sturmian

Corollary

o A matrix M € N2%? is the incidence matrix of a sturmian morphism if

and only if detM = +1
@
MNODI
7
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Morphisms and incidence matrices  Sturmian morphisms

Morphisms preserving sturmian words

Properties

Theorem (Berstel, Mignosi and Séébold)
Let ¢ be a morphism, the following three conditions are equivalent
(i) ¢ € St

(ii) @ is sturmian

(i) ¢ is locally sturmian

Corollary

o A matrix M € N2%? is the incidence matrix of a sturmian morphism if
and only if detM = +1

o A matrix M € N2%2 is the incidence matrix of a sturmian morphism if
and only if

MEMT = +E, where E= (% ). ®|

.
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Morphisms and incidence matrices  3iet preserving morphisms

Results in the 3iet case

A morphism ¢ over {A, B, C} is 3iet preserving if ¢(u) is a 3iet word for
every 3iet word wu.
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Morphisms and incidence matrices

Results in the 3iet case

3iet preserving morphisms

A morphism ¢ over {A, B, C} is 3iet preserving if ¢(u) is a 3iet word for
every 3iet word wu.
Theorem A

Let ¢ be a 3iet preserving morphism and let M be its incidence matrix.
Then

MEMT = +E, where E = (—0% 5 i)
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Morphisms and incidence matrices  3iet preserving morphisms

Results in the 3iet case

A morphism ¢ over {A, B, C} is 3iet preserving if ¢(u) is a 3iet word for
every 3iet word wu.

Theorem A

Let ¢ be a 3iet preserving morphism and let M be its incidence matrix.
Then

MEMT = +E, where E = (:0% _%1(%))

Theorem B

Let o be a 3iet preserving morphism and let M be its incidence matrix.
Then one of the following holds

o detM = +1 and ¢(u) is non-degenerated for every non-degenerated
3iet word u,

o detM = 0 and ¢(u) is degenerated for every 3iet word u.
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Results in the 3iet case

Outline

@ Results in the 3jet case
@ Sketch of the proof of Theorem A
@ Sketch of the proof of Theorem B
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Results in the 3iet case  Sketch of the proof of Theorem A

Theorem A — ldeas behind the proof

Lemma

Let u = (up)nez be a 3iet word, o : {A, B, C}* — {0,1}* be a morphism
given by
A— 0, B+— 01, C—1.

Then o(u) is sturmian.

{ )
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Results in the 3iet case  Sketch of the proof of Theorem A

Theorem A — ldeas behind the proof

Lemma
Let u = (un)nez be a 3iet word, o : {A, B, C}* — {0,1}* be a morphism
given by

A— 0, B+— 01, C—1.

Then o(u) is sturmian.

Proof.

a B v
——
< < > >
~ ~ ~ ~
- ~
N / P //
N / ~ N /-
N - N
\/// _ </ AN
~/ \ ~ / N
- < ~
P ~ // — N / N
K - . >
——— ~
Y B o
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Results in the 3iet case  Sketch of the proof of Theorem A

Theorem A — ldeas behind the proof

Lemma
Let u = (un)nez be a 3iet word, o : {A, B, C}* — {0,1}* be a morphism
given by

A— 0, B+— 01, C—1.

Then o(u) is sturmian.

Proof. o B ~ 8
—NN— ——
< < > > |
N N ~ ~
~ ~
N / P / ~
AN / - N /-
N - N
~/ N\ ~ / N
- < ~
P ~ // ~ N / N
K - . o |
N—— ~ N
v B a B
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Results in the 3iet case  Sketch of the proof of Theorem A

Theorem A — ldeas behind the proof

Lemma
Let u = (un)nez be a 3iet word, o : {A, B, C}* — {0,1}* be a morphism
given by

A— 0, B+— 01, C—1.

Then o(u) is sturmian.

Proof. o o 8 y h JE]
—N— ———
< < > > |
N N ~ ~
~ ~
N / P / ~
N / ~ N /-
N - N
~/ N\ ~ / N
- < ~
P ~ // ~ N / N
K - . o |
N— — ~
v P a Io B
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Results in the 3iet case  Sketch of the proof of Theorem A

Theorem A — ldeas behind the proof

Lemma
Let u = (un)nez be a 3iet word, o : {A, B, C}* — {0,1}* be a morphism
given by

A— 0, B+— 01, C—1.

Then o(u) is sturmian.

I I
Proof. o 0 8 y 1 JE]
—N— ———
Y N A — —
N N _ - N g
N - > Pie
S / ~ // S P
s /TN /e
. - S o
\\\//// /// N P \\\
-7 AN ~ / PN AN
- — PR N N
P /// N /,// N N
— - . o —
N— — ~
v P a Io B
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Results in the 3iet case  Sketch of the proof of Theorem A

Theorem A — ldeas behind the proof

Lemma
Let u = (un)nez be a 3iet word, o : {A, B, C}* — {0,1}* be a morphism
given by

A— 0, B+— 01, C—1.

Then o(u) is sturmian.

I I
Proof. o 0 8 y 1 JE]
‘ ‘ i« N N
= 7 BN = —
~ ~ _ 7 N - _ 7
N - > .
. / N /7 P
N / e N /- N
RN s BN PRI
AN / N N
Pl ~ - N N
P /// N /,// N N
- ¢ - B —
N ~~
v I JE] o Io [E]
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Theorem A — ldeas behind the proof
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Let u = (un)nez be a 3iet word, o : {A, B, C}* — {0,1}* be a morphism
given by

A— 0, B+— 01, C—1.
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Theorem A — ldeas behind the proof

Lemma
Let u = (un)nez be a 3iet word, o : {A, B, C}* — {0,1}* be a morphism
given by

A— 0, B+— 01, C—1.

Then o(u) is sturmian.
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Results in the 3iet case  Sketch of the proof of Theorem A

Theorem A — ldeas behind the proof

Lemma
Let u = (un)nez be a 3iet word, o : {A, B, C}* — {0,1}* be a morphism
given by

A— 0, B+— 01, C—1.

Then o(u) is sturmian.

I I
Proof. o 0 8 y 1 JE]
L i Il L Il
N 7 AN
N ~ _ N .
< - > P
AN / ~ // N -
N / e N /- N
RN s BN PRI
AN / N N
e ~ g Ny N
P /// N /,// N N
- z — > >
N ~~
v I JE] o Io [E]
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Results in the 3iet case  Sketch of the proof of Theorem A

Theorem A — ldeas behind the proof

o For any sturmian word u, there exist a sequence (u(™) of 3iet words
such that

u= lim o™,
m—0o0
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Results in the 3iet case  Sketch of the proof of Theorem A

Theorem A — ldeas behind the proof

o For any sturmian word u, there exist a sequence (u(™) of 3iet words
such that
u= lim o™,

m—0o0

@ Let ¢ be a 3iet preserving morphism, hence cp(u(’")) 3iet words
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Results in the 3iet case  Sketch of the proof of Theorem A

Theorem A — ldeas behind the proof

o For any sturmian word u, there exist a sequence (u(™) of 3iet words
such that
u= lim o™,
m—0o0

@ Let ¢ be a 3iet preserving morphism, hence cp(u(’")) 3iet words

@ Any morphism on {A, B, C}* is continuous, thus

(7 09)(u™) = (000)(u)
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Theorem A — ldeas behind the proof

o For any sturmian word u, there exist a sequence (u(™) of 3iet words
such that
u= lim o™,
m—0o0

@ Let ¢ be a 3iet preserving morphism, hence cp(u(m)) 3iet words

@ Any morphism on {A, B, C}* is continuous, thus

(7 09)(u™) = (000)(u)

@ By previous Lemma, (o o )(u(™) are sturmian and so their limit
(0 0 p)(u) is sturmian (or has rational densities of letters).
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Theorem A — ldeas behind the proof

o For any sturmian word u, there exist a sequence (u(™) of 3iet words
such that
u= lim o™,
m—0o0

@ Let ¢ be a 3iet preserving morphism, hence cp(u(m)) 3iet words

@ Any morphism on {A, B, C}* is continuous, thus

(7 09)(u™) = (000)(u)

@ By previous Lemma, (o o )(u(™) are sturmian and so their limit
(0 0 p)(u) is sturmian (or has rational densities of letters).

@ To derive Theorem A, we we use known properties of the matrix of

sturmian morphism o o .
£
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Results in the 3iet case  Sketch of the proof of Theorem A

Theorem A — corollaries

Corollary
Let ¢ be a 3iet preserving, M its matrix. Then the vector (1,—1,1) is a
left eigenvector of M, associated with the eigenvalue det M or — det M.

The other eigenvalues \1 and Ay of the matrix M are either quadratic
mutually conjugate algebraic units, or A1, Ay € {1, —1}.

22 /30
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Results in the 3iet case  Sketch of the proof of Theorem A

Theorem A — corollaries

Corollary

Let ¢ be a 3iet preserving, M its matrix. Then the vector (1,—1,1) is a
left eigenvector of M, associated with the eigenvalue det M or — det M.

The other eigenvalues \1 and Ay of the matrix M are either quadratic
mutually conjugate algebraic units, or A1, Ay € {1, —1}.

Corollary
The sum of the first and the third row of M differs from the sum of its
second row by +det M. Formally,

(1,0,1)M<i> —(0,1,0)M@> — +detM.
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Results in the 3iet case  Sketch of the proof of Theorem B

Theorem B — ldeas behind the proof

Geometric representation of a fixed point of ¢

Let ¢ be a morphism over {ai,...,ax}, u its fixed point.

Let M, have a positive right eigenvector X = (xi, ..., xk).

P. Ambroz (CTU Prague) Matrices of 3iet preserving morphisms
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Theorem B — ldeas behind the proof

Geometric representation of a fixed point of ¢

Let ¢ be a morphism over {ai,...,ax}, u its fixed point.
Let M, have a positive right eigenvector X = (xi, ..., xk).
Let A be the eigenvalue corresponding to X, M X = AX.

@ A is the spectral radius of M,
@ Since M, is integral matrix one has A > 1.

23 / 30
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Theorem B — ldeas behind the proof

Geometric representation of a fixed point of ¢

¢ a morphism over {a1,...,ax}, u="---u_pu_1|uguy - - its fixed point.
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Theorem B — ldeas behind the proof

Geometric representation of a fixed point of ¢

¢ a morphism over {a1,...,ak}, u="---u_pu_1|uguy - --

Y = {zk: |w| a4 xi

i=1

k

U {—Z |w]a;xi

i=1

P. Ambroz (CTU Prague) Matrices of 3iet preserving morphisms

w is an arbitrary prefix of uguius - - -

w is an arbitrary suffix of -

its fixed point.

--u_3u_2u_1}
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Theorem B — ldeas behind the proof

Geometric representation of a fixed point of ¢

¢ a morphism over {a1,...,ax}, u="---u_pu_1|uguy - - its fixed point.

w is an arbitrary prefix of uguius - - - }

Y = {zk: |w| a4 xi

i=1

k
U {—Z |w]a;xi

i=1

w is an arbitrary suffix of - -- u_3u_2u_1}

The set X can be equivalently defined as

Y=A{t,|n€Z}, where tp=0 and th11—th=X & U,=3a;.
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Geometric representation of a fixed point of ¢

¢ a morphism over {a1,...,ax}, u="---u_pu_1|uguy - - its fixed point.

w is an arbitrary prefix of uguius - - - }

Y = {zk: |w| a4 xi

i=1

k
U {—Z |w]a;xi

i=1

w is an arbitrary suffix of - -- u_3u_2u_1}

The set X can be equivalently defined as
Y=A{t,|n€Z}, where tp=0 and th11—th=X & U,=3a;.

Properties
@ Since u is fixed point of ¢, we have AL C X (self-similar set)
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Theorem B — ldeas behind the proof

Geometric representation of a fixed point of ¢

¢ a morphism over {a1,...,ax}, u="---u_pu_1|uguy - - its fixed point.

w is an arbitrary prefix of uguius - - - }

Y = {zk: |w| a4 xi

i=1

k
U {—Z |w]a;xi

i=1

w is an arbitrary suffix of - -- u_3u_2u_1}

The set X can be equivalently defined as
Y=A{t,|n€Z}, where tp=0 and th11—th=X & U,=3a;.

Properties
@ Since u is fixed point of ¢, we have AL C X (self-similar set)

o if up = a; then #((Atn, Atny1] N ) = |o(aj)|
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Results in the 3iet case  Sketch of the proof of Theorem B

Theorem B — ldeas behind the proof

Geometric representation of a fixed point of ¢ — illustration

Morphism ¢ : 0 — 10, 1 — 110, fixed point u = lim,_o ©"(0)|¢"(1)
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Theorem B — ldeas behind the proof

Geometric representation of a fixed point of ¢ — illustration

Morphism ¢ : 0 — 10, 1 — 110, fixed point u = lim,_o ©"(0)|¢"(1)

M= (11), A =172, where 7 = 152 is the golden ratio.
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Theorem B — ldeas behind the proof

Geometric representation of a fixed point of ¢ — illustration

Morphism ¢ : 0 — 10, 1 — 110, fixed point u = lim,_o ©"(0)|¢"(1)

M= (11), A =172, where 7 = 152 is the golden ratio.

The corresponding right eigenvector of M is (_})
Hence the lengths 1 are ¢(0) =1 and ¢(1) = 7.
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Results in the 3iet case  Sketch of the proof of Theorem B

Theorem B — ldeas behind the proof

Geometric representation of a fixed point of ¢ — illustration

Morphism ¢ : 0 +— 10, 1~ 110, fixed point u = lim,_ ¢"(0)|¢"(1)

M= (% %) A =72, where 7 = 1+2—\/§ is the golden ratio.
The corresponding right eigenvector of M is (1)

Hence the lengths 1 are ¢(0) =1 and ¢(1) = 7.

1 1,0 1 /0] 1 1 1 1 ,0, 1 ,0
N——
£0)] ¢(1)
\\
1 1 0" 1 "ol 1 o' 1 1 0 1 0
A(0) (1) @'
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Results in the 3iet case  Sketch of the proof of Theorem B

Theorem B — ldeas behind the proof

Two discrete sets associated with infinite words
@ Fixed point of a morphism +— self-similar set ¥
o 3iet word — C&P set Y
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Theorem B — ldeas behind the proof

Two discrete sets associated with infinite words
@ Fixed point of a morphism +— self-similar set ¥
o 3iet word — C&P set Y
For a 3iet word being a fixed point of : ¥ and X ¢ coincide.
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Results in the 3iet case  Sketch of the proof of Theorem B

Theorem B — ldeas behind the proof

Two discrete sets associated with infinite words
@ Fixed point of a morphism +— self-similar set ¥
o 3iet word — C&P set Y

For a 3iet word being a fixed point of : ¥ and X ¢ coincide.
Then

|0 (A)]
#((Ntn, Mnp 1] NEc) = #((Atn, A1) NE) = ¢ |(B)]

le(C)l
depending on t,11 — t,.
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Results in the 3iet case  Sketch of the proof of Theorem B

Theorem B — ldeas behind the proof

Two discrete sets associated with infinite words
@ Fixed point of a morphism +— self-similar set ¥
o 3iet word — C&P set Y

For a 3iet word being a fixed point of : ¥ and X ¢ coincide.
Then

|p(A)l
#((Atn, Atn1] N ) = #((Atn, Ataa] N E) = ¢ [0(B)|
p(C)

depending on t,+1 — ty.

Fixed point of a morphism is also fixed point of its arbitrary power, hence
dk, m € N such that

’(,0"(AC)| = #((/\tk,Atk+2] N Z(_‘)

10"(B)| = #((Atm: Atia] N Ec) @
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Theorem B — ldeas behind the proof

Two discrete sets associated with infinite words
@ Fixed point of a morphism +— self-similar set ¥
o 3iet word — C&P set Y

For a 3iet word being a fixed point of : ¥ and X ¢ coincide.
Then

|p(A)l
#((Atn, Atn1] N ) = #((Atn, Ataa] N E) = ¢ [0(B)|
p(C)

depending on t,+1 — ty.

Fixed point of a morphism is also fixed point of its arbitrary power, hence
dk, m € N such that

’(,0"(AC)| = #((/\tk,Atk+2] N Z(_‘)

‘(pn(B)’ = #((/\tm,/\tn+1] ﬁZC) @
difference : +(det M)" Cv
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Theorem B — ldeas behind the proof

Two discrete sets associated with infinite words
@ Fixed point of a morphism +— self-similar set ¥
o 3iet word — C&P set Y

For a 3iet word being a fixed point of : ¥ and X ¢ coincide.
Then

|p(A)l
#((Atn, Atn1] N ) = #((Atn, Ataa] N E) = ¢ [0(B)|
p(C)

depending on t,+1 — ty.

Fixed point of a morphism is also fixed point of its arbitrary power, hence
dk, m € N such that

’(,0"(AC)| = #((/\tk,Atk+2] N Z(_‘)

‘(pn(B)’ = #((/\tm,/\tn+1] ﬁZC) @
difference : +(detM)" < R —
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Results in the 3iet case  Sketch of the proof of Theorem B

Theorem B — ldeas behind the proof

Theorem is proved provided that the 3iet word u is a fixed point of a
morphism ¢.

P. Ambroz (CTU Prague) Matrices of 3iet preserving morphisms 27 / 30



Results in the 3iet case  Sketch of the proof of Theorem B

Theorem B — ldeas behind the proof

Theorem is proved provided that the 3iet word u is a fixed point of a
morphism ¢.

Proposition

Let ¢ be a primitive 3iet preserving morphism. Then there exists p € N,
p > 1, such that pP has a fixed point, and this fixed point is a 3iet word.
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Results in the 3iet case  Sketch of the proof of Theorem B

Theorem B — ldeas behind the proof

Theorem is proved provided that the 3iet word u is a fixed point of a
morphism ¢.

Proposition

Let ¢ be a primitive 3iet preserving morphism. Then there exists p € N,
p > 1, such that pP has a fixed point, and this fixed point is a 3iet word.

Let o be a primitive 3iet preserving morphism, Mg a positive power of its
matrix
Let ¢ be a non-primitive 3iet preserving morphism, M its matrix
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Results in the 3iet case  Sketch of the proof of Theorem B

Theorem B — ldeas behind the proof

Theorem is proved provided that the 3iet word u is a fixed point of a
morphism ¢.

Proposition

Let ¢ be a primitive 3iet preserving morphism. Then there exists p € N,
p > 1, such that pP has a fixed point, and this fixed point is a 3iet word.

Let o be a primitive 3iet preserving morphism, Mg a positive power of its
matrix
Let ¢ be a non-primitive 3iet preserving morphism, M its matrix

Hence MMy is positive, thus the matrix of a primitive 3iet preserving

morphism.
MNODI
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Results in the 3iet case  Sketch of the proof of Theorem B

Theorem B — ldeas behind the proof

Theorem is proved provided that the 3iet word u is a fixed point of a
morphism ¢.

Proposition
Let ¢ be a primitive 3iet preserving morphism. Then there exists p € N,

p > 1, such that pP has a fixed point, and this fixed point is a 3iet word.

Let o be a primitive 3iet preserving morphism, Mg a positive power of its
matrix
Let ¢ be a non-primitive 3iet preserving morphism, M its matrix

Hence MMy is positive, thus the matrix of a primitive 3iet preserving

morphism.
1> | det(MMp)| = | det M| | det Mg| = | det M| N
H/]__/ %DI
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Comments and open problems

Comments and open problems

Incompleteness of the result

Matrices of 3iet preserving morphisms belong to

E(3,N) = {M c N33 | MEM" = +E and detM = £1}, where
1

E = (—Ol 0 %)
—-1-10

In contrast to the sturmian case the opposite is not true. E(3,N) contains
matrices associated with morphisms, which are not 3iet preserving.
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Comments and open problems

Incompleteness of the result

Matrices of 3iet preserving morphisms belong to

E(3,N) = {M c N33 | MEM" = +E and detM = £1}, where
1

E = (—Ol 0 %)
—-1-10

In contrast to the sturmian case the opposite is not true. E(3,N) contains
matrices associated with morphisms, which are not 3iet preserving.

Example. Consider M = (

wWNO

gé) Up to permutation of letters we have
p(A)=B>C, ¢(B)=A’B’C*, (C)=AC".
Hence CC is a factor of p(C) and ¢(A) = BCB.
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Comments and open problems

Comments and open problems

Incompleteness of the result

Matrices of 3iet preserving morphisms belong to

E(3,N) = {M c N33 | MEM" = +E and detM = £1}, where
1

E = (—01 0 %)
—-1-10

In contrast to the sturmian case the opposite is not true. E(3,N) contains
matrices associated with morphisms, which are not 3iet preserving.

Example. Consider M = (

wWNO

gé) Up to permutation of letters we have
p(A)=B>C, ¢(B)=A’B’C*, (C)=AC".
Hence CC is a factor of p(C) and ¢(A) = BCB.

Take a 3iet word u containing AA. As (AA) = BCBBCB, ©|
u contains both BB and CC. =

P. Ambroz (CTU Prague) Matrices of 3iet preserving morphisms 29 / 30



Comments and open problems

Comments and open problems

The number of morphisms

The mapping ¢ — M,,, where ¢ is a morphism and M,, is its incidence
matrix is not one-to-one.

In sturmian case for (f_f 2) € N2%2 with ad — bc = +1 there exist
a+ b+ c+ d — 1 different sturmian morphisms.

The same question for matrices of 3iet preserving morphisms is not solved.
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Comments and open problems

Comments and open problems

The number of morphisms
The mapping ¢ — M,,, where ¢ is a morphism and M,, is its incidence
matrix is not one-to-one.

In sturmian case for (f_i 2) € N2%2 with ad — bc = +1 there exist
a+ b+ c+ d — 1 different sturmian morphisms.

The same question for matrices of 3iet preserving morphisms is not solved.
The number of generators

The monoid of sturmian morphisms is finitely generated and so is the
monoid of their matrix representations.

Let P35 be the monoid of 3iet preserving morphisms, and R(Pzict) the
monoid of their matrix representations. None of ®3iet, R(Psict) or E(3,N)
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