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Short review of Mayer’s theory
of cluster integrals

In the context of a non-ideal gas with N particles in a vessel V included in R,
we represent the particles’ positions by vectors 17y,..., In.
The system is free from external influences.

The partition function is defined as
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Z(V,T,N) =

where A and 3 depend on the temperature T' and where the interaction between
two particles at distance 7 is expressed by a potential function ¢(7) as illustrated in
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Z(V,N,T) =

1
e [, o [ exp (—ﬁZw(lEE—@*I))dﬁ’---dﬁv’,
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( partition function )

The grand canonical partition function

is the generating function for the partition functions,

Zg(V,T,2) = ¥ Z(V,N,T)(X*2)",
N=0

where the variable z is called the fugacity or the activity.

Macroscopic parameters :

P 1 - 0 N
=T log Zg(V, T, 2), N = 25 log Zg(V, T, 2), pi=

pressure P, the average number of particles N, and the density p.
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logZp(V,T, Z) p =

The virial expansion:

% = g + 72(T) (g)2 +73(T) (g)‘* +-

( proposed by Kamerlingh Onnes, 1901 )

It is the starting point of Mayer’s theory of “cluster integrals”:
-—



2V,NT) = g fo o [ e (-ﬁgw(la -fn))dﬂ---m

Mayer’s theory of “cluster integrals”

Mayer’s idea consists of setting

1+ fi; = exp (=Be(|Zi — T;|)), fij = f(rij).
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a) the function ¢(r) b) the function f(r) = exp(=B¢(r)) — 1




Z(V,N,T) =

1<g
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1 the set of all
= Z W(g), g N| = simple graphs
NINN o) [N] on{123,..,N}

where the weight W (g) of a graph g is given by the integral

W(g).;fv.../v 1 fidz - dzx.

,j}€g
( this is the first Mayer weight of a graph g )




In terms of W (g), the grand-canonical function becomes

Ze(V,T, 2)

Z(V,N,T)(Mz)V

|
N!)\dN Z W(g)(Adz)N
N=0 9GN]

the exponential generating series of graphs weighted by the function W'.

Proposition

W(g), the First Mayer Weight of a simple graph g, s multiplicative

on the connected components of g. In other words, for cy,cs, ..., cn the m connected

components of g, we have

W(g) =W(c)W(ep)...W(cn)-
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Since W is multiplicative on connected components, the exponential formula can

be used:
Ow (z) = exp(Cw (2)),

where C denotes the species (class) of connected graphs, so that

logOw(z) = Cw(z) = i% Z W(c)z".

N=1""" ceC[N]

Corollary 2 The pressure of the system can be expressed in terms of the exponential
generating function of connected graphs weighted by W. More precisely, we have

P 1 1
TV log Zo, (V, T, 2) = VCw(z).




P 1 1

vl log Z,(V,T, z) = ‘—/Cw(z)

The thermodynamic limit w(c)

Let ¢ be a connected graph over {1,2,...,N}. The Second Mayer weight w(c) is
defined as the limit ( which exists under certain integrability conditions )

o = g b

.1 3 r
— Vh_’ng,ovk/VN H fijd;rl...dIN.
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Here, V going to infinity has the following meaning. The vessel V € IR? must
contain a ball B(0, R) centered at the origin, with radius R € ]0,00). V goes to
infinity means that R goes to infinity.




Conditions for the existence of

we) = Jim GWE©) = fim o [ ] fydmr.dme (%)

{i}ec

Proposition If the function f : [0,00) — R is integrable and bounded and if

[ sl < o
0
( for example if |f(r)| = O(1/réte), r — o)

then for any fited Ty € RY, the function Fj, RV -Y L 1R, defined by

Fan (21, - - -5 H f(17: — 5]) = H fij

{t,j}GC {3,3}60

28 ntegrable over (IRd)N ~1 and its integral is independent of Tn. Moreover the limit
(*) exrists and s equal to

?.U(C) = [md)N_l H fzj d-fl .o di_l.

{i,j}ec; En=0




In the thermodynamic limit, the pressure is given by
P .1
T Vh_r’lgo % log Zg(V, T, 2)

. 1
= Ji2 Fiwlz)

Z—% Z w(c)zN

N=1""" ceC|N]

= Cu(2)-

Proposition In the thermodynamic limit, the pressure of the system is given
directly in terms of the exponential generating function of connected graphs weighted
by the Second Mayer Weight w(c), according to formula

V2
ﬁ — Cw(z).




maximal
block = 2-connected
subgraph

A connected graph ¢ with blocks by, by, b3, by

Proposition The second Mayer weight w is block-multiplicative. More precisely,
for any connected graph ¢ whose blocks are by, b,,...,b,,, we have

w(c) = w(b)w(bs) . .. w(bm).

Proof.
?.U(C) = / fij dfldfz il di—l
Rd(N—l) e
{i,j}ec; Iy=0

= de__l) 1] fij H fij dZ,dT; .. .dTy

{iilebk =0 f{iglec\b; Iy=0

= f @ H fl._; df]de . dfk X / il H fij dfk_l_ldfk_'_z . 'di—-l
7 tiareh 20 = {i.d}ec\b; 2y =0

w(b) - w(c\ b).




Block-multiplicativity of the second Mayer weight w implies :

Proposition Let B and C:, be the species of blocks and of pointed connected graphs,

then
C:, =X-E(B,(C)).
. F*=X-F,
. . . Note:
For the corresponding generating series, we have F*(z) = zF'(2).
Co(z) = zexp (B, (C3(2))) -
Q)
<+ <+

More generally, we have :

Theorem Let w be a block-multiplicative weight function on connected graphs
with all blocks in a particular species B. Then we have

Cho=X E(B,Ch,),  Chu(2)=zexp(BL(Ch.(2).




Computation of the virial expansion (following Uhlenbeck and Ford )

: 8 1 0
We have, for the densit = z—— = z2— = C*(2).
e have, for the density p(z) = s log Zg(V, T, 2) zazcw(z) E(2)

Ci(2) = zexp(B,,(Ci(2)) it follows that p(z) = zexp B, (p(2)).

Since
P 1 / P
= SlogZg(ViT,2) = Cul2) = awa = [Z

t =t(r) = rexp (=B (r)), inverse function of r = p(t).

Let us make the change of variable
—B,,(r)) —rexp (~B, (1)) - Bi(r)dr.

Note that p(0) = 0 and p(z) = p, and also that dt = [exp (

(t
/ pl )dt = f (1—rBl(r)) = p— / rB. (r) dr
0
= P~ /Znﬁn+1_df = f = Zn_l)ﬁn Al
n>1 n>2
where we have set B, (1) = ¥,528,5;.  This is precisely the virial expansion, with p = g
-1 n—1
e “ =1 Bl

n
Hence the n'® virial coefficient, for n > 2, is given by  7,(T) = _Tﬁﬂ' = —




Virial expansion ( combinatorial form )

E2 Cu(z) = g‘l")’g(T) (¥)2+73(T) (§)3+

(n-1)

= |B[n]..

where
'7n(T) =

and B is the species of all 2-connected graphs weighted by

w(c) = / H fij dry...dZn_1. (Second Mayer weight)
(IRd)n—l

{i.j}ec; ,=0

The following combinatorial equations hold
Co, =X - E(B,(C3)), G, = E(Cy)

where gw is the species of all graphs
and C, is the species of all connected graphs.




Gaussian model

f(r)=— exp(—afrz) r /r

It is interesting, mathematically, to consider a Gaussian model, where
- =112
fij = —exp (—a||zi — T;||%),

which corresponds to a soft repulsive potential, at constant temperature. In this case, all
cluster integrals can be explicitly computed :

The weight w(c) of a connected graph c has value
d(n—1)

w(c) = (—1) (i) ’ v(c)”

where 8

e(c) is the number of edges of ¢

and
v(c) is the graph complexity of ¢, that is, the number of spanning subtrees of c.




The hard-core continuum gas in one dimension

Consider N hard particles of diameter 1 on a line segment, of the form [—D, D].

N I I T I .

The hard-core constraint translates into % f
the interaction potential

p(r) =o00,ifr <1, and ¢(r) =0, if r > 1

and the Mayer function 1 r 1 r
f(r)=—x(r <1). =1
fi = —x(zi—z|<1) <= fij = x(lzi—z021)

Second Mayer weight, in this case :

w(e) = (-1 |

N_1 H \f(lit - J»J| < ].)d;l_fl = 3 'di‘oN—-l
RN-

{¢,j}€cizpn=0




Global formulas

P

ﬁ — Cw(Z)

It is known (see %) that for the hard-core gas, the pressure of the system is given by

P
T L(z),

where L(z) denotes the Lambert function, defined by the functional equation
L(z)exp(L(z)) = 2.

% D. C. Brydges and J. Z. Imbrie, “Dimensional Reduction Formulas for Branched
Polymer Correlation Functions.” Journal of Statistical Physics 110 (2003), 503
518. arXiv:math-ph/0203055 v2.

Here, we give a combinatorial proof of this result ===>



Proposition In the thermodynamic limit D — oc, the pressure of the con-
tinuous unidimensional hard-core gas model is given by

P
kT

= L(z). (classical Lambert function )

Proof. Note that the Lambert function satisfies L(z) = —T'(—z), where T'(2) is
the exponential generating function of labelled rooted trees. Let us consider the
particles on a segment of the form [0, 2D]. Then, since the N! possible relative
positions of the x; give rise to integrals of equal value, the grand-canonical partition
function can be written as

\/[OQD]NHX |z; — zj| 2 1)dzidxy - - - day
N>0

1<j

= / dzy / / dzy.
N>0 0<z, :r:1+1<:r2 zN_1+1<zn <2D

Now the integral is the volume of the rectangular simplex

L (1), 2)

0<<rp—1<a3-2<---.<azy—N+1<2D-N +1,

and has value (2D — N + 1)V /N ——>



It follows that
Zy(—D,-z) =) (N+2D—-1)NN /N1,
N>0
which is the exponential generating function of structures which consist of functions
of the form f : U — U+V, where U is a finite set (of varying size N), V is a fixed set
of size |V| = 2D — 1 and + denotes the disjoint union.

ey @f

Let f, be the number of connected endofunctions on an n-element set and
Y nso Jnz™ /n! be their generating function. Then we have

Zg(—D,—2) = exp(F(2) + (2D — 1)T(2))
P
o= Jim E log Z(D,2) = lim %(F(—z) — (2D + 1)T(~2))

= -T(-2) = L(2).




Corollary  Let N be an integer > 1; the total weight |C[N]|, of the set of all
connected graphs over the set [N] = {1,2,..., N} of vertices is given by

> w(e)= (=N

ceC[N]

Proof. This follows immediately from the fact that
P
Cu(2) = 75 = —T(=2)

b}_’ extract.ing coefhicients. ( A more direct combinatorial proof will be given by Bernardi in the next talk )

Proposition The fact that C,(z) = L(2) is equivalent to the equation
B (z) = zlog(1 — 2).

Proof. It is clear from C.(z) = z exp (B,,(C5(2))) that any one of the functions
Cw(z) and B,,(z) determines uniquely the other. Hence it suffices to prove that
L*(z) = zexp (B'(L*(2)),
where the function B(z) is defined by
B(z) = zlog(1l = 2),
in order to establish the Proposition.




Proposition Let N be an integer > 2; the total weight of the set of all
2-connected graphs with N wvertices is given by

BIN]|, = > w(e)=—N(N -2)!
ceB[N]

Proof. This follows immediately from
By (z) = zlog(1 — 2)

by extracting coeflicients.

Corollary For the hard-core gas, the virial equation has the form

P N M\ (N\°
T = V'-I- (V) + (V) + - (d=1)

(n—1)
n!

1B[n]|» = (=) x —n(n—2) = 1.

Proof. 7(T) = - —



Individual weights w(c)

Question Can we compute the individual weights w(¢) of given connected graphs
¢ and interpret them in terms of other graph invariants?

The Ehrhart polynomial

While trying to answer these questions, we have made the following observation.
Except for the sign, the weight

w(e) = (-1 [

s H X(llfz - .Ifjl < ].)dlfl _ .dLIfN_]_

{ij}€c;zn=0

can be seen as the volume of a convex polytope P(c) in RY bounded by the con-
straints |z; — z;| < 1, for {i,7} € ¢, with oy = 0.

We can compute this volume using Ehrhart polynomials  --->




Theorem (Ehrhart) Let P be a convex polytope of dimension d in IR™, wth
vertices having integer coordinates. Let nP = {na : a € P} denote the n-fold
expansion of P, and I(P,n), the number of points with integer coordinates which

lie inside n'P. Then I(P,n) is a polynomial function of n of degree d whose leading
coefficient is the volume Vol(P) of P.

In order to apply Ehrhart’s theorem, we proved the following:

Proposition Letc be a connected graph with its N vertices labelled {1,2, ..., N},
and define the convez polytope P(c) C RY by

Plc)={X e R" | oy =0and |z; — ;| <1 V{i,j} € c},

where X = (z1,...,zN). Then the vertices of P(c) have integer coordinates.

It follows that the volume of P(c) and the weight w(c) = (—1)* Vol(P(c))
can be obtained by computing the Ehrhart polynomial I(P(c), n).

We have carried out the computation of w(c) for all
2-connected graph ¢ having N < 6 vertices.




Particular families of weight values

Proposition For the complete graph Ky, we have
w(Ky) = (-1)G)N.

Proposition For the (unoriented) cycle Cn with N wvertices, we have

w(Cy) = (-1)”%/00 (?)th

—00

3 \? 3 13
S N S | G—— | f—
(=2) (%N) (1 20N 1120N2+"')-




N o /gint\V
_ _1\N
Proof of w(Cy) = (-1) 5 /_oo( - ) dt

Write  x(z) := x(|z| <1) for simplicity. Then

o) = (_1)me [1 xG@i—s)der...dzys

N-1 N, K o
{t}e O san=0 t; =5 — Tipy, for L<i< N —1,
_ (—1)NfN X(+ b tya)x(B) - x(non) i di
"

Let Uy, Us,...,Un_1 be independent idéntically distributed uniform random variables on the
interval [—1, 1], with common density function u(z) = %x(x) and let S=U; +...+Upn_1.

Then,
w(Cy) = (=1)Y2¥"1Prob(-1 <S5 <1).
The density function s(x) of S is given by the (N — 1)-fold convolution product

S:u*(N_l)zu*...*u (N—]_ fa,CtOI'S),

1 o0
woy) = (DY [ s = (9" [T wteuo-gds = -2V,
-1 —60
Taking Fourier transform, we get Taking inverse Fourier transform, we find
. N 00 oo : N
V() = (AN = (S Ny = L[ aw@eta = L[ (SBE) g
N (t) = () _( : ) W) = g [ wheeea = oo [ (TE) e,

Finally : let x = 0.




Computations using graph homomorphisms

As observed by Bodo Lass (%), it is possible to evaluate the volume of the polytope

P(c) by decomposing it into a certain number v(c) of subpolytopes which are all
simplexes of volume 1/(N — 1)L

Each subpolytope is obtained by fixing the integral parts and the relative positions
of the fractional parts of the coordinates xy,...,zx of points X € P(c).

The number of such configurations will then yield v(¢) and we will have

Vol(P(c)) = v(c)/(N — 1)!.

(*) Personal communication, 2005.



In order to make this correspondence more precise, we consider the “fractional
representation” of real numbers
A 3.75 — (0.75,3)

P

3 @
R — ([0,1] x Z) : x> (&, hz),
( rr— (&, hx)
2 e
where S
H‘\‘y'_' (& Py
Nz = |_£CJ integral part of z, 1 B
ﬁx =T — h:r fractional part of x, o (0.25H (0.25,0)
' & >
so that
0—(1.0,—-1) ~
z =& +h,. . TS

—1.25— (0.75, -2
Exception: 0+~ (1.0, —1), ( )‘>

< ©
as if 0 was infinitesimally negative.

|:I: = y| < 1  translates into

“ El‘ ?7& Ey and assuming ‘EI < Ey, then h:r — h'y or h:: s hy o 1”

( null or negative slope from x to y )



Now consider a connected graph ¢ with vertex set V = [N] = {1,2,..., N},
let X = (zy,...,zx) be a point in the polytope P(c).
- (£ h-) Recall that
. o xy = 0 so that §y = 1.0 and hy = —1, with our convention.

We can assume that all the fractional parts & are distinct.

We form a subpolytope of P(c) by keeping the “heights” hi, ha, ..., hy fixed and
as well as the relative positions (total order) of the fractional parts &;,&5,...,&N.

Such polytopes are denoted P(h, 3), where A

I3 T2
h:V—=Z height function z — h; 1 .: """ O
8:V = [N] B(¢) gives the rank of &

0 % \ 1
and are graphically characterized by Za ...\ 1‘1.\ >
their centroid X g obtained by setting i

& = B()/N B(N)=N =1 —® 15
and drawing a dotted line segment between . )
o and o Fractional representation of a
' 4 simplicial subpolytope of P(C5)
for each edge {i, j} of c.




Proposition Let c be a connected graph with verter set V = [N] and consider
a function h: V. — Z and a bijection 3 : V — [N|. Then the pair (h, 3) determines
a valid subpolytope P(h, 3) of P(c) if and only if the following condition is satisfied:

for any edge {z,7} of ¢, 3(?) < 3(j) implies h; = hj or h; = h; + 1. (%)

Proposition Let c be a connected graph and let (h,3) be such that condition
(#%) is satisfied. Then the volume of the associated subpolytope P(h, 3) is equal to

1/(N — 1)L

Proposition Let c be a connected graph and let v(c) be the number of pairs
(h, B) such that the condition () is satisfied. Then the volume of the polytope P(c)

e Vol(P(c)) = v(e)/(N — 1.

Corollary  w(c) = (—1)*@Vol(P(c)) = (—1)*@v(c)/(N - 1)!,

wky) = (-1)BN,  w(Ey\e) = (-1)(3)! (N+(N2_1)), etc




Proof of w(Ky) = (-1)G)N

Indeed, since all edges are present in the complete graph,
there are only N possible height sequences, of the form

0,...,0,-1,...,-1), from (0,...,0,—1) to (—1,...,—1),
and any of the (N — 1)! permutations § for which 3(N) = N
gives rise to a legal configuration (h, 3). A
1
Hence
v(Ky) = N(N —1)! 0

and the result follows since "

w(c) = (-1)*Vol(P(c)) = (1) u(c)/(V - 1)!




Table for 2-connected graphs

Key:

number | degree sequence of ¢

Ehrhart Pol. in base n' nb of labellings nb of spanning subtrees

‘aph ¢ :
Staph ¢ Ehrhart Pol. in base (':) polytope’s volume volume x (n — 1)!
Typical entry:
8.3 (4,3,3,2,2,2)
STnb 41855, L 108,83 L T2 L 70 +1 | 360 | 32

1(5) +106(7) + 1052(5) + 3168(3) +3700(3) + 1480(7) | 3= | 1480




Table for 2-connected graphs of size at most 6

Key:
number | degree sequence of ¢
Ehrhart Pol. in base n' nb of labellings | nb of spanning subtrees
graph ¢ . ;
gt Ehrhart Pol. in base (’:’) polytope’s volume volume x (n —1)!

With 2 vertices:

2 (1,1)

2n + 1 \1\1
R T F> WA FAE:

With 3 vertices:

3 (2,2,2)

3n2+3n+1 |1|3
1(5) +6(7) +6(3) [3]6




Key:

number

degree sequence of ¢

graph ¢

Ehrhart Pol. in base n' nb of labellings

nb of spanning subtrees

Ehrhart Pol. in base (':) polyvtope’s volume

With 4 vertices:

volume x (n —1)!

4.1 (2,2,2,2)
I:I ent+8n24+n41 3|4
THESEERCAEFIARE A E>

4.2 (3,3,2,2)
%472.3+7712+%n+1 |6|8

N

17+ 160 + 22(3) + 25 | B 28

4.3

(3,3.3,3)

-

4nd +6n2+4n+1 ’1|16

1(3) + 14(5) +36(3) +24(3) | 4] 24




With 5 vertices:

5.1

Q

(2,2,2,2,2)
%n‘i+%n3+%ng+%n+l | 12| 5
1(3) + 50(}) +280(3) +460(3) +230(%) | 43 | 230

(3,3.2.2,2)

>

4 4,49 3,8 92 17, ,
T +Fnt+Ent+ 3+l |60‘11

1(g) +44(7) +240(3) +392(3) + 196(3) | & | 196

5.3

(3,3,2,2,2)

N

Snt4+16nd+14n2+6n+1 | 10‘ 19

1(5) +44(Y) +236(3) +384(3) +192(3) [ 8 | 192

54

(4,4,2,2,2)

i

% n? +15n3 + % n?+6n+1 | 10 ‘ 20

1(5) +42(T) +222(5) +360(3) + 180(}) | 5 180

5.5

(4,3,3,2,2)

=

%’i-n.""-i-?-zg-n.3+%1-ng+—1.21~-n+1 |60 21

1(5) +40(7) +214(3) +348(3) + 174(3) | F | 174




5.6 (3,3,3,3,2)
41n4+41n3+73n2+16n+1 |30‘24
1(5) + 38(7) +202(3) +328(3) + 164(3) | & | 164
5.7 (4,4,3,3,2)
Ign“-f- 35122+ n+1 |30‘40
1(5) +36(“) + 188(5) +304(“) +152(3) | 3§ | 152
5.8 (4,3,3,3,3)
6nt+ 120 + 1102 +5n+1 | 15‘ 45

1(3) +34(7) + 178(5) +288(3) + 144(}) | 6 | 144

=

5.0 (4,4,4.33)

-191—11.4{—11-3234-%-732—!—5?2—}—1 | 10
1

p—
=
S
s
(¥
o
o~
=
|
+
[
(e
=
o
)
s
o
—
Go
o —
i
’M
(V%]
b
—
=
S|
m[“'
[y
-3
83| o

5.10 (4,4,44.4)

5nt4+10n3 +10n2+5n+1 | 1| 125
1(3) +30(F) + 150(3) +240(3) +120(%) | 5| 120

%




With 6 vertices, ordered according to the number of edges:

6.1 (22.2229)
o 88,5 4 ddnd 4 4603+ 2502 + T n 1 60 |

( ) + 140(7) + 1470(3) +4000(") +5280(3) + 2112(7) | & [ 2112
71 (332222)

?n5+36n +118n3+23n +1°9n+1 ‘180' 15

1(7)+120(}) +1218(“)+3692(“) +4320(3) + 1728(3) | 2 | 1728
72 (3.32.22.2)

1(") = 120(") n 1232(“) ¥ 3748 (") n 4390(:;) T+ 1756(7) | &2 [ 1756
7.3 (3.32222)

1(") + 116(“) % 1180(2) + 3380(") +4190(}) + 1676(7) 4—0 | 1676
8.1 (1422292)
~ 6475 1 3904 4 122 4 942 4 W8y 4y 15| 32

1(’3) + 114(7) + 1104(3) + 3206(;) + 3840(}) + 1536(7) | | 21536




(44,2,2,22)

11954725-}- - nt+36n+ 3 n? + 'n+1 ‘180' 28

1(0)+110(")+1100(“)+3320(")+3880(;) +1552(3) | 1= [ 1552

133222)

3§'7-n5+1 114+1°4n3+127n2+7n+1 ]360' 32

1(’;‘)+1os(n)+1002(n)+3168(§)+3700(i)+1480(";) | 7 | 1480

(4,3,3,2,2,2,2)

lfgn5+1i7n‘1+lgsn?’+4n+3on+1 ]720 29

1(5) + 108(7) + 1080(3) + 3260(3) + 3810(7F) + 1524(7) | L | 1524

(4:3939232.\2)

198006y Mgt 14584 852 L By 4 ‘360| 30

1(")+106(“)+1064(2)+3216(g)+3760(3)+1504(" 2% 1504

S

(3,3,3,3,2,2)
%8—8n5+ n +10'=l 3+32n2+5n+1 ‘180' 30
T(7) + 106(7) + 1064(3) + 3216(3) + 3760(7) + 1604(7) | =5 | 1504




(3.3.3.32.2)

Tt + 1R+ e+ P n 1 |'180| 32

1(7) + 102(7) + 1022(3) + 3088(3) + 3610(;) + 1444(7) | X | 1444

8.8

(3.3.3,322)

11756n5+88n4+100 3 62 2+1 n+1 |90 36

1(7) + 102(7) +1004(2) +3016(3) +3.390(4) + 1408(7) | 78 [ 1408

o0
o

(333322)

311,}125+1}3n‘1+ Zn +7fn2+—30—n+1 [360| 35

1(7) + 100(7) + 996 () + 3004 () + 3510(7) + 1404(7) | 2T | 1404

(535?232?232)
5n +31nd +110 n + 24 n? +119n+1 |15| 48
1(3) + 112(7) +1074(3) + 3196( ) +3720(7) + 1488(%) | | 1488
9.2 (5,4,3,2,2,2)
?‘3‘1(? n° + 31'41? nd + 1g0 nd+ 25 12 n? 4+ 23101 n+1 | 360 | 52

1(5) +102(7) +998(3) + 2992(3) + 3490(y) + 1396(3) | 55 | 1396




9.3

(5,3,3,3,2,2)

119 2 101

1095 41890 4 3903 4 W2 10, 19 | 360 | 55

1(“) +98(7) + 964(3) +2896(3) +3380(7) + 1352(7) | 12 | 1352
94 (444222

WS+ 1304 13203 + D02+ L4 1 | 120 | 54

1@

1(7) + 98(7) + 966(7) + 2904( ) +3390(7) + 1356(7) | 2] 1356

9.5

44,3322)

S

11n5+%§n4+%‘1n3+%9n?+339n+1 |180‘ 56

1(5) + 96(7) + 942(3) + 2828(7) +3300(%) + 1320(7) | 11 | 1320

9.6

143322)

@

1%n5+169n4+32n +119n2+1mn+1 |360‘ 55

1(5) + 98(7) +964(3) +2896(3) +3380(}) + 1352(7) | T2 [ 1352

9.7

(143322)

@

l13—?11rz""+1‘5"'31rz‘1+g“irz?‘-i-u"")ir12+51r7,+1 IISOI 60

1(5) + 96(T) +934(3) +2796(3) +3260(%) + 1304(37) | = [ 1304




9.8

d4,3322)

@

16 5 1 M3 W02, Wy 1y |90\ 64

1(3) +96(;) + 926(3) + 2764(3) + 3220(7) + 1288(7) | =X | 1288

9.9

(44,3.3.2,2)

@

1161?2 +161n +92113+“5?12+ g n+1 |720‘ 61

1(3) + 94(;) + 920(3) + 2760(3) + 3220(3) + 1288(7) | o | 1288

9.10

4,33332)

5

|2

1n5+§2—n +8:fng+?’27n2+ n+1 |360‘ 69

1(7) + 90(7) T 576(3) + 2624(3) + 3060(7) T 122477) | 5F 1224

9.11

@

108 S 4 103t L B3 B2 Wyt 360 | 66

1(") +90(7) + 882(%) + 2648(%) + 3090(%) + 1236(7) | 122 | 1236

9.12

(4,3,3,3,3.2)

1@

11558715-}-79 4 4308 +5,fn?+ n+1 |360‘ 64

1(5) + 92(7) + 902(5) + 2708(; )+3160(")+1264(';) = 1264




9.13

n5+2~1n +928n3 4+ 18n2 + 5 2n4+1 I 10 ‘ 81
(g)+86(1)+828(2) +2472(3) F2880(7) + 1152(7) | & | 1152

9.14 (3,3,3,3,3,3)
459n5+2?14+28n3+3§nz+5n+1 IGO‘ 75

@

1(7) +86(;) + 840(3) +2520(3) +2940(;) + 1176(7) | & | 1176

10.1 (5,5.3,3,2,2)
Lo +155n +92713+121n +Tn+1 |90‘

1(;) + 94(7) + 896(3) + 2664(3) + 3100(3) + 1240(7) | & | 1240

10.2 (54,4,322)
N 0058 4 Wyt B3 B2y Pnyy 360 | 99
1(5) +90(7) + 866(5) +2584(;) +3010(7) +1204(%) | F5 | 1204

10.3 (54,3332
% B S+ Bt 4280 4+ 202 4 1 n 41 | 360 | 111

1(5) + 86(7) + 826(5) +2464(3) + 2870() + 1148(3) | 57 | 1148




10.4

(543332)

En® + 20t + 0P+ P n?+13/2n+1 | 360 | 104

4

1(5) + 88(7) + 848(3) +2532(3) +2950(7%) +1180(5) | & | 1180

10.5

(5,3,3,3,3.3)

%n5+%§n4+%9n3+21%§n2+%3n+1 |72‘ 121

3

1(5) +82(7) + 790(3) +2360(3) +2750(7F) + 1100(7) | 55 | 1100

10.6

(454 !434?2?2)

=

10n°+25nt + £+ 1902+ P n 41 | 90 | 100

1(3) + 90(7) + 864(3) +2576(3) + 3000(}) + 1200(3) | 10 | 1200

10.7 (444332)
En®+dnt+ 80P+ P+ Pn+1 | 360 | 114

0

1(7) + 54(7) + S10(7) +2420(3) +2820(7) + 1128(7) | & | 1128

10.8 144332
-1I35Qn5+lmggn4+§32n3+3-23712+%2n+1 |180‘ 120

S

1(5) +84(7) + 802(3) +2388(3) +2780(}) + 1112(7) | 5 | 1112




10.9

144332)

@

B+ B2t + 802+ 0?4+ Pn41 | 360 | 115

1(3) +84(7) +806(5) +2404(3) +2800(y) +1120(7) | F | 1120

10.10 1433323
> li?fns-}-@n +80 3-!—%27;2—!- n+1 ) | 45 | 128
T(7) 7 52(7) 5 784(%) + 2336(%) + 2720(7) + 1088(7) | T | 1088
10.11 (4,4,3,3,3.3)
—n +22n4 +26n +17n + lpt+1 |60 ‘ 135

I%

1(“) +80(7) + 762(3) +2268(3) +2640(}) + 1056(7) | & | 1056

10.12 (44,3333)
Bn®+8nt 4260 + L+ ULntt |360‘ 130
1(3) +80(7) + 768(3) +2292(3) +2670(}) + 1068(7) | T3 | 1068
11.1 (5,5,4,3.3.2)
133 5+133n4+830713+ 37112+15n+1 |180‘ 180
(“) +82(7) + 772(5) +2288(3) +2660(7) + 1064(7) | 12 | 1064




11.2

(5,5,3,3,3,3)

4

BnS+ 804260+ Zn2+ Pnt1 | 45 | 192

1(2) +80(7) + 754 (%) +2236(%) +2600(%) + 1040(%) | 2 | 1040

11.3

(5,4,44,3,2)

=

Fn®+3nt426n + L+ Bn+i | 360 | 185

1(3) +80(7) + 756(3) +2244(3) +2610(7) + 1044(7) | 32 | 1044

114

(5’434a3:333)

Bntt Gnts Pods £ s s 360 208

1(5) + 76(7) + T18(35) +2132(3) +2480(}) + 992(3) | % I 992

544333

A

U+ 4 nt+ 0+ $n?2+Pn+1 | 60 | 216

1(7) + 76(;) + 714(5) + 2116(3) + 2460() + 984(7) | & | 984

11.6

(44444.2)

L

La 420+ B +17T0% + Bt 1 | 60 | 200

I(5) + 78(7) + 732(3) + 2168(3) + 2520(;) + 1008(7) | Z [ 1008




11.7

444433)

@

23401 n° + ")1“21 nd+4+24nd + 11921 n* + 137c?n+1 ‘ 180 ] 224

1(5) + 74(7) + 698(3) +2072(3) +2410(7) + 964(3) [ 55 [ 964

11.8 (4,4,4,433)
8n34+20nt +24n3 +16n2 +6n+1 \90|225
1(5) + 74(7) + 696(3) + 2064(3) +2400(7) +960(3) | 8 | 960

12.1 (5,5,5,3,3.3)
359n5+2n4+24n+2n+5n+1 ‘20'324

@

1(7) + 74(7) + 684(%) + 2016(3) +2340(%) +936(%) | 32 | 936

12.2

(5.54,4,4.2)

@

8nd® 4+ 20n4 + 74 nd+17n2 + 1g'“n+1 ‘60|300

17 +76(7) + 702(;) + 2068(“) +2400(%) +960(7) | 8 | 960

53 (5.544.33)
%n5+%n4+3§9ng+%n2+%n+l 8{)|336

4

1(7) + 72(7) + 668(3) +1972(3) +2290(3) +916(7) | ZZ | 916




11.7

444433)

@

23401 n° + ")1“21 nd+4+24nd + 11921 n* + 137c?n+1 ‘ 180 ] 224

1(5) + 74(7) + 698(3) +2072(3) +2410(7) + 964(3) [ 55 [ 964

11.8 (4,4,4,433)
8n34+20nt +24n3 +16n2 +6n+1 \90|225
1(5) + 74(7) + 696(3) + 2064(3) +2400(7) +960(3) | 8 | 960

12.1 (5,5,5,3,3.3)
359n5+2n4+24n+2n+5n+1 ‘20'324

@

1(7) + 74(7) + 684(%) + 2016(3) +2340(%) +936(%) | 32 | 936

12.2

(5.54,4,4.2)

@

8nd® 4+ 20n4 + 74 nd+17n2 + 1g'“n+1 ‘60|300

17 +76(7) + 702(;) + 2068(“) +2400(%) +960(7) | 8 | 960

53 (5.544.33)
%n5+%n4+3§9ng+%n2+%n+l 8{)|336

4

1(7) + 72(7) + 668(3) +1972(3) +2290(3) +916(7) | ZZ | 916




15.1 (5,5,5,5,5,5)

6n°+15n4 +20n3 + 152 +6n+1 111906
1(7) + 62(7) + 540(5) + 1560(3) + 1800(7) + 720(7) | 6 | 720

PROBLEM

Fill the 7 by “nice” combinatorial interpretations
involving graphical invariants for arbitrary n.

number degree sequence of ¢

hrhart Pol. in base n* ? )
araph ¢ E ol. In base n polytop?, s volume |

Ehrhart Pol. in base (':) ? :




Thank You !!






