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‘ Combmatonal Problems raised by Statistical Mechanics
CRM February 21, 2007.

* Mason’s conjecture

* Rayleigh monotonicity

* negative correlation conditions

* a probabilistic conjecture

* the Grimmett-Wmkler conjecture

* two-sums and the Poits-Rayleigh condition

* ef cetera, et celera...




Mason’s conjecture (1972}
G={V.E) aconnected graph with m edges and » verhices.
Ifk) = nmmber of k-edge spamning forests of G

Conjectmre: forall 0 <k < »-17 :
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Effective conductance of a graph (gwchiof 15847

= 1 T(Gy)
2a(G:7)= o) T(Glaby)

in which
5 T
T(H;3)=).7
7
is the sum of
v =11»
eel’
over all spanning trees T of H — that is,
the spanning tree enumerator of .



Rayleigh monotonicity

for amy edpe e of G-

provided that all edpe-conductances y(e) are positive.




‘ Rayleigh monotonicity: for distmet edges ef of G-
— e ef
AGle, f}=G/G%-G,G7 >0
provided that all edge-conductances are positrve.

Here, & stands for the spannmg tree emimerator
of the praph G.

subscrnipt — contract the edpe
supersenpt — delete the edpe
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For a hmie set £ j;:{y"f’:EEE}
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For distimct e, f m E,
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deletion Z|~"’-=“

contrachon Ze -



A probabilistic mterpretation

Give each parameter y(c) a positive value.
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A probabilistic mterpretation

Give each parameter y(c) a positive value.
a(8)y”

Choose a subset § of £ with probability -

For distinct elements e, f of E,
the covanance of the events (e in S) and (f in S} 1s

82
Y0y,

Ve

ng AZie, fi=y,y, log Z

Cov(e, [)=—



The Rayleigh condition

For any distmct e, f m E, ifall y(c) are positive then

AZ{e, >0

That 1s, any two distinct elements of £ are
negatively comrelated
for all choices of positive weights for the parameters.




Four mteresting partition functions

correspond to these weight fmnctions

associated with a {comnected) graph G=(V,E)

* spanming frees ()
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Four mteresting partition functions

correspond to these weight fmnctions
associated with a {comnected) graph G=(V,E)

*opaxainy treey (1) if 5 bas the correct form,
* spanmng; forests () &)(S) {

* conmected spanning subgraphs (8)

* Potizs model

with a positive parameter q_ .

if G=(V.E) bas » verhices amd (S)-n
(V.S has <fS) componcnis, then ﬁ)(S): q
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The two-sum of G and i along g

= G+H

S




Potts-model partition function of a two-sum
Let J be the two-sum of & and A along g.

Denote the partition fimnction of
the Poits model of G by G, ef cefera

1
J = 1—(— gGEH® +G*H,+G H* -G H, )
-q




Two cases for the Rayleigh difference M{e,f}:J{J}—Jg-Jq
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Two cases for the Rayleigh difference M{e,f}:J{J}—Jg-Jq
Case L

“stmmnlate” H by a smiable
snbstitution for pfe) m &
Case I
Tactor the Ravleigh differemce
as a prodnct of Rayleigh
differences




Case L

° G=G +y,G,

1
ey (- ¢qG*H* +G*H, +G H* -G H,)



Case L

° G=G*? +y,G,

1
J- Q(—quHf- +G*H, 1 G H* ~G,H,)

J= i[(—qﬂ'g +7, )65+ -1, )6,



Case L

"l (?26341%6@

1
J- Q(—quHf- +G*H, 1 G H* ~G,H,)

J= ﬁ[(—qﬂ'g +7, )65+ -1, )6,

E - =0
J—MIGE+[1—HJGS] where 7=H, /H*
1-g n—q



M{e,f}—[

H5(n—q)

)AG{e,f} where  y, =



° J_M[Gg+[l—_ﬂ)gg]
l1-g 7—q

H5(n—q)

M{e,f}—( ] AGle,f} where y,=—

If 0<g<1 then O0<g<p<l, sothat y >0. Ilence

Alfe, >0
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(gGEEAX-GH)| [ (9GEHEX-GLH]) |
(+GEHIY+G HE) ) GGEH  X+GLHE) |
(+G, HEY+G®H ) (+G HEX+G*HY)

(-G, HI X—qG*H})| (-G, H, X—qG™H®)|

(g Ale =21




(gGEEAX-GH)| [ (9GEHEX-GLH]) |
(+GEHIY+G HE) ) GGEH  X+GLHE) |
(+G, HEY+G®H ) (+G HEX+G*HY)
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—GEH®GIH
GEHIG:HE
1-g)’AJfe, f}=0U-@)> 4 2 & 1 &
(1-g) Ajle, 1 =(1—9q) G, HPGTH,

- f
I G HG*H f‘




1 AH{g, f}
Ale, [} = E'AG{E,S} {g

Soif(}{q{l and all y:}{} then

Ale, [}>0 .



Alfe, f} = ﬁ AGle,g}-AH{g, [}

So,if(}{q{l and all y. >0 then

Alle, f}>0 9

Thus, if G and i are both Potts-Ravleigh, then
the two-smm of & and 7 along g is also

Potts-Rayleipgh.
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Nepatively comelated random vanables
and Mason’s conjecture
for mdependent sets m matroids

http://www.arxiv.org/math.C0O/0002648




