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1. Non-intersecting

Brownian motions,

leaving from a point and forced

to one or several points

Karlin-McGregor '59, Dyson '62, Ueno-Takasaki '84, Grabiner '99, Jo-
hansson '01, Aptekarev-Bleher-Kuijlaars '04, Tracy-Widom '03 and '05,
Bleher-Kuijlaars '04, Adler-PvM '05, Kuijlaars-Daems '05, Adler-PvM-
Vanhaecke '06
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e n non-intersecting Brownian motions X1(¢),..., Xn(t) (Xl n; =n)

forced to leave from O
ni

no np

forced to arrive at b := (?)1,b1,A...,bf,@z,bzi..,bz‘, oty bp, bp,A.. ., bp)

T he probability

P%bl,...,bp) all (z1(t) <...<zap(t)) €FE

has 4 very different descriptions !

all z;(0) =0
n1 paths end up at vy att =1

np pPaths end up at o, at t =1



all z;(0) =0
p(b15bp) all (z1(t) <...<zp(t)) € E|ny pathsend up at by att =1

np paths end up at bp at t =1

B . [17 dz; . .
- all “v?L o JEn Z, det <p(t, Vi xj))lgz',jén det(p(1—tizy, 05))1<i j'<n:
01,..., On, — b1
Snstotny 1o On = by
( 2
</~ azz+96_7+b1xd:c> \
E : .
_ 1 det | Osismyi—1, Osjsn—1 block moment
- Zn ' 5 ’ matrix
(/ xi+je_x7+bpxdaz>
\ E

0<i<ny—1, 0<j<n—1)






all z;(0) =0

1. plbrbp) all (x1(t) <...<zp(t)) € E | nqy pathsend up at by att =1
. n .

np paths end up at bp at t =1

. [17 d;
im [ L det (p(t; i 2p)) det(p(1—t; 21, ) 1< j1<ms

Iy — 1<4,5<n
51,a...,’}clsn1—?b1 n "
6n1—|—...+np1+1:a <. 76n - bp
1
Zn JET
i ( )2 )
H o z, —I—b 0T dr (3) ) -
=1 E=EViaan
7 2t
Integral over Hermitian \
_ i/ IMe—sTr(M2-24,0) | matrices with spectrum in E:
Zn n(E t(12_t)) Gaussian model with external

potential ,



with

Ap(xy,...,2n) = Vandermonde determinant.

and
[ b1 )
| O [ n1
b1
b2
At — '62 : and bz e b’l, m,
by
= I np
\ by )



all z;(0) =0
1. plbte) all (x1(t) <...<zp(t)) € E | ny pathsend up at by att =1
. n .

np paths end up at bp at t =1
Hn
lim

all v — 0 En Zn
01,...,0n, — b1

det (p(t Y1 m])) det(p(l—t, X, 5j,))1§i/,j/§n’

1<i,j<n

5n1—|—...—|—np,1—|—1 ----- 5n — bp

= det(I — Hg;bl’“"bp))Ec, (Fredholm determinant)

with kernel
t;b1,...,b
a0 (4 ) dy

2 o 2 RN
= Y [ av U S T H br 1
2w2(1 —1t) Je L+iR — by Uu-VvV

C is a closed contour enclosing all the points b, which is to the left of
the line L 4+ iR by picking L large enough, guaranteeing e(U — V) > 0.



IV. Consider now the probability, as a function of
- the boundary points of E
- the target points b;, with a linear dependence Zlczb = 0, with Zlcz =

all 2;(0) =0

0g IED(bl, Sbp) [all (x1(t) < ... <xp(t)) € E | nqy pathsend up at by att =1

np Paths end up at bp at t =1

satisfies a non-linear PDE in the boundary points of the interval E and in
the target points b;(nearly a Wronskian!!)

( Fy F> Fz3 ... F, 0 ) ([ sum of
VF, VI, VF3 ... VF, G partials
det | V2°F; V?F, V?F3 ... V?F, Go | =0, V =< in the >
: : 5 : : boundary
\ VPF1 VPF, VPF3 ... VPF, Gp | | points of E

(Adler-Vanhaecke-PvM CMP '08)



where

F, o= ( ()—I—CV)VIoan—I—W
g® g
Gop1 == VG +21(V€F) v P{] —v§);—j . Ge=0
J

with  (remember S¢e;b; =0,  so that ¥:2_. Vi =)

b) .
Vé) L= nga—b—a—be( _5€p)



Proof: The matrix integral (deformed with additional variables)

n

Tnl,“_’np(E;t;8(1),...,8(p)) — n In]_’...,np(xl,...,ZEn)HdQEi

L D ti(a’ >>Z

pr— An(w( g oo p ) 6 Z 1
[T7 ng! JE 51:[1 ]H1

p v (02 0) (02 oo (O ()

11 (An (2(9) 1T ~3ey ) b A s dé”) i

J— C’I,b_
satisfies

1. linear PDE’s (Virasoro) for 7, . n,(E):

B " Olng,.mp\ T
e = [ (£ e
— (Z—+Zn£(b£+tl_3(€))+225£ )Tnv
ot Oby
where

U= sum of partials in the >
" | boundary points of E

|
]
=
Q
T



Proof: The matrix integral (deformed with additional variables)

T — Tnl,...,np(E; t; 3(1)’ e S(p))

2
( ( [ wi—l—je—‘%-l—blw—Fﬁll‘Qez(fo(tk—S;gl))xkd$> )
1 0<i<ni—1, 0<j<n—1

5 .

< / 2"+ 6_%%1’”%‘”’3262?0(tk—si(fp))xkdi’J)
\ \7F 0<i<np—1, 0<j<n—1 |
satisfies
1. linear PDE's (Virasoro constraints)

2. p+ 1l-component KP hierarchy (described by Ueno-Takesaki). In
particular:

82 | 32
—% ~log T —% ~log T
B, TR +te 9t20sH) n d TR +e t1 058" n
o, %9~ T ’ 09 = » '
1 T — — 9 ~log T Os T — ——y 109 75
T anasD T T ' R



Bilinear relations for the p 4+ 1-component KP hierarchy involve a matrix
<=

(p+1)x(p+1) Riemann-Hilbert matrix for multiple orthogonal polynomials
(Deift, Bleher-Kuijlaars).



Use the

1. Virasoro PDE’s

2. p+ 1-component KP hierarchy

to eliminate unwanted partials,
leading to (after a lot of miracles!)

(Fi F> F3 ... Fp 0 )
FlF, F, .. F, G
det| I FJ F! ... F' G,

\ rP P P EP g, )



What happens to this probability,
when #{particles} = n — o0?

- Airy process

- Pearcey process

- Airy process, with outliers

- Pearcey process with inliers,. ..



2. The Airy process A(1)

(Préhofer—Spohn '02, Johansson '03, '05, Tracy-Widom '04, Adler-PvM ’05),

PY (an () € EC) :=IP><aII z;(t) € E¢ for 1 < j <m

all 2;(0) = o)

all CU](].) =0

Let n — oo:



Sl |-

r=0




curve: x = \/Qnt(l — 1)

parametrized by

- vV 2n . e’
~ 2coshe’  2cosho
t=1 r=20 o = o0

t=1/2 :B=\/g c=20

t=20 =20 o= —00



Look through a microscope at the fluctuations of the paths about any
point on the curve, for very large n:

(2.1) = ( V2n e’

, € curve
2cosho’  2cosh 0>

New process A(7) in the neighborhood of the point (z,¢) € curve :

1 V2n + \/_n1/6
lim PBT all x; 173
n—00 1 4 e—2(c+mn"1/3) 2cosh(a + tn—1/3)
= det({ -A)p (independent of o and 7)

= PA(r)NE =10) (stationary process!!)

A(w)A'(v) — A (vw)A(v)

uUu—7v

Airy kernel = A(u,v) = /OOO dwA(w + uw)A(w +v) =

50 d
A(u) = /_OO e3ie®+ian® _ Ay function  (independent of 7111

27



Remember V = 227" a and E = 21 5’7%8 for E = UY[zo;—1,20;]] CR

f:=VIiogP(A(r)NE = 0),
satisfies

(v3 (8 — —)> f+6(Vf)2=0. (PDE-version of Painlevé II)

For £ = (x,00),
P(sup A(r) <z) =€~ J:* (a=a)g?(a)da . F(x) (Tracy-Widom distributior

where g(«) is the Hastings-MaclLeod solution of Painlevé II:

J" = ag+ 243, with g¢g(a) = for a / oo.



(all x; L € \/_+f”1/6 \
v 1+€—2(0—|—71n_1/3) 2 cosh(a+rin—1/3)

n—oo BT

all x; L € +\/_n1/6
\ L 1_|_€—2(0—|—7'2n_1/3) 2 cosh(o+mon— 1/3) )

= PA(m)NEL =0, A(m)NE>=10)

— det (I —( ) Prahofer-Spohn 02, Johansson 03
- X AryrXp)1<i,§<2 Tracy-Widom '03, Widom '03
Then
T —T1
Q(s;z,y) :=10gP (sup A(71) <@ 4y, supA(m) <z —y), ==

satisfies the PDE ({ , } is a Wronskian)
93Q 5 0 0\ (0°Q 0°%Q 0°Q 0°%Q
Ds = | 2s°— —y— - + ,
0s0x0y oy (‘938 Oy2  Ox2 OxOy’ Ox?
(Adler-PvM, '05),




with “initial” condition: lims—co Q(s; z,y) =10gF(x + y) + 109 F(z — y).

Hence
F'(uw)F'(v) n b (u,v)+P(v,u)
(o — 71)2 (o —71)%

1
O <(72 — 71)6> ’

P(A(m1) S u, A(m2) < v)=F(w)F(v) +

2-time Airy kernel:

Ai(e,y) = [T A+ N A+ Ndx

0
e fort—s<0
- L(t-5)3 = L (1) (y+a)
- 1(t )612 4(t—s) 2 Vdzdy for t—s>0
L vV arm(l—S



3. The Pearcey process »(1)

—o0o < b<a< o

PYe (au z;(t) € EC)

all z;(0) =0
=P|all z;(t) € E°| [(1 —p)n] paths end up at by/n att =1
[pn] right paths end up at ay/n att =1

Let n — oo:

Pastur '72, Brézin-Hikami '96-98, Zinn-Justin '97-98, Johansson '01,
Bleher-Kuijlaars '04, Tracy-Widom '05, Okounkov-Reshetikhin '05, Adler-
PvM '05, Adler-Orantin-PvM '08



Set b = 0:

C_pv\J 1”{ Reles

CUsSp x — xg = 2 (%)3/2 at

2q — 1 1

= at o = :
T T ()’

s N

v parametrization:

1 —
g 2=Tp, 7“2=\/q2—q—|-1-




Look through a microscope at the fluctuations of the paths about the
cusp, for very large n: (take b = 0)

t—1p 3/2
Ccusp : :c—xo=2( 3 )

New process P(7) in the neighborhood of the cusp : (universality!)

2T
n1/2

lim R(@O’a\/ﬁ) (all T (to + (cop)?

n—oo

EC
) € mOnl/Q + coAT + cop 1/4>
n

=det({ —P;)g (independent of pn and a),

— Pp? (P(r)NE =0) (Pearcey process)




with Pearcey kernel:

1 100
Pr(&,m) =  4x2 de oo
contour X =

dU

AN
/

(&

O

U4
—I

/
N\

_|_

7‘U2
2




Look through a microscope at the fluctuations of the paths about the
cusp, for very large n:

t — to>3/2

Cusp : Tr—x 22(
P 0 3

New process P(7) in the neighborhood of the cusp : (universality!)

0 2T Ec°
n||_>moo IP’( avn) (all T (to + (CO'LL)in/Q) c :conl/z + coAT + Co'unl/4>
=det({ —Pr)p (independent of pn and a!l),
=P’ (P(r)NE =0) (Pearcey process)
Then Q(r; E) = logP? (P(r) N E = ) satisfies (Adler-PvM '06,
Adler-Orantin-PvM '08)
3
070 (8 QtQ—Q)VQQ—— v2p, vl —o
a3 ' 8 ot 2 ot | o

with an “initial condition” at t = oo, given by the Airy process.(see later)



Proof: I. Use the method of stationary phase

tU?2 2U
— =Y 4 nsl0g(U = b) 4 nq log(U — a)
(1—t) (1-1)
nl=np, np= (1—-p)n
U = %u\/ﬁ
20%,1127‘

t =10+ 17
a— ay/n, b byn

y = z0v/n + QAT + cop 7
U

u = ug +

(pug)?
2

1/4

= nF(ug) — nt/2r _n

U/4 TU/2 tOILL4’LL2
uQML — (T_ S+ - 072

\ >4

Pearcey quartic +O0(n~ /4.

Note the Taylor expansion of the function F(u) about u = ug = %,
u? 0 ato
F(u) '= — —u— +plog(u—-—)+ (1-p)logu
2 co )
2

= F(ug) — 4—q (u — up)* + O(u — ug)®.



II. Then, setting’ =V, and V = Za%i for E = (y1,y2), z := (r/n)1/4:

F; F> 0
/ / Hy 4 Hp 13 —1
det | F1 5 FlF?(F],JFF;) =—24q7(qJr 1)5{v3|oglp>f”,x} 18
H H q
FlR RR(R+g2) )| v
scaling

+ ({%VQ log P7, X} + 0(q — 1)) 2 1740(2719)

vV
where
93Q 1 0 oQ

1
Xi=——4—1&—2t— — 2) V2Q—={V? ,V—17 independent of
ot3 8 ( ot 0 2 { 0 ot }v (indep 2



II. Then, setting’ = V., and setting V = Z(% for E = (y1,y2), 2% = r/n:

F1  F5 0
/ / Hi 4, H»p 13 -1
der| Fi P2 PPz (g + ) = - 4q_<q+ 1)5{V3'09PT,X} =
H H q \Y
Pl R RR(m+i2) )|
scaling

+ ({QVQ log P?,X} +O0(q - 1)) 2" 40(2719)
ot o

e For g # 1 (p # 1/2), the lead term z~18 gives a PDE for P¥ (P(r) N E = 0),

P —
{V3logP ,X}v = 0. (1)

e For g=1 (p=1/2), the lead term z~17 gives a (different) PDE:

{VQQ log P?,X} = 0. (2)
ot o



By the universality, this means that Q := log P¥ satisfies two equations:

=0 and {VQaQ X} = 0.
v

(vie. %)

\Y

A0, 5, 5 1(_5 oQ
=92 T8 (8 2t§_2>vQ_§{ Qvat}v_o

Argument: for E = (z,y) and Q(¢; z,y) := logPP(¢; z,y), there exists a
function F'(z) #= 0 such that

(V3 z.y) | V22 W] =F@O0(y-2)2#0



4. Limit from Pearcey to

—tg\3/2
by moving along the cusp =z — xg = 2 (%) / :

r .
[(,,P) w) paiide: [pn] pachicles
aln

>V






Limit for large t and E = (£1,&5):  (Adler-PvM '08)

873 3/2
lim P~ A () N—E=10

Jm e = PYA(T)NE =0)
(3% (1 + (3@2/3)

Limit for large ¢t and s,

i \3/2 T 3/2
lim 7 P+ -2(3) N—FE1 =0 P+ -2 () N

e | GYe (14 55 (308 (14 5555)

= PAAG()NEL =0, A(T)NE>=10)

with t > s going to oo, such that the difference behaves as

t— s . 1/3 9’7'—'—70'
2(t — o) = (3s) + (38)1/3

> o 1 1
+ 2(77“ 4+ 1007+ 7o ); + O<s5/3>.



Approximation of Airy by Pearcey for large t:

” P(t+8) -2 (4 )3/2ﬂ_E:@
(3t)16(1+

— PA(A(r)NE =0) + o(t)2/3
(3t>2/3)

Better approximation of Airy by Pearcey for large t:

873 3/2
P(t 4877 — () Cp—y

]PT
(3t)1/6 (1 n

(3t>2/ 3)

=PA (4 [sr(5) "7 + B(1+er(5)") = 0) +0(5) "

Proof. Use saddle point method, combined with the Pearcey PDE.



Pearcey kernel

KIn(X,Y)dY =

0 forT—5<0

(X-Y)?
ay T 2(T=9)

\/27T(T—S)e forT—S >0

Airy kernel

Ky(ay)dy = dy [~ e O+ DA+ VA

— < o 2
dy (=G 50— (te) o

4di / A% / ¥ que vy S-S evx L
w41 JX '

for t—s<0

t—s >0



_UE TV uy
1 4
T — 556 (2 _I_ 618t2 )
2 3/2 1/6 (t*+y)t
[ — u€3z4t
T 323
= % (3wuz4 _ z)
)
— 5 (qu + 3y) Wy —|—Zo(t, y) + O (24) 3
Airy cubic
where
1 —12 t -8 1 2 —4 41 2
Zo(t = - — — —(y — 4t —(3y — 7t7).



Remark: Letting p — 0, n — oo, such that [pn] = fixed k:

t_::l
r .
(G-py W] pasticles [pw] pacheles
atw
t‘:/
(vo,10) = ( v , &
2coshy’  2cosh
t: 0

SN A S

\Wwaiwu\[

X %



5. The Airy process 4(k)(#)
with K outliers

all z;(0) =0
IP’OB% (all x;(t) € EC) =P|all z;(t) € £ | k right paths end up ataatt=1.
(n—k) pathsendupatOatt=1

Keep £k fixed and let n — oo:

(Adler, Delépine, PvM: CPAM '08.)

(related to work of Baik, Ben Arous, Péché '04 and Baik '05 on estimating
the covariance matrix of two Gaussian populations.)



X

po =€

)

2 coshog’ 2cosh oy



Look through the “Airy” microscope at the fluctuations of the paths
about the point on the curve, for very large n:

( o < O_O )
V2 o —.
(z,1) = - , - € curve for fixed A« equuvalently \
2cosho 2cosho <
U 1+Po )

—— Phase transition to new process A(¥)(7) : (Airy process with K
outliers)

(0,p07/n/2) 1 "+ e
lim P all x; —
n—oo  DBr 1+ e—2(0c+1n 1/3) 2 cosh(o + ™ 1/3)

( PA(r)NE=0)=det({ —A)p for 0<o<og
(Airy process)

point of
tangency

P(AK) ()N E = @) = det ([ — AQ‘”) for oc=o0g9= {

E
(Baik, Ben Arous, Péché kernel: Airy process with k outliers)

\



where

A(x)Al(y) — A'(z) Ay)
T—y

A(x,y) = /OOO dwA(w + z2)A(w +vy) =

AP ,y) = [ dwAg (w+ 2 A (0 +yi7)

3 3 _ k
= 5 [dU [avem el - (V T) .
(271) U—-V\U-—-r

with (C is a path running from ooe®™/6 to c0e’™/®, passing under —ir)

1,34 . da 1,34, da
A — / zta”Fiau 2% and A:I: : ::/ zia”+iau SN 7 2 et
(u) Ce o i (u; ) Ce (Fia — 1) .



Then

Q(r,z) = log P(sup A% (r) < z) = log det (I — K

(,00)

satisfies a PDE ( {f, g}z is the Wronskian with regard to z.),

( [ 520 \2 (83 52 52 52 |
%0 | (k- 55) (23)+(x aTé%) (2Tax§%+ )
1
)

97
OTOx2’ 830Q 0%Q , ~3Q 82@ -0°Q 9°Q
{ ! i +87’8:132 <2kW T 23 B ajk) ( o2 T 9r2 970z 1

_1(9%Q )\’ (e _,0%Q0%Q) _
OT0x2 or3 87‘83@ oz3 )




Limits to the Airy process and to the Pearcey process:

(I) to the Airy process For r— —oo, one has
P(sup A% (r) < z)
k k

= P(supat) <o(t4g5) + 7 (14 355) ) +05).

k ko K2 1
B(aup A M) = Baup () (1-373) =7 =55 +0(5)
var(supA(k)(T)) = var(sup A(r)) <1 — j—k) + O ( >
5
Proof: Use the k-Airy PDE. |

(II) to the Pearcey process \When the number of outliers k& — oo:
Mark Adler’'s lecture.



