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Matrix integrals

ZG :/ DQ expNpBUe(tr(QJ)) (1)
G

YASIES /GDQ expNpOe(tr (AQBQ™)) (2)

over a compact grou@, are frequently encountered in physics (and in
maths) : “Bessel matrix functions” or “angular matrix intatp”.

G =0(N),U(N),Sp(N), with respectivel\3 = 1,2, 4.

Invariance unded — Q1JQ» andA — QlAQT, Bi— QZBQT, resp.

— Zg expressible as a sum pf; tr (JJ")P andz(®) as a sum of

[i tr AP [ tr B
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Matrix integrals

Zg = / DQ expNB De(tr (QJ)) (1)

G
7(6) _ / DQ expNB De(tr (AQBQ)) 2)
G

over a compact grou@, are frequently encountered in physics (and in
maths) : “Bessel matrix functions”. Mostly studied 16r= U(N) (B = 2).
What happens for other groups, e@= O(N) (B=1), SEN) (B =4)?

e If A andB are both reaskew-symmetrigi.e. in the Lie algebra of
G = O(N)), Zis known exactly from the work afiarish-Chandra '5.7
Also correlation functions are knowiynardet al|.

e If A andB are both reasymmetric much more complicated and elusive,
[Brézin & Hikami '02-06, Bergre & Eynard 08]

e if they are neither, ...?

e Expect simplification adl — oo [\Weingarten '78] Universality of (1), (2).
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ZngGDQ expNBDe(tr (QJ)) (1)
7(6) — / DQ expNB De(tr (AQBQ)) 2)
G

Outline of this talk

— Review of (2) in the Harish-Chandra cageandB in the Lie algebra)

— Correlation functions
— The integral (2) in the symmetric case

— The largeN limit
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1. The Harish-Chandra integral
For A andB in theLie algebrag of G, in fact in aCartanalgebra

expNptr ABY

Ae(Ahe)

YA :/ DQ expNBtr (AQBQ") = const S
G we W

Ac(A) :=[a>0(0,A), a product over the positive root$)’ the Weyl group.

More concretely, folcG = U(N), takeA = diag(a; ), B = diag(by;)
(U) _ dete”NAP] >
Z\5) = ConStni<,-(a4 ~a)(6=b)) [ltzykson-Z '80]
and forG = O(N), takeA andB both skew-symmetric, block-diagonal form

A:diag< 0 a‘) B likewise
i=1,---.m

—a 0
(0) _ det2cosh Nabj)
£ = ConSt R g b)

for O(N), N = 2m, with Ao (@) = [1<i<j<m(& —a5).
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1. The Harish-Chandra integral
For A andB in theLie algebrag of G, in fact in aCartanalgebra

expNptr ABY

Ae(Ahey) P

YA :/ DQ expNBtr (AQBQ") = const S
G we W

Ac(A) :=[a>0(0,A), a product over the positive root$)’ the Weyl group.

More concretely, folcG = U(N), takeA = diag(a; ), B = diag(by;)

(U) _ dete”NAP] >
Z _constni<j(a_aj)(bi_bj) [ltzykson-Z '80]

and forG = O(N), takeA andB both skew-symmetric, block-diagonal form

. 0 g o
A =diag ( A ) , B likewise
—& 0 i:17...’m

o) __ det(2sinh2Nabj)
219 = const = @moy

for O(N), N = 2m-+ 1 with Ao(a) = 1" ; & [T1<i<j<m(8& — af).
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Proofs of this H-C formula

— Heat kernel
Z/ = t~24mG [ pQe-zNBU(A-0BOY)” gatisfieg NBL2 — 1A4)Z = 0 and
boundary con@’ — const/ dQ3&(A— QBQ"). Rewrite in “radial

t—0 G
coordinates’s; using the expression of the Laplacian

Aa = D7 zaAZ )0; +angular part= Ag%( )Z@?AG(A)Jrang
I
ThusZ" := Ag(A)Ac(B)Z’ solution of(NBd; — 3 ¥;07)Z" = 0 and is an
alternate sum over the Weyl group of exg:NB(a; — b¥)2. QED
— Character expansion .
— Exact semi-classical expressigniistermaat-Heckman theorem|
Stationary points of fAQBQT) w.r.t Q satisfy[A, QBQT] = 0 and are fogeneric
A andBin g, (distinct eigenvalues), in 1-to-1 correspondence withdlements of
W, whence the numerator of the H-C formula. Then the Gaussiatuttions
around each of these stationary points yield the denommioétbe H-C formula.
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Correlation functions

What about the associated “correlation functions” of irat traces

/ DQ e A% M (APQBUQTAR ) 2

(still invariant unde’A — Q;AQ!, B — Q,BQ))

Is there still some localization property?
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Correlation functions

What about the associated “correlation functions” of ireat traces

/ DQ e A% M4 (APQBEQTAR ) 2

(still invariant unde’A — Q;AQ!, B — Q,BQ))

|s there still some localization property?

\/\V/
e—trAB

DO e—tI’AQBQTF A,QBQT —C DT e—'[l’TTT F(A+ T, BW+TT
/ ( ) nWEZN A(A)ABY) Ja,=[v,p ( |

with b the Borel subalgebr@pper triangular matricesjp , its “derived ideal”
(generated by positive root&trictly upper triangular matricesjvhence dinite
number of correction terms to the semi-classical approkona

[Eynard—Prats Ferrer '04, P F—E—Di Francesco—-Z '06 , Ba#tBIF '08]generalizing
or making more explicit previous expressighéorozov '92, Shatashvili '93]
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2. Theintegral (2) in the symmetric case

7(6) — / DQ expNBtr (AQBQ)
G

for A= AT andB = B.

ForG = U(N), A andB hermitian rather thaantihermitian, no difference,
HCIZ formula works.

ForG = O(N), A andB real symmetric, ??
For G = Sp(N), A andB quaternionic self-dual. ??

A case much studied in the recent yeaesihr—Kohler '00, Bezin—Hikami
'02—-06, Bergre—Eynard '08, Collins—Guionnet—Maurel-Segala '08]

10
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Many nice features
— finite (semi-classical) expansion arndéxpansion” for3 aneveninteger

7(G) PP
=2 A(a)PA(bo)

o ISIGIN

B ?B,N (A7 BG) (5)

with 25 \ (A, B) apolynomialof degree3/2 in each variable;; := (a —aj)(bi —bj),
NBaibo'(')
henceZ<G) - ZGE(‘SN A(a?B/ZA(bIO)B/Z PB,N(%)'

— Differential equationBergere-Eynard '08|takeA andB diagonal
LetK = {(K)ij} be thematrix differential operator
K“:aiaj_'—gzl'#ia;%aj and fori # |, Kij:—%ai}aj and let
Mij := Z{|Qjj |2> ThenZ = y; Mj; = ¥ ; Mj; and

Z KijMjk = NBMigby no summation ovek
]

11
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>kMik = ¥iMik = Z andy ; KijMjk = (NB) Mikbk. Can iterate that equation
to get

> K Mjic = Mic(NB) by
J

and summing overandk

(Y K") Z=(NB)PtrBPZ. (6)

a differential operator of ordep

Two remarks
1. This solves the following problem :

Define the differential operat@,(0/0A) by
Dp(0/0A)eNTAB = NPtr BP NIrAB
If Dp acts oninvariant functions KA) = F(QAQT), how to write it in terms
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of 0/0a; ? ForG = U(N),

0 \P 0 0 0
Dp(0/0A) =tr (—) =
P aA ilfzip aAiliz aAi2i3 a'A\ipil

and

Dp = Tla) Z (%) IOA(a) .

|
A(a) = Mi<j(& —a;j) (anon trivial calculation!]Itzykson—Z "801
In general, “radial” expression @, is given byDp = 3 ; (KP);;
2. Connection with Calogero
Note that by construction thgy := Y;; Kiﬁ’ commute.

ConsideiH,, := A(a)P/2D A(a) P/2. Hy = 5,02+ £ (1— g) Sit aaz IS
the Calogero Hamiltonian, and tii, are the higher conserved quantities.

13
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3.LargeN limit

Expect things to simplify abl — co [\Weingarten 78] Look at the “free
energies” :

_ 1
We(J.9") = lim 5109 Zg

and

1
Fo(A.B) = lim logz(©)

ThenW(X) andF (A, B) are,up to an overall factorindependent of
G=0(N), U(N)!

(Not true at finiteN !)

14
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More precisely,

Wo(J.JT) = %\N{J(J.JT) (7)
and .

Intuitively, counting of # of degrees of freedonBN? /2 real parameters in
O(N), U(N).

Actual proof relies either on inspection of explicit fornael
(“Harish-Chandra case”), or on the use of differential dmumes satisfied by
Z, resp.Z, which simplify in theN — oo limit.
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For Zo = [on) DO expNtr (J.0), follow the steps of

the trivial |dent|tyz] GJugS)k, = N?8y Zo is reexpressed in terms of the

eigenvalueg; of the real symmetric matrig.J':

0% Zo 2\j (0z20 0Zo 0Zo 2
AN o2 +J;)\j_)\i (a)\j ~ >+2N—_N Zo .

OA
Writing as aboveZp = N*Wo angd dropping subdominant terms in the large
N limit, with Wo andW := NoWp /0A; of order 1, we get

1 2)\
ANWZ + 2 + — ' ~W)=0 (9)
N
J#I
which is precisely the equation satisfied %)WJ In . This, together

with appropriate boundary conditions, suffices to complleéeproof of (7).
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An explicit expression of\{, is known

trqJ.J"
Wy (3.37) = W a
Z10(Zn |_|p Gp pap>

o oan(@ntyap=3) L/ —(2p)! \7P
W= (0 (2n)! Fl,_ll(p!(pl)!) ’

wherea - n denotes a partitionaf=07.1+02.2+---+ap.nand

n 1
tro (X |_| (tr XP)®
p:1

17
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ForZ(©) = [ DOexpNtr (AOBO), takeA andB both skew-symmetric,
or both symmetric.

e A andB both skew-symmetric

O .
block-diagonal formA = diag ( 84) , B likewise, recall
—3a O i=1---,m

det2coshXab;)
Ao(a)ho(b)
(for O(N = 2m)), with Ao (@) = [1<i<j<nf@ —a5).

RegardA asN x N anti-Hermitian, eigenvalues; = +ia;, B likewise. Easy
to check that adl — oo,

det(eZNA‘Bi) (det(&NaPi) i j<m
2P(AB) = A(A)A(B) N( Ao(a)Ao(b)J

Z(©) — const

2

) — (ZO(AB))?
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e A andB both symmetric
Can take them in diagonal forch= diaga;, B = diagb;

Then Ber@re-Eynard equatioD,Z = (Nf)PtrBPZ (6), in the largeN limit,
yields

NoF(© 1 1 \"
S| = — trBP
([3 04 TN J; qj — aj> s (10)

HenceF (©) (B = 1) satisfies same set of equations;&Y) (B = 2), QED.

19
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Another prooflGuionnet-Zeitouni '02|(for AandB symmetric) as a
by-product of the construction éf; as the unique solution éflatytsin '94

flow: B dependence is explicit. (alstollins—Guionnet—Maurel-Segala
'08])

A Conjecture F(9)(A B) = sF(Y)(A, B) extends tA andB generic (neither
symmetric, nor skew-symmetric). Some evidence from powpagnsion.

Origin of thisuniversality? Diagrammatics ? Relation between
Z = [5dQ expNBOe(tr(QJ)) andZ = [5dQ expNBOe(tr (AQBQT)) ?

In the case of N), yes[P. Zinn-Justin—Zuber '03, Collins "03]
For O(N) ?? no such simple relation .. .
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Heuristic argumentconsider the two-matrix integrals

ZZRS — dAd &—Ntl’ (V(A)—I—W(B)—AB) ~ e_NZFZRS (11)

real
symmetric

complex dA d %_ZNU (V (A) +W(B) _AB) ~ e_NZFZCH
hermitian

over real symm., resp complex Hermitian, matrices. It isltlwrown” that for large
N, same perturbative expansionfof up to rescalings and a global factor 2 i.e.

Foch = 2FoRs (13)

On the other hand, if we diagonalize the matriges diag(a ), B = diag(b;), we
see that (11-12) reduce to

Zors = / dadb|A(a)A(b)[e Vi (V(a)+W(b) / DOENIrAOBO (14)

ZZCH — 9 (12)

ZocH = / dadb (A(a)A(b))2e 2N ZilV (&) +W(bi) / DUENrAUBUT - (15)

If integrals (14-15) dominated & — oo by a saddle point configuration, scaling
Fo(A,B) = 3Ry (A, B) of angular partonsistentvith the scaling (13) of the integral.

21
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Particular case whereA is of finite rank r. Then in the expansion of
F =3 0qM({rAP) [(£trB%), terms with a single trace & dominate.

In the U(N) case (andN — o) ( )

> 1.1
F ~ 1B(NtrAp)L|Jp<B>
p=

whereyy(B) = p-th “non-crossing cumulant” dB

( ):

Application : x The 3 universality ofFg first pointed out in that finite rank
case ]

22
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Spin glass Hamiltonian with replicas ofN Ising spins

H = ZZO’O’O” Q of rank < n

with a couplingG;j, a real, orthogonal, symmetric matrix with an equal
number of+1 eigenvaluesD =V!.D.V.

Have to comput& = [y, dV expptrDVQV".

Now according to Marinari, Parisi, Ritort, pretend you mita&te over the
unitary group,
computey $trQPYp(D) =: trG(Q)

and (with some insight . ..) the correct formula%i@(ZQ) ...

Proved later by

23
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Conclusion and Open issues

— More explicit formulae foiZ, F

— A priori argument for universality, graphical argument ?

— Relations with integrability: D-H localization, finite s@-classical
expansions, Calogero, ...

24



