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1. Introduction
A OP ensembles and non-intersecting path ensembles
A Multiple orthogonal polynomials (MOPs) and MOP ensembles
A Riemann-Hilbert problem for MOPs

2. Non-intersecting Brownian motions
A One starting position, two ending positions
A Two starting positions, two ending positions
A Critical separation and Painlev é Il

A Brief outline of steepest descent analysis

3. Non-intersecting squared Bessel paths
A MOP ensemble with modified Bessel weights
A Global and local regimes

A Critical time and new family of kernels
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The structure behind eigenvalues of unitary random matrice S appears in

other situations as well
A Non-intersecting paths
A Tiling problems, stochastic growth problems
A Representation theory of large groups

They are determinantal point processes : arandom point process so that

correlation functions have determinantal form

det [K(z;,xy)]

7,k=1,....m

A K isthe correlation kernel
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A The eigenvalues from a unitary random matrix ensemble

1
—exp(—TrV(M))dM
Zn
defined on 1 X m Hermitian matrices M follow a determinantal point

process with correlation kernel

K(z,y) = Ve V@) /e V) Z_:Pj (z)p;(y)

A p; is the orthonormal polynomial of degree 7 with weight e~ V(=)

A Orthogonal Polynomial ensemble
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A Given n independent copies X7 (t), ..., X, (t) of a 1-D strong Markov

process with continuous sample paths, conditioned to
A startattime t = 0 atn given points a1 < as < - -+ < ap,
A endattime t = 1 at n given points by < by < -+ < by,
A notintersect in the full time interval (0, 1).
A Then the positions of the paths at given time ¢ € (0, 1) are a determinantal
point process.

A Consequence of Karlin-McGregor (1959) theorem.
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A If ps(x,y) is the Markov process transition p.d.f., then by Karlin-McG  regor

theorem, the p.d.f. for the positions 1, ..., x, of the paths attime ¢ is

1

L det [pu(as, )]y, det[pra(o by

A The correlation kernel K takes the form
K(z,y) =) ¢;(x);(y)
j=1

where biorthogonal functions gbj and ¢j arise from biorthogonalizing the

two sets of functions  x — pi(a;,x) and x— pi_(x,b;)

/qu (z)Yr(z)dr = §; &
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A The confluentcase a; — 0, b; — 0, for Brownian motion leads to (a

variation of) Dyson’s Brownian motion
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A OP ensembles and non-intersecting path ensembles are examp les of

biorthogonal ensembles

1

P(CEl, o oo ,xn) — Z— det [f] (xk)]j,k::L...,’n - det [gj (wk)]j,kzlj,,_,n

for given functions  f1,..., fp,and g1,..., gn.

A A biorthogonal ensemble has a correlation kernel
mn
Kn(z,y) =Y ¢j(@)(y)  where
j=1

A ¢1,...,¢,isabasisfor span{fi,..., fn}
A Y1,...,0, isabasisfor span{gi,...,gn}

A /qb](a:)wk(a:)dx =0,  (biorthogonality )
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If f;(x) = 27~ tw;(z) and g;(x) = 27 ws(x), then OP ensemble .

MOP ensemble if

fi'sare: /7wy g(x), forj=1,....,n, k=1,...,p,

—1

gisare:  x' twop(z), forj=1,....mp, k=1,...,q,

with an = ka

Biorthogonal functions take the form

p q
=) Ajp(@)wy k(x), =Y Bji(x)wa k()
k=1 k=1

with Y, deg A => ,degB;r =7 — 1.
We call Aj,k and Bj,k multiple orthogonal polynomials  (p + ¢ MOPs).
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A MOPs (with 1 + 2 weights) satisfy a 3 X 3 matrix valued RH problem
Van Assche-Geronimo-Kuijlaars (2001)

generalization of Fokas-Its-Kitaev (1992) RH problem for OPs
A Y :C\R — C3*%?isanalytic

A V(o) = Yo (a) (g ) g
0 0 1
z"1 0 0
A Y(2)=Us+01/z)| o =™ o as z — 00
0 0 =z M2
(recall n1 = my1 + Mm»)
A The correlation kernel for the MOP ensemble is given in terms of the
solution Y of the RH problem
wi,1(z)
_ —1
K@9) = g (0 wan) w2o(®) V)™ Va@) | 0
0

Bleher-Kuijlaars (2004), Daems-Kuijlaars (2004)
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A p+ gMOPssatisfya (p+ q) X (p+ q) matrix valued RH problem

stated here for the 2 + 2 case Daems-Kuijlaars (2007)
A Y :C\R — C**isanalytic

A Y, (x)=Y_(x) (é WI(:”) ), for z € R where

W(CIZ) _ (w1,1($)) (w2’1(x) w2’2(x))

wl,g(x)

A Y(2)=(I,+0(1/z))diag (2™ ,2"2,27™1,27™2) asz — o0

A The correlation kernel for the MOP ensemble is

(w11 (z))

wi,2(x)
0

\ 0 )

(00 wo() wa(®) Ye(y)'Yi(@)
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Take mn non-intersecting Brownian motions so that
A p starting points ay, ..., a, and g ending points bq,..., b,
A n; paths start at a; and my, paths end at by,

The positions of the paths attime ¢ € (0, 1) are MOP ensemble with p + ¢
weights

_(:Jc—ak)2
wl,k(x):e 2t 9 k:17°'°7p7

_ (a=bg)?
wo k(z) =€ 208 k=1,...,q.

MOPs in this case are called multiple Hermite polynomials

Workshoo “Random matrices. related topnics. and applications”. CRM Montreal. Auaust 27. 2008 — n. 12/-



151

0.5

-15F

A Asymptotic analysis of the 3 X 3 matrix valued RH problem

(Aptekarev)-Bleher-Kuijlaars (2004, 2005, 2007), McLaug hlin (2007), Orantin (arXiv)

A Usual scaling limits from random matrix theory are found in t he bulk

(sine kernel ) and at the edges ( Airy kernel )

A Double scaling limit at the  cusp point : a family of Pearcey kernels
Brézin-Hikami (1998), Tracy-Widom (2006), Okounkov-Resheti  khin (2007)

Adler-van Moerbeke (2007), Bleher-Kuijlaars (2007)
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A Asymptotic analysis of 4 X 4 matrix valued RH problem for case
ni = N9 = M1 = M9 and small separation Daems-Kuijlaars-Veys (2008)
A The paths fill out an algebraic curve of degree six

A Sine kernel in the bulk and Airy kernel at the edges

A Pearcey kernels at the cusp points is expected (we did not pro ve it)
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A Ifny = my and no = Mo there is a phase transition at critical separation
A At critical separation the paths fill out two tangent ellipse S.
A At larger separation the two ellipses are disjoint.

A At smaller separation the paths fill out one simply connected domain

bounded by an algebraic curve.
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Take N1 = my, Ny = Mo,

L =p, 2 =ps=1-py,

ai > a9, bl > bg.

> > > >

When separation between initial and

ending positions is large enough, one

expects two disjoint ellipses.

A Paths attime tareon |[as(t), B2(t)] U [a1(t), 51(t)] where

0 (t) = (1= t)a; + th; — 24/p;t(1 — 1)

B;(£) = (1 = t)aj + tb; +24/p;t(1 — 1)

A Ellipses are disjointif 35(t) < a1 (t) forall ¢ € (0, 1), and this happens if

and only if

[ (@1 —a2)(bs = bo) > (v + vP2)*
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2t T 2t
A Take (a1 — a2)(by — be) = (\/p1 + /P2)*: critical separation if T = 1.

. N N n n (z—y)
A Brownian motion transition probability exp | —=
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n n(z—y)°
exp | —=
omtT P

A Brownian motion transition probability

T 2t
A Take (a1 — a2)(by — be) = (\/p1 + /P2)*: critical separation if T = 1.

Pearcey phase transition

Paths are on

Paths are on .
one interval

two intervals,
no semicircle  ~_

densities roIN

Paths are on
two intervals, but
no semicircle densities

2 -
1
Paths are on two intervals,
with two semicircle densities
0 T T T T T T T T T 1
0 0.2 0.4 0.6 0.8 1.0
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Paths are on

two intervals,
no semicircle 3

densities

/

T

Pearcey phase transition

Paths are on
one interval
Paths are on

two intervals, but

no semicircle densities

Painlev € Il phase transition

Paths are on two intervals,
with two semicircle densities

T T T T y 1
0.2 0.4 0.6 0.8 1.0
‘ t

A The transition at 7" = 1 at the non-critical time is governed by the

Hastings-McLeod solution  of the Painlev é Il equation

A There are no new scaling limits of the correlation kernel, bu t the

Hastings-McLeod solution is seen in the asymptotics of the recurrence

coefficients of the multiple Hermite polynomials Delvaux-Kuijlaars
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Asymptotic analysis of 4 X 4 matrix valued RH problem with jump

condition

Yi(z) =Y_(x) (é Wl(w>) , for x € R,

where W (z) = (wl’l(x)> (w2,1(2) wa,2(x) ) with

’11)1’2(&7)

w1 5 (2) = exp (-% (@ _2:”“)2> . wap(z) = exp (-%%) . k=1,2,

Direct application of g-functions corresponding to semi-circle laws fails.

First we do a global preliminary transformation (“global op ening of

lenses”)
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X=Y
X=Y
X=Y

0

&
2=

:

0

wo 2

to the right of 1'q,

to the left of 19,

OO
— OO0
v \_/

elsewhere .
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1 Owl,lwg,l 0
01 Wiy ,2W2,1 0
00 1 0

100w11w22
010w12w22
001
000 OO. 0 1 -
i B1 R
100 O
010 O
001 —2:2
w2 1
;2 000 1

T=L""XG"L"

g
Mr—\OO

oS OO+
el Je
= OoOOoOo

g€
N

A Now we define

where L is a constant diagonal matrix, G = diag (e 9!, e792, e91 e92),

A If we in a situation of large separation ,i.e., T' < 1, then we can take 1'; and
I'5 so that jumps on these contours tend to identity matrix as n — oo at

an exponential rate.
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A It does not work in the case of critical separation ,i.e., T" = 1.
A Then the best we candoistolet I'; and I's meetin a point xg € (B2, aq).

A Away from xg the jumps are exponentially close to the identity matrix.

A A local parametrix at xg is constructed with the help of the RH problem for

the Hastings-McLeod solution of Painlev & Il [ q" = sq+ 2q¢° ]

Baik-Deift-Johansson (1999), Bleher-Its (2003), Claeys- Kuijlaars (2006)
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A Squared Bessel process is a strong Markov process on [O, oo) depending

on a parameter « > —1, with transition probabilities

. L (9\*? G VY
Py (x,y) = o (5) e~ @R/ GO, (T) , T,y >0,

where [, is the modified Bessel function of the first kind of order

B o0 (2/2)2k+a
la(z) = ;;) KID(k+a+ 1)

A Ifd= 2(a - 1) IS an integer, then the squared Bessel process is the
square of the distance to the origin of a  d-dimensional Brownian motion.
A Non-intersecting squared Bessel processes were considere d by
Konig-O’'Connell (2001) , Katori-Tanemura (2007) , and
Desrosiers-Forrester (2008) . Related work by Tracy-Widom (2007) on

non-intersecting Brownian excursions.
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Simulation of 50 non-intersecting paths

A Confluent case: all a; — a >0, all b; — 0.
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Simulation of 50 non-intersecting paths

A Confluent case: all a; —a>0, all bj — 0.

2.5
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A In confluent limit a; — a, bj — 0, the positions of n
non-intersecting squared Bessel paths at time t € (O, 1) are a MOP

ensemble with 1 + 2 weight functions

wii(z) =€ T, ny=n,

5 <\/aaz

t

wo 1 (x) = £/ 2¢

). =2

t

wo o(x) = x(O‘H)/Qe_%IaH ( : aa:) : mo := |n/2].

A Proof depends on differential equations for modified Bessel functions

A Corollary: correlation kernel is expressible in terms of so lution of RH

problem with jump condition for x > 0,

| 2%/2¢” FA-8) [, (LAY f(a+1)/2,7 FA-0) [, | (2B
0 0 1
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To obtain non-trivial limitsas n — o0, we rescale a — na, xr — nx.

Rescaled weights

w1 (x)wse 1 () = /2T T-D) 1, (n : ;w:) :

wy 1 (@) wa (x) = 2D/ e T, 1 (n fl‘) |

MOPs with modified Bessel weights were studied in two papers b y
Coussement-Van Assche (2003) . They found a third order ODE for them,

which in the rescaled variables is

2nx

@)+ (@24 a) = s ) o'

n’z nn—a—2) an?\ , n’ B
- <t2(1 BT R S t—2) V(@)= pr —ppy@ =0
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Formal WKB analysis of the ODE (as n — o) leads to algebraic equation

3 2T o i 1 _a B 1 B
6 t(1—t)C+<t2(1—t)2+t(1—t) t2>< t2(1—t)2_0

The equation has branch points  x_ (t) < x (t) and 0.

There is a critical time Cer so that

= a1
A For0<t<tywehave 0 < z_(t) < xy(t)
A Fort,. <t<lwehave z_(t) <0 < xy(t)

Asymptotic analysis of RH problem confirms that paths accumu late on

imax (0, z_(t)), x4 (t)] with limiting mean density

dp(z)
dx

1
= [Im ¢(z)|

For t = t., we also find usual scaling limits:  sine kernel , Airy kernel and

Bessel kernel Kuijlaars-Martinez Finkelshtein-Wielonsky (arxiv 2007,  to appear in CMP)
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A Double scaling limitat =* = 0and t = t,.,:

1
lim

x LA T\ 99

cn3/2 ’ cn3/2 ’ c'n3

leads to new family of kernels depending on parameter T
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A Double scaling limitat =* = 0and t = t,.,:

1
lim

x LA T\ 99

cn3/2 ’ CTL3/2 ’ c'n3

leads to new family of kernels depending on parameter T

A Limiting kernels involve a special solution of third order ODE
of" + @2+ a)f —rf —f=0
which is the double scaling limit of the ODE for MOPs, and its a djoint

—(y9)" +(a+2)¢"+7¢'—g=0
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A Double scaling limitat =* = 0and t = t,.,:

1 T Y T
n1—>1moo cn3/2 Ko (0723/27 cn3/? b= tor c’n3) -

leads to new family of kernels depending on parameter T

A Limiting kernels involve a special solution of third order ODE
of" + @2+ a)f —rf —f=0
which is the double scaling limit of the ODE for MOPs, and its a djoint

—(y9)" +(a+2)¢"+7¢'—g=0

1
m(r — y)

Lf(@)(wg(y)” — f(2)(29(y) +y9'(y))
+f"(@)yg(y) — (o +2)f(x)g (y) — 7f(x)g(y)]
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A Initial RH problem for Y has jump on [0, c0).

A First preliminary step Y +— X introduces jump on negative real line

10 0
01 e¥™z—«
00 1

1 0 0 L mA

C t(1—1)
0 0 —|z 5% ¢ 8)
02| 0 0 0 0 1

- -

0 0
1 e—CETI'lZ—Oé
0
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A Application of g-functions X +— U and opening of lenses U +— T’

10 0
(O 1 eaﬂ'iz—aen(kg—kg)(z) ) 1 00
(z—aen(AQ—M)(Z) 1 0)
01

00 1
0
1 2%enr(A1=22)(2)
0 1 0
0

1 0 0

0 0 —|z|7®

0| 0 - 0 1
| 2] n .

10
( e—awiz—aen(AQ—A3)(z))
00 1

0O 290
—2z" %0 O)
0 01

A The \;(z)’s are anti-derivatives of the solutions  (;(2) of the algebraic

equation
e A1, + ()
Kn(z,y) = - (—e—ml,+<y> y*e~ " 2,4+ W) o)Tgl(y)n(x) g~ en2, 4+ (x)
2mi(x — y)
0
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A Reduction to constant jumps near 0 (magnified picture)

S(z) = T(2) diag (en/\mz) g (2) en/\3<z>)

1
Kn(CC,y) — 27_(_7;(1];_ y) (—1 1 O) Sll(y)S+(:v) 1
0
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A We look for model solution W with jumps on infinite rays

10 0
Oleaﬂ"b
00 1

o O
— OO
N

A Limiting kernel is

1
1 —1
i 1 1 0) V@) (1)
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A We construct W from solutions of — xf""" 4+ (a+2)f" —7f' — f = 0.

A There are solutions of the form

r
f(a;) _ / toz—leT/tel/(Qt?)eggtdt 3
I Y
where I' connects 0 + 20, 0 — 20, oo.
1
fl(ilj)— 2—7-(@/F1
_ e—cwm' - Fl
fQ(x) 27'(-7/ /I‘2 1—‘2
e—owm'
f3($)— 271-@ /F3
. A
N L'y
fal@) = 55 .
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A Choose right combination of solutions in each sector so that the jump

conditions are satisfied (+ an asymptotic condition ...)

(f2 f3 f1)

(f2fa—e°™fs) (—fa f3 f1)

>
(fz fae®™" f3 )

(fs fa 1)
(fz Ja f1)

A Other rows of W contain derivatives.

A The special solution that appears in the limiting kernel is

— QT
e

~fila) + @) = fala) = S [ el
X T

A Theinverse W1 contains solutions of the adjoint equation

Workshoo “Random matrices. related topnics. and applications”. CRM Montreal. Auaust 27. 2008 — n. 34/-



	Outline
	Part 1: Introduction
	OP ensembles
	Non-intersecting path ensembles
	Correlation kernel
	Confluent Brownian motion case as a model for GUE
	Biorthogonal ensemble
	Multiple Orthogonal Polynomial ensembles
	Riemann-Hilbert problem for $1+2$ MOPs
	Riemann-Hilbert problem for $2+2$ MOPs
	Part 2: Non intersecting Brownian paths
	One starting position, two ending positions
	Two starting positions, two ending positions
	Critical separation
	 Large separation
	Phase diagram
	Phase diagram

	Phase diagram: Painlev'e II transition at $T=1$
	Outline of proof
	Preliminary transformation
	Jumps in the RH problem for $X$
	Critical separation
	Part 3: Squared Bessel process
	Simulation of $50$ non-intersecting paths
	Simulation of $50$ non-intersecting paths

	Non-intersecting squared Bessel paths
	Rescaling and ODE
	Asymptotics
	Local regime at critical time
	Local regime at critical time
	Local regime at critical time

	Steps in steepest descent analysis 
	Next steps in steepest descent analysis 
	Reduction to constant jumps
	Parametrix at $0$
	Solution $Psi $
	Jumps are satisfied

