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@ Review of the connection between biorthogonal
polynomials on the unit circle and the Ablowitz-Ladik
hierarchy (M.Adler-P.van Moerbeke '01,B.Simon |.Nenciu
'05):

Recursion coefficients for BOPUC satisfy semidiscrete
zero-curvature equations for the Ablowitz-Ladik
hierarchy.

@ Extension to the case of matrix biorthogonal polynomials
on the unit circle:

Recursion coefficients for  matrix BOPUC satisfy
semidiscrete zero-curvature equations for the non
abelian Ablowitz-Ladik hierarchy.
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Ablowitz-Ladik hierarchy; a discretization for AKNS

(Ablowitz-Kaup-Newell-Segur).

@ Zakharov-Shabat spectral problem for AKNS:

v = LU L z q
0,0 = MW C\r -z

= 9,L = [M,L] + oM

@ Ablowitz-Ladik discretization:

W1 = LWk Lo [Z %
k=
87-\I/k = My Yk z!

- 8TLk = Mk+1Lk — LMy
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Intro.

An example: NLS and its discretization.

@ Complexified non-linear Schrédinger:

z q 222 —qr  2zg+ Ox
L= M :=
r —z 2zr —ry =222 4Qr
070 = O — 2077
=
O:1 = —Tyx + 2qr2.

@ Discrete complexified non-linear Schrodinger:
z % Z—1-XYk-1 2% —Z X1
Ly := o My := e >
Yk Z Z%-1—Z Yo —Z 414 X-1Yk
. 07Xk = X1 — 2+ Xi—1 — XYk (K1 + Xe—1)
Or¥k = — Y1 + 2k — Yko1 + XYk(Vier1 + Y1)
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The scalar case.

Our goal, our strategy.

@ The goal: Expressing the connection between Ablowitz-Ladik
hierarchy and the theory of biorthogonal polynomials on the unit
circle (M.Adler-P.van Moerbeke '01,l.Nenciu '05).

@ The strategy: We slightly change the discrete Lax operator
(P.Miller,N.Ercolani,l.Krichever, C.D.Levermore 1995.)

Lk<z &>HL< ”<>
Ye Z zy 1

@ We write eigenvalues @y such that
D1 = LiPx
in terms of biorthogonal polynomials on the unit circle.

@ We make them evolve using 2D-Toda flow.
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2D-Toda I.

Definitions:
Lii=A+ Y oa A

2)

A= (5i,jfl)i,j207 A_l = AT )
Lo :=a?A-1+ Yis0 a® Al

Zakharov-Shabat Spectral problem:

LW, =20, 6tn\111 = (L2)+\111 8&\111 = (Lg),\yl
Lo =z (6,75 =—-(LDLV; |99 =—(L)L T3

Lax equations:

d,Li = [(L])+,Li] OsLi = [(L3)-, Li]
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The scalar case.

2D-Toda Il (linearization).

Theorem (Takasaki '84)

Given any semi-infinite matrix M := S, 'S, with

S.’I.:|+Z§(1)A_I SZZSéZ)'FZS(Z)AI

i>1 i>1
define its time evolution through
M(t;s) := exp(&(t A))Mexp(—£(s A7Y) = S AL 9 (t:9).

with £(t, A) = D75 A"
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The scalar case.

2D-Toda Il (linearization).

Theorem (Takasaki '84)

Given any semi-infinite matrix M := S, 'S, with

S.’I.:|+Z§(1)A_I SZZSéZ)'FZS(Z)AI

i>1 i>1
define its time evolution through

M(t;s) := exp(&(t, A))Mexp(—£(s, A7) = STH(19)S (1 9).
with £(t, A) = >75, tiA". Then

Ly = SIAST Ly = SAISt
Uy = expé(t,2Six(2) U3 = exp(—£(s, 2 H)(SHTx(zY)

with x(2) := (1,2, 7, ...)" solve 2D-Toda.
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The scalar case.

Generalized biorthogonal polynomials

Proposition

Given a matrix M = Sl‘lsz define a bilinear pairing on the space
of polynomials in zimposing < 7,2 >u= M;;. Then the
polynomials

a® = (a5, ai”. ", .. )T = S (2)
4@ = (¢?,0?,¢?,.. )" = (SHTx(@

are biorthonormal, i.e. < qi(l), j(z) >M= 0i
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The Toeplitz lattice | (Adler-van Moerbeke '01).

Suppose that your initial datum M is a Toeplitz matrix; i.e.
(Mj)ij>o0 = (Mj—i)ij>o. Then:
@ Toeplitz simmetry is conserved along 2D-Toda flow.

@ The pairing < .,. >y, Can be written as
d
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The scalar case.

The Toeplitz lattice | (Adler-van Moerbeke '01).

Suppose that your initial datum M is a Toeplitz matrix; i.e.
(Mj)ij>o0 = (Mj—i)ij>o. Then:
@ Toeplitz simmetry is conserved along 2D-Toda flow.
@ The pairing < .,. >y, Can be written as
dz

< P@.Q2) >u= § PAIQZ Y exlé(t.2)1(@) exp—€(s 2 ) 5 -
with v(2) = >, M initial value.
@ Monic biorthogonal polynomials {pi(l), pj(z)} such that

< pi(l)(z), pj(z)(z) >u= h;d; j satisfy the recursion relation

(pﬂl(z)) s <p,<3>(z)> _( z Xw+1> <p$3><z>>
~(2) =~nl L@ = ~(2)
P2 @) \zha 1)@

with pi? (2) := 2p}” (2 1)
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The scalar case.

The Toeplitz lattice 1l (Adler-van Moerbeke '01).

Lax operators of the Toeplitz lattice are of the following form:

—X1Yo 1—X\1 0
—XYo —Xy1 11—y 0
hllh= | XY X1 —Xa¥2 1-Xys O

La(x,y) = (h~1L1h)T(y, x).
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The scalar case.

The Toeplitz lattice 1l (Adler-van Moerbeke '01).

Lax operators of the Toeplitz lattice are of the following form:

—X1Yo 1—X\1 0
—XYo —Xy1 11—y 0
hllh= | XY X1 —Xa¥2 1-Xys O

La(x,y) = (h~1L1h)T(y, x).

Hence the Toeplitz lattice gives time evolution for recursion
coefficients for BOPUC.
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The scalar case.

Theorem

Consider time-dipendent BOPUC {pﬁl) (2), pﬁz) (2)} with respect
to the pairing

dz
._ —1 o
<P@.Q@) >~ § PARAE (5D 5
with y(t, s, 2) := exp(£(t, 2))v(2) exp(—£(s, z7Y)). Then the related
recursion operators Ly evolve according to semidiscrete
zero-curvature equations for the Ablowitz-Ladik hierarchy

Oy /s Lk = My s k- 15k — LMy /5 k-
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@ Py := (pﬁl)(z), ’pl((z)(z))T satisfy equation ®yyq1 = LgPy.
We have just to find Mj, /5 « such that g, /s Pk = My /s kPk-
Then semidiscrete zero-curvature equations will be given by
compatibility conditions.
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Sketch of the proof.

@ Py := (pﬁl)(z), ’pl((z)(z))T satisfy equation ®yyq1 = LgPy.
We have just to find Mj, /5 « such that g, /s Pk = My /s kPk-
Then semidiscrete zero-curvature equations will be given by
compatibility conditions.

@ Using Zakharov-Shabat equations, for every k, 9 p,((l) is a linear
combination of {p,((l), pl((i)l, p,((i)z, ...} with coefficients in C[x;, y;].
In the same way, for every k, o, ra,((z) is a linear combination of

{pl(f), pl(i)l, r)l(i)z, ...} with coefficients in C[x;, y;].
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The scalar case.

Sketch of the proof.

@ Py := (pﬁl)(z), ’pl((z)(z))T satisfy equation ®yyq1 = LgPy.
We have just to find Mj, /5 « such that g, /s Pk = My /s kPk-
Then semidiscrete zero-curvature equations will be given by
compatibility conditions.

@ Using Zakharov-Shabat equations, for every k, 9 p,((l) is a linear
combination of {p,((l), pl((i)l, p,((i)z, ...} with coefficients in C[x;, y;].
In the same way, for every k, o, ra,((z) is a linear combination of

{pl(f), pl(i)l, r)l(i)z, ...} with coefficients in C[x;, y;].

@ Using recursion relations you arrive to write My, x depending on
{4, ¥, 2}-
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Example:

0P = —zR — X ykP + Py = X 1YkPL + X 1P
~ h _
A = 210 = 2wn” -
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The scalar case.

Example:

0P = —zR — X ykP + Py = X 1YkPL + X 1P

. h .
A = 210 = 2wn” -

o (PO e (PO ek X (R
| @ | =Muk| (2] = -2
Pk Py Z¥k —Z Pk
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The block case.

A natural question.

@ Time evolution for orthogonal polynomials on the real line
leads to the Toda hierarchy.

@ Time evolution for biorthogonal polynomials on the unit
circle leads to the Ablowitz-Ladik hierarchy.

@ Time evolution for matrix orthogonal polynomials on the
real line leads to the non-abelian Toda hierarchy.

What about time evolution for matrix biorthogonal
polynomials on the unit circle?

M. Cafasso MBOPUC and non-abelian AL hierarchy.
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The setting I.

@ Introduce a matrix-valued symbol v(z) = >, M with {M}
(n x n) matrices.
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The block case.

The setting I.

@ Introduce a matrix-valued symbol v(z) = >, M with {M}
(n x n) matrices.

@ Consider the two matrix-valued pairings

<P2,Q >1= J PR (g
<P2.Q@) >r= § P21 s

and corresponding matrix-valued biorthogonal polynomials
{PR(2), PN (2), PPR(2), PPN (2)}
such that

<PPR PR sp= 04} < PPE PP > = gghk.

M. Cafasso MBOPUC and non-abelian AL hierarchy.



The block case.

The setting Il.

@ The following block recursion relations can be obtained:

L L L
?Elz}ﬁ% =Ly I?(NziR (2 He E)’(\IZ)R
PNJ)rl PN AR Py

(Pr(ulﬁ '5r(\124)r|1) _ (P'(\ll)R |5'(\12)L) Lﬁ _ (P'(\ll)R ISI(\IZ)L) ( 2 Z){;I,H) .
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The block case.

The setting Il.

@ The following block recursion relations can be obtained:

L L L
?Elz}ﬁ% =Ly I?ﬁlziR (2 He E)’(\IZ)R
PNJ)rl PN AR Py

(Pr(ulﬁ '5r(\124)r|1) _ (P'(\ll)R |5'(\12)L) Lﬁ _ (P'(\ll)R ISI(\IZ)L) ( 2 Z){;I,H) .

@ Now introduce time evolution

7(t,5,2) = expl&(t, 2))v(2) exp(—£(s, 27 1))

and study time evolution for corresponding matrix biorthogonal
polynomials.
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The block case.

The setting Il

MR

t/s,n Such that

@ Look for some matrices MIL/S n

o (PN@) _y (PVN@
ti/s |5’(\‘2)R(Z) ti/s,n F~,'(\12)R 2)

oss (PR PP @) = (PIR@ PRY@) Msn
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The block case.

The setting Il

MR

t/s,n Such that

@ Look for some matrices MIL/S n

o (PN@) _y (PVN@
ti/s |5’(\‘2)R(Z) ti/s,n F~,'(\12)R 2)

oss (PR PP @) = (PIR@ PRY@) Msn

@ Compatibility conditions will give non-abelian semidiscrete
zero-curvature equations.

0.0k = M, 12k — L
0.LF = LEME,; — MELE,

M. Cafasso MBOPUC and non-abelian AL hierarchy.



The block case.

Non-abelian AL and MBOPUC

Theorem (M.C.)

Consider time-dipendent matrix BOPUC {P{"R(z), P{""(2)} and
{P,(]Z)R(z), ﬁz)"(z)} with respect to the pairings

<P,Q>g= j'{ P (2(t;s, Z)Q(Z)%
<P.Q>u= fPEN1SIQ D ys

with y(t,s;2) := exp(&(t, 2))y(2) exp(—£(s, 7). Then the related
block recursion operators LR and L' evolves according to the
non-abelian AL equations:

/s Lk = My /g g 1ok — LaMy /g
B /s Lk = LRME s kr1 — ME g 1 Lk-

M. Cafasso MBOPUC and non-abelian AL hier:



The block case.

Discrete NLS and its non abelian version.

@ Discrete NLS:

Or X = Xip1 — Xk + X—1 — XYk (X1 + Xk—1)
Or¥Yik = —Ykt1 + 2%k — Yi—1 + XY (Vi1 + Y—1)-
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The block case.

Discrete NLS and its non abelian version.

@ Discrete NLS:

Or X = Xip1 — Xk + X—1 — XYk (X1 + Xk—1)
Or¥Yik = —Ykt1 + 2%k — Yi—1 + XY (Vi1 + Y—1)-

@ Non-abelian discrete NLS:
DX = Xey1 — 2 + X1 — X Vi — XeYRXe_1

YR = —Yir1 + 20 — Vi1 + Ve X0k + VXY 1
O X = xR0 — 2R+ 1 — xR — vk, 1

¥k = —Yirr + Dk — Vi1 + Y 20k + VY

M. Cafasso MBOPUC and non-abelian AL hierarchy.



The block case.

Sketch of the proof I.

@ Consider right and left block-Toeplitz matrices
THts) = (Mi—)ij>0  TR(E9) == (Mij)i >0

(they are moment matrices for < .,. >_and < .,. >r.)
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Sketch of the proof I.

@ Consider right and left block-Toeplitz matrices
THts) = (Mi—)ij>0  TR(E9) == (Mij)i >0
(they are moment matrices for < .,. >_and < .,. >r.)

@ Consider the two factorizations
THES) = Si(t,9)7'S(ts)  TR(t) = Za(t,9Z; *(t,9)
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The block case.

Sketch of the proof I.

@ Consider right and left block-Toeplitz matrices
THts) = (Mi—)ij>0  TR(E9) == (Mij)i >0
(they are moment matrices for < .,. >_and < .,. >r.)

@ Consider the two factorizations
THES) = Si(t,9)7'S(ts)  TR(t) = Za(t,9Z; *(t,9)

@ Define the following block Lax matrices and block wave vectors:
Li:=SAS ! Ly:=SA7MSt
Ri:=2Z'A"'Zy Ry:=Z,'AZ,
Vi(2) = explé(t,2))Six(2)  ¥3(2) = exp(—¢(s, 2 1))(S ) Tx(2 )

01(2) = exple(t2) [x()] 2 #3(2) == expl—e(s. 2 M)z T2

M. Cafasso MBOPUC and non-abelian AL hierarchy.



The block case.

Sketch of the proof II.

The following equations hold true:

LiVi(2) = 2¥1(2) P1(2)RL = zP1(2)
U352 =2 032 B3R =2 83(2)
O V1= (L1)4+ V1 O 01 = 1(R])-
05,01 = (L7)-V1 05P1= 1(RY)+
W3 = —(L1,)T0; &, @5 = —05(RL)T
05, V5 = —(LS ) ‘1’2 05,3 = —(I)E(RBJF)T-

M. Cafasso MBOPUC and non-abelian AL hierarchy.



Theorem (A.Sinap-W.van Assche '96,M.C.)

Lax operators are given in terms of recursion coefficients by
M—
(Lonmyr = —XIN+1( H (I - y{x}))y’MH YN>M> -1
j=N+2
M—
(Ro)n M1 = —er+1( IT o —x}y}))x‘M+1 YN>M> -1
j=N+2
M+
(Lo)msan = —h,\_AL1X{V|+1( H (I — ijr))y'NHh',\, YN>M> -1
j=N+2
M+
(Romyan = —hy'y M+1( H (I — X{)/}))Xr,\,ﬂhh YN>M> -1
j=N+2
(Lonn+1 = (Ro)nngr = |
(L2)nsan = hipahy' (Rnsan = higyahy"

M. Cafasso MBOPUC and non-abelian AL hierarchy.
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The block case.

Conclusions and Perspectives

@ The link between BOPUC and AL hierarchy is extended to
the matrix case considering the non-abelian version of AL.

@ In the scalar case AL equations combined with string
equations coming from the unitary matrix models lead to
Painleve’ and discrete Painleve’ equations. Is it possible to
generalize these results to the matrix case?

@ Any applications in combinatorics for the matrix case?

(...Gessel,Baik,Deift,Johansson,Its,Widom, Tracy,Borodin,
Okounkov,Adler,van Moerbeke,Hisakado...)

M. Cafasso MBOPUC and non-abelian AL hierarchy.
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