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Chiral Two-Matrix Model

Z = /d@d\IJ H}Vil det[i D + my] Hévﬁl det[i Dy + ny| o~ LT(@2i+uTy)

e we are interested in real non-neg. eigenvalues of

12 = <I>T+,ul,2\IfT 0

¢, U are matrices of sizes N X (N +v) € C
e change of variables ®; = &+, U, j=1, 2 couples them:

Z = [ dPddy ervil det[ D1 4+ my] Hévjl det[ Dy + n,) o= 1T(c1010]+cr 000} —d(@1 0] +0] @)

e Unitary dof &1 = U; XV; can be eliminated using a
group integral (HCIZ for non-chiral)

® q)z' Hermitean N x N for non-chiral [Ercolani,McLaughlin01]




Physics Motivation

e low energy QCD — chiral Perturbation Theory (yPT)

— const. Pion fields = Matrix Model (N — o0)
[Shuryak, Verbaarschot 93;. . .|

Ly 227, UlllsyT t
Ze\PT = fU(Nf) dUy det|Up)"e VR LT Dol [0 Ug+92V r<M(U0+U0))

e cffective YPT has 2 LEC’s: F' Pion decay constant &
Y>> chiral condensate

e determine by comparing analytical MM predictions to
Lattice QCD — need source p to couple to F’

e casiest: imaginary isospin chemical potential ip
— keeps ID(&ip) spectra real!

[Damgaard, Heller, Splittorff, Svetitzky, Toublan 05/06]

e Individual eigenvalues: num. easiest [G.A. Damgaard 08]




Illustration Density vs. ’1st’ Eigenvalue on C
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e cut through density (left) vs. Lattice data [Bloch,Wettig'06]

e 1st eigenvalue (right) radially integrated vs same data
[+ G.A., Shifrin 07]



Eigenvalue Representation

e two sets of real eigenvalues: {z}, {y}

diagonalise &1 = U1 XV, &9 = UsY V5 + use integral:
[Guhr,Wettig; Jackson,Sener,Verbaarschot 96|

det1§¢,jgN[]u<Nd5Uiyj>]

/ dUAV exp [NdReTr(VXUY)] = —
[Tz (zigi)" Av({2?}) Av({y?})

e chiral 2MM:

N s Ny Ny
Z = H/ da;dy;(z ;)" 1_[(%2 +mj) 1_[(:%2 + 1)
i=1 0 f=1 g9=1

x An(2?)Aw(y?) det [1,(2dNayy)] e~ SN (erat+eoy?)

e non-Gaussian!! (non-chiral: I, — e)

e inserted ) operators = ave characteristic polynomials



Objects of Study

e Define jpdf: Z = Hf\il fooodxz'dyz' Pjpar
e densities:

N 00 N 00
Rk:,l(xla TR YL e Y)Y Hi:k—H fo dz; Hj:l—H fo dy; Pjpds

e gap probabilities:

Ey(s,t) ~ [jdzy .. dey [ deyg .. dey fg dey ... day [ dys -

. AYN Pjpdr

e individual eigenvalues: z, =s &y =1t

pk,l(S, t) ~ / dl’l N dl’k_1/ d$k+1 ce d.I'N
0 s

t 00
X /dyl...dyg_l/ dyic1 .. dynPipa(- - X =8, ...,y =1, ...
0 t

e not independent: e.g. 0;0,Epo(s,t) = pia(s,t) for
smallest




Solution for all Densities

e bi-orthogonal polynomials |4, = [ dzdy w ") (z, y) P, (2*)Qx(y?)

N, No
weight w ™) (2, y) = (ay) ! T[(e*+m3) T [(r*+m2) L, (2d N wy) e~V
f=1 g

e in terms of 4 kernels: using [Eynard, Mehta 98|

Ky=02"PQu, Hv =30 " X0Pr, Hv = 1 "xQr My =30 XX

containing integral trafo yi(z) = [,* dy w(z,y)Pi(y) & ditto for Qy

= all density correlation functions known explicitly

N1,N2)(

: : - ) o . ,
Rzt {y}r) = det Hy (i, 1) My (i, y5,) — w i Ys)

1<iy,i9<n; 1<j1,59<k KN(yj17 fig) HN(yjp y]é)



Example Density: 2MM vs. 1MM

example quenched (N = Ny =0) : Py, Q ~ Ly and xg, X ~ e_x2LZ Laguerre

03}
02}

o1l

e IMM N — oco: Bessel pi(z) = £(J,(x)*—J,11(x)J,—1(x))

e 2MM N — oo: generalised Bessel o? = 2N

pri(z,y) = pi(x)pi(y)—zy KF(z,y) (’C_(fv, y) — e WL () az))

K*(z,y) = fol dt e*°" J, (tx)J, (ty)




Densities — Gaps — Eigenvalues: Expansion

e all densities — all gap prob’s — all indiv. ev.

N—k

l Z—l—j t
Epa(s,t) = z'y' / d%---dﬂ?kﬂ'/ dyr - .- dyr i Ry b rvis 19 F4g)
0 0

2

I
o

1=0 7
e cxample p;; = 00 Ly .

S t
pri(s,t) = Rii(s,t) —/ dx Ry 1(x,s,1) —/ dy Ryo(s, t,y) + ...
0 0

e same expansion for 1MM:

1st eigenvalue = density — [ 2-pt density +. ..



Expansion in 1MM

e cxact result:
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in 2MM
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Expans

p1.1 generalised Bessel vs. pp 1 expanded to 2nd order

e Can we find an exact result as in the 1MM?



Reminder: Gaps in 1MM

H/ dx; x7 H xz—l—mf) e Ay (x)?

e after changing variables 22 — x

e Vandermonde || — z;) invariant under shift

(i

2

= | Fy(s) ~e ¥ x Z| Gap = new Z with

— shifted masses m% — m? + 82,

— v extra masses s2

— “effective v = 0" [Damgaard, Nishigaki, Wettig 98]

Result |Ey(s) ~ e 5 detf,k[LN+k(m?e + 82)] /A({m?* + s°})

(v =0)

e same strategy for pi: shift jpdf of k-th eigenvalue
[Damgaard, Nishigaki 01]



Exact Results for 2MM

e partial results for objects totally symmetric in {y}

— can replace det |, (z;y,)| by diagonal | [, I, (z;y;)

= Gaps of r only, k-th individual z-eigenvalues

nontrivial due to presence of Ny ID’s of y’s

e example 1st gap:

N

FEoo(s,t =0) ~ H/ d:vz-/ dyi Pjpa
0

i=1"Y"

e Shift easy as for IMM?



How to do 1st Gap in 2MM

Eyo(s,t =0) ~ / dx exp massl A(x)/ dy expmass2 A(y) det I, (zy)
s 0

1.) [, dy symmetric: replace det I, (zy) — [] L (zy)

2.) replace:
I(vy) — > a;jLi(z)L;(y) and mass2 A(y) — det [%EZ; ]
J
o B N oo Lj(n)
orthogonality: = Ej(s,t =0) ~ [[,_; [, dz expmassl A(z) det
a;L;(x)

3.) det identity & shift & 2b.):

Eoo(s,t =0) ~ /0 " de exp det. [L[ff?;f] N [%2((7;”

e compute like average of characteristic polynomials



First Gap in 2MM

det

E00l 0™ )

K(m'y,,

ﬂﬂ'ﬁh_zi]VQ

e shifted mass m’ 2 = m? + s2

K(mi,ny)...

).

K(mllv nN2> LN+N2(m/12) s LN+N1—1(m/12)

e Kernel K(m',n) = Zﬁﬂ?‘l Lij(m* + s*)g;(n)

e generalised shifted Laguerre

IMM limy,, sy 7(pt1, p2) = 0

q;(n)

lZO(l—Tﬂ

Ly(n*) L1 (s?)

e for Ny > N replace L; — g; in right half of det

K<m{7\717 nN2> LN—{—NQ(m{]%]l) s LN—f—Nl—l(m{]%ﬁ) _



Averages of Characteristic Polynomials

Ny N,
< H det[i Dy + m] H det[i Dy + ny| > (G.A., Vernizzi 03]

f=1 g=1
| N Ny No
= EH/dﬂ%dyz'w(iUz,yOH(I?WLW?‘) H(yfntn?]) Ay (z)An(y”)
i=1 f=1 g=1
- N [ K(mq,ny)... K(mi,ny,) Pyin,(mi)...
— e : : '
A A 2
Nl(m ) Nz(n ) ] K(le, nl) C K(le,nN2> PN+N2(m?V1>

for N1 Z NQ

PN+N1—1<m%>

c. PN+N1_1(m?V1) i



The k-th z-eigenvalue in 2MM

e definition

pr(x) = / dx1/ dxs . . / dxp—1 Qjpar(x1, ..., xp)
0 ] Tf—2

e partial jpdf of the k-th ev

N
ijdf(.fl,...,x'k)w H/

oo
i=k+1" Tk

N o0
dfi]i[b/P C&U ¢yp@?
j=1""

e Result:

oo J1 [ o [5)

1=k+1




The Large-N Limit: Hard Edge

o rescale Nxzj, Ny;, Nm, Nn,
and Niu? *weak non-Hermitecity’

e building blocks:

* Ly(N(m? 4+ s%)) — Io(v/m? + §2) Laguerre

o tricky: > — [ Ly'=1
(check: lim 6 — 0: — Iy(v/A% + §2) Sonine identity)

= Kernel asymptotic = » _; L;q; & Gap

152

+ e2

Iy(n)



Examples
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o left: pi(z) and pi(x) ~ dgq(n) for Ny =0, Ny =1

(0 — 0: 1MM with 1 mass, 6 — oo: 1MM quenched)
e right: gap 1 — Ej(s,0) comparing

Ny =0, Ny =2 and Ny =1 = N, at fixed mass and 5



Remarks

e for Ny = 0 integration over all {y}:
reduces 2MM to 1MM

e Factorisation into 1M M densities & indiv ev.:

for Ny = Ny = 0 and parameter p; NOT scaled
with IV one of the kernels converges to the weight:

M(z,y) = 3 6@)%() = wley)
> (= TP L L) ~ Dlay)

= Mehler formula for Hermite or Laguerre
1 _ 2042
(compare: for scaled Np*: | [ dt e 7" J, (tx)J, (ty)

N—




Open Problems

o asymptotic large- N rigorous and universality proof

o complete the solution of 2MM:

mixed individual eigenvalues of z- and y-type

o 2MM with complex eigenvalues:

exact individual eigenvalues, partial quenching?



