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Example: Vertex Coloring

Symmetric group operates on variables
with constant objective function value on orbits.

min

Cmax∑

c=1

yc

s.t.
∑

c

xv,c = 1 ∀v

xv,c + xw,c ≤ 1 ∀c ∀{v, w} ∈ E

xv,c ≤ yc ∀v ∀c

xv,c ∈ {0, 1} ∀v ∀c



Two problems

Unnecessarily large search space
(Branch-and-cut)

min
Cmax∑

c=1

yc

s.t.
∑

c

xv,c = 1 ∀v

xv,c + xw,c ≤ 1 ∀c ∀{v, w} ∈ E

xv,c ≤ yc ∀v ∀c

xv,c ∈ [0, 1] ∀v ∀c
Useless LP-bounds



Example:  Graph Partitioning

∑

v

xv,j ≤ B

xv,j = 1

yv,w = 1

iff    is in part

iff    and     are in the same part
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Dealing with symmetry

• Isomorphism pruning (Margot 2002+)

• Orbital branching (Linderoth et al. 2007)

• Additional inequalities
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Plan

Describe convex hull of 
representatives

“Partitioning”, “packing”, “full”

Symmetric / cyclic group



The Matrices
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The  Representatives

≺ : lexicographic ordering of Mp,q

set of matrices that
are    -maximal in their orbits

:M
max

p,q
(G)

≺



The Orbitopes

Op,q(G) := conv M
max

p,q
(G) “full orbitope”

O=

p,q
(G) := conv(Mmax

p,q
(G) ∩M

=

p,q
)

“partitioning orbitope”

O≤
p,q

(G) := conv(Mmax

p,q
(G) ∩M

≤
p,q

)

“packing orbitope”

cyclic group (    )Cq

Sqsymmetric group (    )
G :



The Results

Partitioning
Packing Full Full (q=2)

Symmetric
Group

Complete
Polynomial

???
Polynomial Complete

PolynomialCyclic
Group

Complete
Polynomial

???
???

Polytope
Optimization



Vertices of Orbitopes
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nonnegativity constraints

row-sum equations

              and               for all 

THEOREM  [K & Pfetsch 2006]

The orbitope                is described by the following constraints:

x11 = 1 x1j = 0 j > 1

O=

p,q
(Cq)

Cyclic Group: Partitioning



nonnegativity constraints

row-sum inequalities

             for all 

these inequalities

Cyclic Group: Packing

THEOREM  [K & Pfetsch 2006]

The orbitope                is described by the following constraints:

x1j = 0 j > 1

O≤
p,q

(Cq)
10 KAIBEL AND PFETSCH
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Figure 3: (a) Example of the coefficient vector for Inequality (4); “−” stands for a −1,
“+“ for a +1. (b) Ordering used in the proof of Theorem 4.

ordering of the variables xij indicated in Figure 3 (b) (i.e., correspond-
ing to the sorting of ([p] × [q]) \ {(1, 2), (1, 3), . . . , (1, q)} that starts with
(1, 1), (2, 1), . . . , (p, 1) and continues with {2, 3, . . . , p} × {2, 3, . . . , q} in in-
creasing lexicographic order). An example for the coefficient matrix Ã with
p = q = 5 looks as follows:

0

B

B

B

B

B

B

B

B

B

@

+ + + + +

+ + + + +

+ + + + +

+ + + + +

− + + + +

− − + + + +

− − − + + + +

− − − − + + + +

1

C

C

C

C

C

C

C

C

C

A

Let the upper p − 1 rows of Ã, corresponding to x(rowi) ≤ 1 for i =
2, . . . , p, be labeled u2, u3, . . . , up. Similarly, let the lower p − 1 rows, corre-
sponding to (4) for i = 2, . . . , p, be labeled !2, !3, . . . , !p. The indices of the
columns of Ã are partitioned into p blocks B1 = {(1, 1), (2, 1), . . . , (p, 1)} and
Bk = {(k, 2), (k, 3), . . . , (k, q)} for 2 ≤ k ≤ p, corresponding to the arrows in
Figure 3 (b).

For an arbitrary subset C ⊆ ([p] × [q]) \ {(1, 2), (1, 3), . . . , (1, q)}, we con-
struct a signing σ : C → {−1,+1} as required by the Ghouila-Houri criterion
in the following way. In each of the blocks B1, B2, . . . , Bp, we let the signs
alternate (with respect to the ordering of the columns of Ã); the value of
the first sign will be determined later. Obviously, if C ∩ B1 = ∅, then
∑

c∈C σ(c) ac ∈ {−1, 0,+1}2(p−1) (as the part of Ã composed of the other
blocks is a 0/1-interval-matrix). Therefore, we only consider the case where
C ∩B1 (= ∅. We then assign a (+1)-sign to the first column of C ∩B1; this
fixes the signs in C ∩ B1.

Because the signs σ(c) have been chosen alternatingly for c ∈ C, and
since the the part of Ã corresponding to C ∩ B1 is an interval matrix (see
the example above), we have

y :=
∑

C∩B1

σ(c) ac ∈ {−1, 0,+1}2(p−1). (5)

For each 2 ≤ k ≤ p, the columns in C∩Bk contribute only to components uk

and !k of
∑

c∈C σ(c) ac. Thus, it suffices to show that we can, for each block

≤ 0

10 KAIBEL AND PFETSCH

i

(a) (b)

Figure 3: (a) Example of the coefficient vector for Inequality (4); “−” stands for a −1,
“+“ for a +1. (b) Ordering used in the proof of Theorem 4.

ordering of the variables xij indicated in Figure 3 (b) (i.e., correspond-
ing to the sorting of ([p] × [q]) \ {(1, 2), (1, 3), . . . , (1, q)} that starts with
(1, 1), (2, 1), . . . , (p, 1) and continues with {2, 3, . . . , p} × {2, 3, . . . , q} in in-
creasing lexicographic order). An example for the coefficient matrix Ã with
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columns of Ã are partitioned into p blocks B1 = {(1, 1), (2, 1), . . . , (p, 1)} and
Bk = {(k, 2), (k, 3), . . . , (k, q)} for 2 ≤ k ≤ p, corresponding to the arrows in
Figure 3 (b).

For an arbitrary subset C ⊆ ([p] × [q]) \ {(1, 2), (1, 3), . . . , (1, q)}, we con-
struct a signing σ : C → {−1,+1} as required by the Ghouila-Houri criterion
in the following way. In each of the blocks B1, B2, . . . , Bp, we let the signs
alternate (with respect to the ordering of the columns of Ã); the value of
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Symmetric Group: Partitioning

The inequalities

describe the 0/1-points in the 
orbitope (cf. Mendez-Diaz et 
al. 01). 

But: They do not provide a 
complete description.
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Shifted-Column Inequalities

shifting of

(exponentially many)
shifted columns inequalities (SCI)



Separating with SCIs

max of and

THEOREM  [K & Pfetsch 2006]

The separation problem for SCIs can be solved in linear time.



Symmetric Group: Partitioning

The orbitope                    equals the polytope              that is 
described by the following constraints:

The description is irredundant up to:

THEOREM  [K & Pfetsch 2006]

nonnegativity constraints

row-sum equations

shifted column inequalities

O=

p,q
(Sq) Q(p, q)
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Vertices of                                    :

Full Orbitopes (for q=2)

• 0/1-solutions to:

• With                      and                 :

• 0/1-Knapsack: 

                    Orbisack

Op,2(S2) = Op,2(C2)
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x̄i1 = 1 − xi1 x̄i2 = xi2

Op,2(S2) = Op,2(C2)

p−1∑

i=0

(2p−i
xi,2 − 2p−i

xi,1) ≤ 0

p−1∑

i=0

(2p−i
x̄i,2 + 2p−i

x̄i,1) ≤ 2p − 1



The Knapsack Inequality
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Block Inequalities
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The orbisack                                   is completely described by the 
following constraints:

The description is essentially irredundant.

THEOREM  [K & Loos 2006]

Op,2(S2) = Op,2(C2)

Description of the Orbisack

0/1-bounds on the variables

block inequalities



Knowledge on Orbitopes

Partitioning
Packing Full Full (q=2)

Symmetric
Group

Complete
Polynomial

???
Polynomial Complete

PolynomialCyclic
Group

Complete
Polynomial

???
???
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Variable fixing

P ⊆ Cd := [0, 1]d polytope

0 01 cube face F

P ∩ {0, 1}dP ∩ F ∩ {0, 1}d

0 1

FixF (P ):  smallest cube face containing P ∩ F ∩ {0, 1}d

(In general: NP-hard to compute)

P ⊆ P̃ =⇒ FixF (P ) ⊆ FixF (P̃ )Relaxation:



Sequential fixing

 Independent of choices

                                                    simultaneous fixing

 Constraint propagation

P̃ Knapsack:                 easy to computeFixF (P̃ )

For                                           :P = {x ∈ [0, 1]d : Ax ≤ b}

While there is some inequality             in             with 

replace     by    .

Ax ≤ bax ≤ β

F != F̃ := FixF ({x ∈ [0, 1]d : ax ≤ β})

F̃F

FixF (Ax ≤ b) sequential fixing 

FixF (Ax ≤ b) ⊇ FixF (P )



F = (x4 = 0)For                         :

No sequential fixing, but:
FixF (P ) = (x3 = 0, x4 = 0)

x1 − x2 + x3 − x4 ≤ 0

−x1 + x2 + x3 − x4 ≤ 0

P ⊆ [0, 1]4 defined by:

Example:

Sequential vs. simultaneous fixing

Sequential fixing (even with ideal descriptions) is weaker than simultaneous 
fixing, in general.

THEOREM  [K, Peinhardt, Pfetsch 2007]
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Orbitopal fixing

1
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1
1

1

1
1
10 0 0

1

10 0 0 0

1
0
0 0
0 0
0 0 0

0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0
0 0 0 0
0 0 0 0

There is a linear time algorithm 
for orbitopal fixing.

THEOREM  [K, Peinhardt, Pfetsch 2007]

FixF (O=

p,q)FOrbitopal fixing of     :

(removes all orbitopal symmetry)

Sequential fixing (wrt affine hull) 
is as strong as orbitopal fixing.

THEOREM  [K, Peinhardt, Pfetsch 2007]
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Computational results

Graph partitioning problem

Clique inequalities (heuristic separation)

First index plus reliability branching [Achterberg et al.]

SCIP [Achterberg], CPLEX 10.01

Initialization with optimal objective function value

Triangle fixed to zero



Random Instances with n=30, m=300

Results

1000

750

500

250

 9 9 9 6 6 6 3 3 3

1000

750

500

250

 9 9 9 6 6 6 3 3 3

1000

750

500

250

 9 9 9 6 6 6 3 3 3

150

100

50

14400

10800

7200

3600

 12 12 12 9 9 9 6 6 6 3 3 3

150

100

50

14400

10800

7200

3600

 12 12 12 9 9 9 6 6 6 3 3 3

150

100

50

14400

10800

7200

3600

 12 12 12 9 9 9 6 6 6 3 3 3

150

100

50

14400

10800

7200

3600

 12 12 12 9 9 9 6 6 6 3 3 3

150

100

50

14400

10800

7200

3600

 12 12 12 9 9 9 6 6 6 3 3 3

100

50

14400

10800

7200

3600

 6 6 6 3 3 3

100

50

14400

10800

7200

3600

 6 6 6 3 3 3

100

50

14400

10800

7200

3600

 6 6 6 3 3 3

100

50

14400

10800

7200

3600

 6 6 6 3 3 3

100

50

14400

10800

7200

3600

 6 6 6 3 3 3

n = 30, m = 300 n = 30, m = 400 n = 50, m = 560

Outcome:
! Symmetry breaking significantly decreases solution time.
! Orbitopal fixing (with clique ineq.) faster than CPLEX (with

symmetry breaking)
! Orbitopal fixing slightly faster than SCI separation
! Orbitopal fixing < Margot’s approach < no symmetry breaking

IPCO 2007 24 / 25
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Summary on Random Instances

Significant improvements by orbitopal symmetry breaking 

SCI separation slightly better than adding all CIs 

Orbitopal fixing slightly better than SCI separation

Pure CPLEX: Fixed triangle similar to built-in symmetry breaking
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Remarks

Orbitopal Fixing: Plug-and-play tool (SCIP)

Polyhedral structure of orbitopes: 

Full/Covering for symmetric groups

Products of groups

Permuting rows and columns?

Interplay with specific polyhedra

Other systems of representatives

Applications (e.g. metastable states)
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Thank you for your attention.



Orbitopal Fixing

FixF (O=

p,q)FOrbitopal fixing of     :

(removes all orbitopal symmetry)

There is a linear time algorithm 
for orbitopal fixing.

THEOREM  [K, Peinhardt, Pfetsch 2007]
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