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Model:

X = {(s, x, y) ∈ R× Zn × Zm : s + a1xi ≥ bi, ∀i ∈ N1,
s + a2yj ≥ dj, ∀j ∈ N2

}
where N1 = {1, . . . , n}, N2 = {1, . . . ,m} and a1, a2 ∈ Z+.

Notation: P denotes the convex hull of X
g = gcd(a1, a2) (assume g > 1)
g1 = a1/g
g2 = a2/g−→r ij = g − (dj − bi)mod(g)

−→ρ ij =

⌈
dj − bi

g

⌉
←−r ji = g − (bi − dj)mod(g)

←−ρ ji =

⌈
bi − dj

g

⌉

For i ∈ N1, j ∈ N2 let

−→
P ij = { (s, x, y) :

s = bi − a1xi
−g1xi + g2yj ≥ −→ρ ij
xt = xi, t ∈ N1, t < i xt = xi + 1, t ∈ N1, t > i
yt = yj, t ∈ N1, t < j yt = yj + 1, t ∈ N1, t > j}

←−
P ji = { (s, x, y) :

s = dj − a2yj
g1xi − g2yj ≥ ←−ρ ji
xt = xi, t ∈ N1, t < i xt = xi + 1, t ∈ N1, t > i
yt = yj, t ∈ N1, t < j yt = yj + 1, t ∈ N1, t > j}

and let

P =

 ⋃
i∈N1,j∈N2

−→
P ij

 ⋃  ⋃
i∈N1,j∈N2

←−
P ji


X = P

⋂
R× Zn+m

Then

X = X + R+ × Zn+m
+ and P = P + Rn+m+1

+

Using this relation between P and P and a result of Balas
(1998) on the projection of union of polyhedra it follows that:

Proposition: The inequality

s +
∑
j∈N1

vjxj +
∑
j∈N2

wjyj ≥ α

is valid for X if and only if there exists vt ≥ 0, t ∈ N1, wt ≥
0, t ∈ N2, u ≥ 0 such that∑

t∈N1
vt = a1 − g1u (1)∑

t∈N2
wt = a2 − g2(g − u) (2)

α ≤ bi +−→ρ iju +
∑

t∈N1,t>i

vt +
∑

t∈N2,t>j

wt, i ∈ N1, j ∈ N2 (3)

α ≤ dj +←−ρ ji(g − u) +
∑

t∈N1,t>i

vt

+
∑

t∈N2,t>j

wt, i ∈ N1, j ∈ N2 (4)

u ≤ g (5)

Let Q = {(α, v, w, u) ∈ R1+n+m+1
+ : (1), (2), (3), (4) (5)}.

Separation: Given a point p∗ = (s∗, x∗, y∗) then p∗ is in
P if and only if

min{s∗ +
∑
j∈N1

vjx
∗
j +

∑
j∈N2

wjy
∗
j − α : (α, v, w, u) ∈ Q}

has nonnegative optimal value

Define the bipartite graph G = (N1, N2, A) where N1 =
{1, . . . , n}, N2 = {1, . . . ,m} and A is the set of all arcs
A =

−→
A ∪

←−
A where

−→
A = {(i, j) : i ∈ N1, j ∈ N2} and←−

A = {(j, i) : i ∈ N1, j ∈ N2}. Associate with each arc
(i, j) ∈

−→
A the weight −→r ij, and with (j, i) ∈

←−
A the weight

←−r ji (see Figure 1).
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Figure 1. Bipartite graph G = (N1, N2, A) for Example 1 (with g = 11).

Theorem: Consider the bipartite graph G = (N1, N2, A) and
a circuit C in G, where C =

−→
C ∪

←−
C ,
−→
C ⊂

−→
A,
←−
C ⊂

←−
A,

with length
∑

(i,j)∈
−→
C

−→r ij +
∑

(j,i)∈
←−
C

←−r ji = g. Then the circuit-

inequality

s +
∑
j∈S1

vjxj +
∑
j∈S2

wjyj ≥ α

where (α, v, w, u) ∈ Q satisfies

α = bi +−→ρ iju +
∑

t∈N1,t>i

vt +
∑

t∈N2,t>j

wt,∀(i, j) ∈
−→
C

α = dj +←−ρ ji(g − u) +
∑

t∈N1,t>i

vt +
∑

t∈N2,t>j

wt,∀(j, i) ∈
←−
C

and vt = 0, t 6∈ S1, wt = 0, t 6∈ S2 where S1 and S2 are,
respectively, the subsets of N1 and N2 in C, is valid for P.

Example 1. Consider
X = {(s, x, y) : s + 33x1 ≥ 40, s + 33x2 ≥ 43, s + 33x3 ≥ 48,

s + 55y1 ≥ 25, s + 55y2 ≥ 30, s + 55y3 ≥ 33}

The cycles with length g = 11 and the corresponding in-
equalities are:

inequality circuit
s + 12x1 + 35y1 ≥ 33 {(1, 1), (1, 1)}
s + 30x1 + 5y2 ≥ 40 {(1, 2), (2, 1)}
s + 21x1 + 20y3 ≥ 40 {(1, 3), (3, 1)}
s + 21x2 + 20y1 ≥ 39 {(2, 1), (1, 2)}
s + 6x2 + 45y2 ≥ 34 {(2, 2), (2, 2)}
s + 30x2 + 5y3 ≥ 43 {(2, 3), (3, 2)}
s + 3x3 + 50y1 ≥ 28 {(3, 1), (1, 3)}
s + 21x3 + 20y2 ≥ 44 {(3, 2), (2, 3)}
s + 12x3 + 35y3 ≥ 41 {(3, 3), (3, 3)}

s + 16x1 + 2x2 + 24y1 + y2 ≥ 38 {(1, 1), (1, 2), (2, 2), (2, 1)}
s + 25x1 + 2x2 + 9y2 + y3 ≥ 42 {(1, 3), (3, 2), (2, 2), (2, 1)}
s + 14x2 + 4x3 + 24y2 + y3 ≥ 43 {(2, 2), (2, 3), (3, 3), (3, 2)}

Considering the circuit {(1, 1), (1, 2), (2, 2), (2, 1)} then
v3 = w3 = 0
v1 + v2 = 33− 3u
w1 + w2 = 55− 5(11− u)

α = 40− u + v2 + w2 arc (1, 1) ∈
−→
A

α = 25 + 2(11− u) + w2 arc (1, 2) ∈
←−
A

α = 43− u arc (2, 2) ∈
−→
A

α = 30 + (11− u) + v2 arc (2, 1) ∈
←−
A

which implies u = 5, v1 = 16, v2 = 2, w1 = 24, w2 = 1. Hence,
the circuit-inequality is

s + 16x1 + 2x2 + 24y1 + y2 ≥ 38

Theorem: Consider the circuit-inequality associated with
the circuit C = {(i1 = 1, j1 = 1), . . . , (ik, jk), (jk, i1)} with
length g and −→r ij > 0 for all (i, j) ∈

−→
C and ←−r ji > 0 for all

(j, i) ∈
←−
C :

s +
∑
i∈V1

vixi +
∑
j∈V2

wjyj ≥ α

where (V1, V2) denote the set of vertices in C. For each sub-
set (S1, S2) of (N1, N2) such that V1 ⊆ S1, V2 ⊆ S2 the follow-
ing extended-circuit inequalitiy is valid for P

s+
∑
i∈S1

v′ixi+
∑
j∈S2

w′jyj ≥ α+
∑

i∈S1\V1,i>ik

α(i)+
∑

j∈S2\V2,j>jk

β(j)

where

v′i =


α(i)−

∑
t∈S1,p(i)<t<i α(t) if i ∈ S1 \ V1

v1 −
∑

t∈S1,t>ik v′t if i ∈ V1, i = 1

vi −
∑

t∈S1,p(i)<t<i v
′
t if i ∈ V1, 1 < i < ik

vi −
∑

t∈S1,p(i)<t v
′
t if i ∈ V1, 1 < i = ik

w′j =


β(j)−

∑
t∈S2,p(j)<t<j β(t) if j ∈ S2 \ V2

w1 −
∑

t∈S2,t>jk
w′t if j ∈ V2, j = 1

wj −
∑

t∈S2,p(j)<t<j w′t if j ∈ V2, 1 < j < jk
wj −

∑
t∈S2,p(j)<t w

′
t if j ∈ V2, 1 < j = jk

and

p(i) = min{t ∈ V1 : t < i}, i ∈ N1 \ {1}
p(j) =min{t ∈ V2 : t < j}, j ∈ N2 \ {1}
α(i) = min

j∈V2

{
min

{
bi +−→ρ iju, dj +←−ρ ji(g − u)

}
+

∑
t∈V1,t>i vt +

∑
t∈V2,t>j wt − α

}
, ∀i ∈ S1 \ V1

β(j) =min
i∈V1

{{
dj +←−ρ ji(g − u), bi +−→ρ iju

}
+

∑
t∈V1,t>i vt +

∑
t∈V2,t>j wt − α

}
, ∀j ∈ S2 \ V2.

Example 1 (cont.) Consider the circuit-inequality

s + 16x1 + 2x2 + 24y1 + y2 ≥ 38

α(3) = min { 1︸︷︷︸ , 6︸︷︷︸ , 5︸︷︷︸ , 4︸︷︷︸ } = 1
arc (3,1) arc (1,3) arc (3,2) arc (2,3)

β(3) = min { 4︸︷︷︸ , 3︸︷︷︸ , 5︸︷︷︸ , 1︸︷︷︸ } = 1
arc (1,3) arc (3,1) arc (2,3) arc (3,2)

The extended-circuit-inequalities associated with

s + 16x1 + 2x2 + 24y1 + y2 ≥ 38

are:

s + 15x1 + 2x2 + x3 + 24y1 + y2 ≥ 39
s + 16x1 + 2x2 + 23y1 + y2 + y3 ≥ 39
s + 15x1 + 2x2 + x3 + 23y1 + y2 + y3 ≥ 40

Theorem: The trivial inequalities together with
the extended-circuit inequalities suffice to de-
scribe P.
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