The polyhedral description of a

Model:

X ={(s,z,y) e RxZ" xZ" : s+ ajx; > b;, Vi € Ny,
S+ agy; > dj, Vi € NQ}

where Ny ={1,...,n}, No={1,...,m}and aj,as € Z.

Notation: P denotes the convex hull of X
g = gcd(ay,ag) (assume g > 1)

g1=a1/g
92 = az/g
i =g — (dj — b;)mod(g)
e
T ji =g — (b — dj)mod(g)
b —d
pji =
g

For: e Ni,7 € Ny let

H..
PY ={(s,z,y):
s =0b; —ax;
—g1%; + §2Y; = 7@7
r =z, te Nyt <iraxp=x;,+1,t € Ni,t > 1
yt =yt € Ni,t <jyr=y; +1,t € Ni,t > j}

H..

Pt ={(s,z,y):
s:dj—agyj _
91Ti — §2Yj = P ji
r=x;,te Nyt <iraxp=x;,+1,t € Ni,t > 1
Yyt =yt € Ni,t <jyr=y; +1,t € Ni,t > j}

and let

P U

iENl,jENQ

Rz

iENl,jENQ

Iy

X =PNR x z"m
Then
X=X+RyxZ"and P =P+ R}

Using this relation between P and P and a result of Balas
(1998) on the projection of union of polyhedra it follows that:

Proposition: The inequality
S + Z VT + Z W;yY; =
JjEN; JEN,

Is valid for X if and only if there exists v; > 0,1 € Ni,w; >
0,t € Ny, u > 0 such that

D_teN, Ut = a1 — giu (1)
ZteNQ W = ag — 92(9 — U) (2)
Oszi—l—ﬁiju—l— Z vt + Z we, 1€ Ny,7 € Ny (3)
teNy,t>1 teNyt>9
04de+/0]2(9_“)+ Z Ut
teNy,t>1
+ Z Wy, i € Ni,7 € Ny (4)
LtENG >
u<yg (5)

Let Q = {(a, v, w,u) € RIFPFMHL (1) (2) (3), (4) (5)}.

mixed integer set
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has nonnegative optimal value

Define the bipartite graph G = (Ny, No, A) where N; =

{1,...,n}, Ny = {1,...,m} and A is the set of all arcs
— — —

A= AU A where A = {(i,j) : i € Ni,j € No} and

&

A = {(j,7) : i € Ni,j € No}. Associate with each arc

=

i.7) € A the weight 7., and with (j,i) € A the weight
J

T j; (see Figure 1).
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Figure 1. Bipartite graph G = (N1, Ny, A) for Example 1 (with g = 11).

Theorem: Consider the bipartite graph G = (N, N9, A) and
acircuit C inG, where C = CucC, C Cc A, C C A,
with length >~ 7+ » T = g. Then the Circuit-

(i,j)eC (j,i)e C
Inequality
S + Zvja:j+ ijyj >«
JES] JES?

where (o, v, w,u) € () satisfies

_
a = bz'—l—?iju—l— Z v + Z we,V(t,7) € C
teNy,t>1 teNy t>9

. . <_

a=dj+pjilg—u)+ Z vt + Z wt,V(5,1) € C
teNy,t>1 teNy t>9

and vy = 0.t € S, wy = 0,t € So where S| and S, are,
respectively, the subsets of Ny and Ny in C, is valid for P.

Example 1. Consider

X ={(s,z,y) : s+ 33x; > 40, s + 33x9 > 43, s + 33x3 > 48,
s 4 5dy1 > 25, 5 + 55y2 > 30, s + Hdy3 > 33}

The cycles with length ¢ = 11 and the corresponding in-
equalities are:

iInequality circuit

s+ 12z1 + 35y; > 33 {(1,1),(1,1)}

s+ 30x1 + dyp > 40 {(1,2),(2,1)}

s + 21z + 20y3 > 40 {(1,3),(3,1)}

s + 21xo + 20y > 39 {(2,1),(1,2)}

s+ 69 + 45yr > 34 {(2,2),(2,2)}

s + 30xo + dy3 > 43 {(2,3),(3,2)}

s + 3x3 + 50y > 28 {(3,1),(1,3)}

s+ 21zs + 20y > 44 {(3,2),(2,3)}

s + 12x5 + 35ys > 41 {(3,3),(3,3)}
s+ 161 + 220 + 24y +yo > 38/{(1,1),(1,2),(2,2),(2,1)}
s+ 25x1 + 2x9 + 9yo +y3 > 42 |{(1,3),(3,2),(2,2),(2,1)}
s+ 1dxo + dws + 24y + y3 > 431{(2,2), (2,3),(3,3), (3,2) }

Considering the circuit {(1,1),(1,2),(2,2),(2,1)} then
v3=w3 =0
v+ vy =33 — 3u
wy + wo =55 — 5(11 — u)
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which implies u=>5,v =106, v =2, w; = 24, wy = 1. Hence,
the circuit-inequality is

s + 16x1 + 29 + 24y1 + yo > 38

Theorem: Consider the circuit-inequality associated with
the circuit ¢ = {(i1 = 1,51 = 1), (g, Jg), (g, 01)} with
length g and ';; > 0 for all (i,j) € C and 'r ;; > 0 for all

jii)e C
5+sz’$z‘+ ijyj >«
eVy JEV?

where (V,V5) denote the set of vertices in C. For each sub-
set (51, 59) of(N12 Ng).sqch that V1 C 51,15 C 5 the follow-
ing extended-circuit inequalitiy is valid for P

sty vty whyizat Y alt Y. BG)

1€9] JESy 1€51\ V1,11, F€S2\Va,i> i
where

afi) - Zt651,p(i><t<i a(t) ifie S1\ W

V] — Ztesl,tm'k v ifieVy,i=1

Uj — ZtESl,p(i)<t<'é v ifieVi,1<i<i
\ Ui_Ztésl,p(i)<tv7€ ifieV),1< 1 =1L

c
N~
I\

[ B(j) - 2_teS, pi)<t<j B) 1fj € 53\ Vo

w1 — ZtESQ,t>jk w) ifjeVsj=1

Wy = ZtGSQ,p(j)<t<j wy ifjeVo,1<j<j
\ Wj — ZtESQ,p(j)<t wé if1eVo1<j= Ik

and
pgz) =min{t € V] : t <i},i € Ny \ {1}

p(j) =min{t € Vo : t < j},j € No\ {1}
o(i) = min {min {b; + p'iju, dj + 0 jilg — u)}
JEVs
T Ztevl,tm’ Ut + ZtEVQ,t>j we — O‘} , Vi€ S1\ W,
5(J) =nin Wdj+p jilg —w), b+ piju}
1

T Ztevl,tm' Ut + ZtEVQ,t>j we — O‘} , Vi € 59\ o

Example 1 (cont.) Consider the circuit-inequality

s + 16x1 + 29 + 24y1 + yo > 38

a3) =min{ L . b . O . L}=
arc (3,1) arc (3,2)

@) =mny L. L . D Li=
arc (1,3) arc (2,3)

The extended-circuit-inequalities associated with
s 4+ 16x1 + 229 + 2491 + y9 > 38

are.

s + 1dxy + 2x9 + x3 + 24y1 + v > 39
s + 16x1 + 229 + 23y1 + Yo + y3 = 39

o) =40 — u + v + wo arc (1,1)62> s+ 1w + 2mp + 33 + 231 + o + y3 240
Separation: Given a point p* = (s*, 2%, y*) then p* is in o =25+ 2(11 —u) +wy arc (1,2) € A
P if and only if | - C e iy :
a =43 —u arc (2,2) € A Theorem: The trivial inequalities together with
min{s* + > " vjrh+ > wiyf —a: (a,v,w,u) € Q} Q0 =30+ (11 —-u)+wvy arc (2,1)€ A the extended-circuit inequalities suffice to de-
jeN, jEN, scribe P.
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