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What algebras are logically separable ?

Elena Aladova

Department of Mathematics

Bar Ilan University

Ramat Gan 52900

ISRAEL

aladovael@mail.ru

Boris Plotkin

Einstein Institute of Mathematics

The Hebrew University of Jerusalem

Edmond J. Safra Campus, Givat Ram

Jerusalem, 91904

ISRAEL

borisov@math.huji.ac.il

Let Θ be an arbitrary variety of algebras and let H be an algebra from Θ. The aim of the
theory introduced by B.I. Plotkin is to consider the interaction between algebraic structure of
the algebra H and its geometrical and logical properties. In this concern new logical invariants
and logical relations of algebras were introduced. In particular, the concepts of isotyped algebras,
separability, logically noetherianity, logically perfectness and others are considered. The concept
of a type from Model Theory plays an exceptional role.

In our work we consider various problems related to these concepts. The problem of logical
separability of algebras in some variety of algebras is one of them.

Definition. An algebra H ∈ Θ is called logically separable in Θ if every H ′ ∈ Θ which is isotyped
to H is, in fact, isomorphic to H.

In other words, it means that such algebra can be distinguished from the other algebras using
the logic of types.

One of the main problem here is follows :



Problem. For which varieties Θ every free in Θ algebra W (X) with finite X is separable ?

G. Zhitomirski proved that every free finitely generated semigroup is separable in the variety
of all semigroups. The same is true for the variety of all inverse semigroups. We have also the
following results :

Theorem 1. Let V1 be a n-dimension vector space and let V2 be a vector space, such that V1 and
V2 are isotyped. Then V1 and V2 are isomorphic.

Let R be a principal ideal domain. Let Mn be a free R-module of finite rank n.

Theorem 2. Let N be a finitely generated R-module. If the modules N and Mn are isotyped then
they are isomorphic.

Let An be a free abelian group of rank n. We can consider An as a Z-module. So we have the
following result :

Corollary. Let G be a finitely generated abelian group. If the groups G and An are isotyped then
they are isomorphic.

Note, that Theorem 2 gives only a partial solution of our main problem, since we assume that
the module N is finitely generated.

The next goal is to consider the foregoing problem for the variety Grp of groups, for the
variety Com-P of associative and commutative algebras over a field P , and for the variety Ass-P
of associative and non-commutative algebras over P .
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