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Lecture notes from a mini-course given by Mark Sapir at the Centre de recherches
mathématiques, Université de Montréal, 15-17 August 2010. The following was compiled
by Mark Hagen. Thanks to Svetla Vassileva for sharing notes.

1. Motivation: equations in groups

What are the solutions in Z to the equation xn + yn = zn? Consider the ring R =
Z[x, y, z]/(xn + yn − zn). Then any solution corresponds to a homomorphism ϕ ∶ R → Z
that evaluates a polynomial representing a class in R at the solution (x, y, z). Faltings
showed that there are finitely many.

Analogously, if G is a finitely generated group and Γ is a group given by the pre-
sentation ⟨X ∣u1, u2, . . .⟩, then any homomorphism ϕ ∶ Γ → G corresponds to a solution
to the system of equations {ϕ(ui) = 1G}i in G. This correspondence is bijective up to
conjugation of ϕ by elements of G. When are there infinitely many solutions in G to this
system, i.e. when does Γ admit infinitely many non-conjugate homomorphisms to G?

2. Asymptotic cones

2.1. Families of homomorphisms Γ → G. With G and Γ as above, recall that the
action of G on itself by left multiplication is an action by isometries (with respect to
the word-metric associated to any finite generating set). Hence each homomorphism
ϕ ∶ Γ→ G yields an action of Γ on G given by γ(g) = ϕ(γ)g for each γ ∈ Γ, g ∈ G.

Definition 2.1 (Displacement). For each ϕ ∶ Γ→ G and g ∈ G, let

dispg(ϕ) =max{d(γ(x), g) ∶ x ∈X}
and define the displacement of Γ and ϕ by

disp(ϕ,Γ) =min{dispg(ϕ) ∶ g ∈ G}.
When Γ is clear from the context, we write dϕ to mean disp(ϕ,Γ). Note that for each
ϕ, there exists gϕ ∈ G such that dϕ = dispg(ϕ).

Remark 2.2 (Rescaling the displacements). If there are infinitely many (conjugacy
classes of) homomorphisms ϕ ∶ Γ → G, then {dϕ} is unbounded. Indeed, if not, then
there exists c such that d(ϕ(x)gϕ, gϕ) < c for all x ∈ X and all ϕ. Since G is finitely
generated, the ball of radius c about 1G is finite, and hence there are only finitely many
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choices of ϕ(x) for each x ∈ X. Since ϕ is determined by ϕ(X), this implies that there
are finitely many ϕ up to conjugation.

Hence assume that we have an infinite set {ϕi ∶ i ∈ N} of non-conjugate homomorphisms
Γ → G such that dϕi

< dϕi+1 for each i ∈ N. Denoting by G/dϕi
the metric space G with

the word-metric scaled by d−1ϕi
, we have a sequence of actions Γ ↷ G/dϕi

, each of which
has displacement 1.

2.2. Definition, examples and basic properties of the asymptotic cone of a
group. To define the asymptotic cone of G requires the following background on ultra-
products.

Definition 2.3 (Ultrafilter). Let I be a set. An ultrafilter ω on I is a subset of P(I)
such that:

(1) ∅ /∈ ω.
(2) If A,B ⊆ I and A ∈ ω and B ⊂ A, then B ∈ ω.
(3) If A,B ∈ ω, then A ∩B ∈ ω.
(4) If A ⊆ I, then exactly one of A and I −A belongs to ω.

In our applications, I = N. In this case, an ultrafilter ω is non-principal if F /∈ ω for every
finite set F .

Let {(Xi, di)}i∈N be metric spaces, and fix a non-principal unltrafilter ω on N. Let
{gi ∈Xi}i be a set of observation points. Define a distance d on the product ∏iXi by

d((ai), (bi)) = limωdi(ai, bi).

Recall that by definition limωdi(ai, bi) = d is for all ϵ > 0, the set of i ∈ N such that
∣d(ai, bi) − d∣ < ϵ belongs to ω. The ultralimit limω(Xi, gi) is formed from ∏iXi as
follows. First, restrict d to the connected component C of ∏iXi containing the sequence
(gi). Define an equivalence relation ∼ on C by declaring (ai) ∼ (bi) if and only if
d((ai), (bi)) = 0. The ultralimit limω(Xi, gi) = C/ ∼. Note that if there is a uniform
bound on diam(Xi), then C = ∏iXi and hence the ultralimit is independent of the
choice of observation points.

Definition 2.4 (Asymptotic cone). Let G be a finitely-generated group, let (dϕi
)i∈N be

a strictly increasing sequence of scalars, and fix a non-principal ultrafilter ω on N. For
each i ∈ N, let gi ∈ G be an observation point. Then the asymptotic cone of G (with
respect to ω, (gi)i) is

Conω(G, (dϕi
)) = limω(G/dϕi

, gi)

In the context of Section 2.1, we choose dϕi
to be the displacement of ϕi ∶ Γ → G

and choose each observation point gi ∈ G to realize the displacement of ϕi. There is a
Γ-action Conω(G, (dϕi

)) given by γ((ai)) = (ϕi(γ)ai). By construction, this action has
displacement 1 and in particular is nontrivial.

Example 2.5. Let G be δ-hyperbolic. Then for each i ∈ N, the space G/dϕi
is δ

dϕi
-

hyperbolic and hence Conω(G, (dϕi
)) is 0-hyperbolic, i.e. it is a R-tree on which Γ acts

nontrivially.
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Applying a result of Paulin, it follows that a group Γ that admits infinitely many
non-conjugate homomorphisms to a word-hyperbolic group G does not have property
(T). In particular, letting Γ = G, it follows that if G is word-hyperbolic and had property
(T), then ∣Out(G)∣ < ∞ and G is co-Hopfian, i.e. every monomorphism G → G is an
isomorphism, since a non-surjective monomorphism ϕ ∶ G → G would yield an infinite
sequence (ϕi)i∈N of non-conjugate homomorphisms.

Example 2.6. The preceding argument fails when G is not word-hyperbolic; consider
G = SL3(Z). The family of evaluation homomorphisms

SL3(Z[x]) → SL3(Z)
x ↦ pi,

where {pi} is an infinite set of integers, is an infinite set of non-conjugate homomor-
phisms. On the other hand, SL3(Z[x]) has property (T).

Question 2.7. What happens when G is “somewhat” word-hyperbolic, e.g. mapping
class groups, Artin groups, relatively hyperbolic groups, etc.? Much of the rest of the
course deals with this question.

Remark 2.8 (Basic properties of asymptotic cones). The asymptotic cone Conω(G, (di))
enjoys the following properties.

(1) The asymptotic cone is a homogeneous space. Note that we have been using the
notation Conω(G, (di)), ignoring the sequence of observation points, rather than
Conω(G, (di), (gi)). The reason for this is that the product∏iG acts transitively
on∏i(G, (di)), and isometrically on each factor, and hence, up to isometry, there
is no difference between considering the distance d and equivalence relation ∼ on
the component containing (gi) and the component containing (1G). Moreover,
this action descends to an action of ∏iG on Conω(G, (di)).

(2) Conω(G, (di)) is locally compact if and only if G is virtually nilpotent. This is
essentially due to Gromov.

(3) Let (γi ∶ [0, Li] → G)i∈N be a sequence of geodesics. Then the ultralimit γ =
limωγi ∶ [0, limω Li

di
]→ Conω(G, (di)) is a geodesic, where γ(t) = (γi(t)).

Analogously, a sequence of (k, c)-quasigeodesics becomes a k-bi-Lipschitz line in
the asymptotic cone, and a quasi-isometry between groups induces a bi-Lipschitz
equivalence between their asymptotic cones.

(4) The group G is word-hyperbolic if and only if all of its asymptotic cones (as the
sequence (di) of scalars is allowed to vary) are R-trees.

3. Isomorphism problem for rigid relatively hyperbolic groups

The isomorphism problem is the problem of determining whether there is an algorithm
that decides, given finite presentations G ≅ ⟨S∣R⟩ and G′ ≅ ⟨S′∣R′⟩, whether G ≅ G′. For
the class of all finitely-presented groups, such an algorithm does not exist. Hence the
problem is restated: given presentations for G and G′, together with the information
that G and G′ belong to some specified class of groups, does there exist an algorithm
that determines whether G and G′ are isomorphic?
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This question has a negative answer for the class of solvable groups [KR] and a posi-
tive answer for the smaller class of nilpotent groups. Sela [Sel] showed that the class of
word-hyperbolic groups has solvable isomorphism problem, and this was generalized to
some relatively hyperbolic groups by Dahmani-Groves [DG]. Motivated by the example
of π1M , where M is a finite-volume manifold of pinched negative curvature, one asks
whether the class of rigid relatively hyperbolic groups has a solvable isomorphism prob-
lem. This question is treated by using Dehn fillings and solving equations in the ambient
group.

3.1. Relatively hyperbolic groups and tree-graded spaces. The motivating ex-
ample of a group G that is hyperbolic relative to a subgroup H is the fundamental
group of a manifold with pinched negative curvature, which is hyperbolic relative to the
fundamental groups of its boundary components.

Definition 3.1. Let X be a complete geodesic space covered by a collection of subspaces
{Pa}a∈A such that:

(1) ∣Pa ∩ Pb∣ ≤ 1 for all a ≠ b;
(2) For each simple loop σ ⊂X, there exists a ∈ A such that σ ⊂ Pa.

Then X is tree-graded with respect to {Pa}.

The group G is hyperbolic relative to H ≤ G if each asymptotic cone Conω(G, (di)) is
a tree-graded space whose set of pieces is {limωgaH}, where {ga} is a complete set of
coset representatives for H.

Definition 3.2. Let G be hyperbolic relative to the subgroup H. The pair (G,H) is
rigid if G ≠ H and G does not split relative to H over a parabolic or virtually cyclic
subgroup.

Theorem 3.3. Let G be a group and H a subgroup such that the pair (G,H) is rigid
relatively hyperbolic. Then:

(1) If G is finitely presented, then so is H.
(2) There is an algorithm that, given a generating set for H and a finite presentation

of G, produces a finite presentation for H.
(3) Given a finite presentation for G and a recursively enumerable class C of uni-

versally parabolic groups to which H belongs, there is an algorithm that presents
H.

3.2. The isomorphism problem. The main theorem of this section solves the isomor-
phism problem for the class of residually finite subgroups.

Theorem 3.4. Let (G,H), (G′,H ′) be rigid relatively hyperbolic pairs, with G ≅ ⟨S∣R⟩
and G′ ≅ ⟨S′∣R′⟩ finite presentations. Let H be residually finite. Then there exists
an algorithm that decides whether there is an isomorphism G → G′ that takes H to a
conjugate of H ′.

Corollary 3.5. The isomorphism problem is solvable for groups of the form π1M , where
M is a finite-volume manifold of pinched negative curvature.
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The following corollary shows that the isomorphism problem may be solvable when
the parabolic subgroups belong to some class which does not have solvable isomorphism
problem.

Corollary 3.6. Let C be the class of free abelian-by-free groups, i.e. those of the form
Fn ⋉Zn. Then the isomorphism problem is not solvable in C.

However, the isomorphism problem is solvable for rigid relatively hyperbolic pairs
(G,H) with P ∈ C.

4. Tree-graded spaces and uniqueness of asymptotic cones

The following theorem allows passage from an action on a tree-graded space to an
action on a R-tree.
Theorem 4.1. Let Γ act on the tree graded space (X,{Pa}) such that no piece Pa is
fixed by Γ and no point of X is fixed by Γ. Then Γ acts on a R-tree T with controlled
arc stabilizers.

The proof of Theorem 4.1 involves forming a geodesic pseudometric on X in which
the length of a path is replaced by its X-length minus the total distance travelled in the
unique sequence of pieces it traverses. The tree T is the quotient of X by the equivalence
relation induced by this pseudometric. More precisely, let γ be a path in the tree-graded
space X. Then there is an (infinite) sequence of pieces {Pa}a∈A′ such that Pa ∩ γ ≠ ∅.
Moreover, if σ is another path with the same endpoints as γ, then σ and γ pass through
the same set of pieces, for otherwise there would be a simple closed curve in X not
contained in a single piece. Hence the following distance is well-defined:

d(x, y) = dX(x, y) − ∑
a∈A′
∣γ ∩ Pa∣,

where γ varies over the set of geodesics joining x to y, the set A′ contains all of the pieces
intersecting γ (or any other geodesic segment from x to y), and ∣ − ∣ denotes the length
of a path in X. The R-tree T is the quotient of X formed by collapsing pieces to points,
i.e. by identifying x, y ∈X if and only if d(x, y) = 0.
Remark 4.2 (Tree-grading using cut-points). If the geodesic space X has at least one
cut-point – i.e. if there exists c ∈X such that X − {c} is disconnected, then declare each
maximal subset Pa ⊂ X such that Pa does not contain its own cut-points to be a piece.
For a ≠ b, if ∣Pa ∩ Pb∣ > 1, then Pa ∪ Pb has no cut-point, contradicting maximality. If γ
is a closed curve in X intersecting Pa and Pb, then either a = b or γ passes through their
unique intersection point, and is thus not simple. Hence {Pa} is a tree-graded structure
on X. This tree-graded structure is canonical in the sense that any path joining two
given points passes through a particular sequence of cut-points in the corresponding
R-tree corresponding to a set of pieces in X.

In the context of a group G, fix 1G as an origin in the space G/di. If g1, g2 ∈ G and
dG(g1, g2) = o(di), then every path joining g1 and g2 passes within o(di) of 1G [DMS].

Definition 4.3 (Morse quasigeodesic [DMS]). A quasigeodesic q ∶ R → X in a geodesic
space (X,d) is a Morse quasigeodesic if for all L ≥ 1, C ≥ 0, every (L,C)-quasigeodesic
p with endpoints on q stays M =M(L,C)-close to q.
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A bi-infinite quasigeodesic in G yields a bi-Lipschitz map R → Conω(G, (di)), all of
whose points are cut points. If (G,H) is relatively hyperbolic, and g ∈ G is not conjugate
into H, then g is a Morse element, i.e. the axis {gn ∶ n ∈ Z} is a Morse quasigeodesic in
G and thus every asymptotic cone of G has cut-points.

4.1. (Non)uniqueness of asymptotic cones. Add to F2 a set of relators w1,w2, . . .

such that ∣wi∣ = 22
i
and the set {wi} satisfies small-cancellation conditions guaranteeing

that the words have very small common subwords. Let G = ⟨F2∣{w}⟩. Let (gi) be a

sequence of observation points and let (di) be a sequence of scalars. If di is not O(22
i),

then loops in the Cayley graph of G are not visible, and the asymptotic cone is thus a
R-tree.

However, there must exist asymptotic cones of G that are not R-trees, for otherwise
G would be word-hyperbolic. However, hyperbolic groups are finitely presented, but the
small cancellation condition guarantees that G is not finitely presented. Hence G has at
least two non-isometric asymptotic cones. This leads to the following definition.

Definition 4.4 ([OOS]). The group G is lacunary hyperbolic if each of its asymptotic
cones is a R-tree.

There is a version of the Cartan-Hadamard theorem for a lacunary hyperbolic group
G. Given a ball of length c∣W ∣, where W is the longest relator, if there exists δ such
that the ball is δ-hyperbolic, then G is hyperbolic. It follows that a lacunary hyperbolic
group that is finitely presented is hyperbolic.

Theorem 4.5 (Kramer-Shelah-Tent-Thomas [KSTT]). If the continuum hypothesis is
true, then a given group has at most 2ℵ0 distinct asymptotic cones up to isometry. If the
continuum hypothesis is not true, then a cocompact lattice in SL3(R) has 22

ℵ0 distinct
asymptotic cones.

Theorem 4.6 (Drutu-Sapir [DS]). There is a finitely presented group with 2ℵ0 that have
different fundamental groups.

Theorem 4.7 (Olshanskii-Sapir [OlS]). There is a finitely presented group with 2 non-
homeomorphic asymptotic cones.

Theorem 4.8 (Osin-Sapir, appendix to [DS]). If (G,H) is relatively hyperbolic, and H
has a unique asymptotic cone, then all asymptotic cones of G are bi-Lipschitz equivalent.

5. Asymptotic cones of mapping class groups

Let Sg,p be a p-times punctured genus-g surface. The mapping class group MCG(g, p)
is the group of isotopy classes of homeomorphisms Sg,p → Sg,p.

Remark 5.1. MCG(g, p) is highly “not hyperbolic”. Let K be a finite simplicial graph
and let G be the right-angled Artin group ⟨X ∣R⟩, where X is the vertex-set of K and R
is the set of commutators [xi, xj] corresponding to edges xi ∼ xj of K. G is realized by
a surface A as follows.

Begin with a disjoint set {Ax ∶ x ∈ X} of annuli. Glue the annuli Ax and Ay to-
gether along a square if and only if x and y are non-adjacent vertices of K. Finally,
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attach a handle to the image of each Ax in the resulting quotient space, and cap off
any resulting boundary components with discs to obtain A. Figure 1 illustrates this
procedure for the graph corresponding to the right-angled Artin group with presenta-
tion ⟨x1, x2, x3, x4 ∣ [xi, xj], i, j ≠ 1, [x1, x2]⟩. Note that since x2 commutes with every
other generator, the surface A is disconnected. For each x ∈ X, there is a Dehn twist

Figure 1. Realizing a right-angled Artin group by a surface.

dx ∶ A→ A that affects only the annulus Ax. Hence dx and dy commute when Ax and Ay

are disjoint, i.e. if x and y commute. The converse may not be true, but this is rectified
in the following theorem.

Theorem 5.2 (Crisp-Paris [CP]). The set {d2x ∶ x ∈X} generates G.

In fact, Theorem 5.2 holds for infinitely many exponents n ≥ 2. There are thus in-
finitely many embeddings G→MCG(A). In addition, Behrstock-Drutu-Mosher [BDM]
showed that MCG(g, p) is not relatively hyperbolic.

Definition 5.3 (Complexity, curve complex). The complexity of the surface Sg,p is
3g+p−3, which is equal to the cardinality of any maximal set of piecewise non-intersecting
essential simple closed curves on Sg,p.

The curve complex C of Sg,p, which has a vertex for each essential simple closed
curve, with two vertices joined by an edge if and only if the corresponding curves do not
intersect. C contains an n-simplex for each (n + 1) pairwise-adjacent vertices, i.e. it is
the flag complex generated by its 1-skeleton.

Note that the action ofMCG(g, p) on Sg,p induces an action on C. Mazur-Minsky [MM]
showed that C is unbounded and hyperbolic with respect to a metric given below.

Remark 5.4 (Classification of mapping classes). The curve complex is used to classify
elements of MCG(g, p). The element g ∈MCG(g, p) is pseudo-Anosov if for all γ ∈ C,
the orbit {gnγ}n≥0 is unbounded. In such a case, d(gnγ, γ) = O(n). A Dehn twist on
Sg,p fixes an essential simple close curve and is thus elliptic with respect to the action
on C.

It is sometimes convenient to work in the marking complex associated to Sg,p, which
is quasi-isometric to C when endowed with the metric described below. The marking
complex is related to the pants decomposition, which we shall not define here. All that
we need is that a marking is a set of piecewise nonintersecting simple closed curves – the
base – and a collection of curves, called transversals, such that each element of the base
transversely intersects some transversal. Since the marking complex is quasi-isometric
to the curve complex, their asymptotic cones are bi-Lipschitz equivalent. We shall need
the following facts.
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(1) (Mazur-Minsky distance formula.) Mapping classes do not in general restrict to
subsurfaces of S = Sg,p. Markings, however, do. Indeed, let Y ⊂ S. The marking
µ of S induces a marking µ ∩ Y , where each of the curves in µ is replaced by
its restriction to Y , together with any subtended parts of ∂Y , if necessary. See
Figure 2. The distance between markings µ1 and µ2 in S is given by the following
Mazur-Minsky distance formula:

Figure 2. The curve on the surface S is restricted to the dark subsurface
Y using an arc of ∂Y .

d(µ1, µ2) =∑
Y

dC(Y )(µ1 ∩ Y,µ2 ∩ Y ).

Here Y varies over the set of subsurfaces of S and dC(Y ) denotes the distance in
the curve complex of Y .

(2) If g ∈ MCG(S) is a pseudo-Anosov element, then it has a quasigeodesic axis
whose image in Con(MCG(S)) is a geodesic with a cut point, since g has the
Morse property. Observe that if G is finitely generated and g ∈ G is a Morse
element and H ≤ G, then g is a Morse element in H. Hence, for example, if Γ is
a lattice in a high rank semisimple Lie group, then there does not exist a surface
S and a monomorphism Γ↪MCG(S). Indeed, if such a monomorphism exists,
then Γ is a uniform lattice and thus Con(Γ) is a high-rank building, which has no
cut points. Hence the image of Γ does not contain any pseudo-Anosov mapping
classes, which is a contradiction.

(3) Let Con(S) = Conω(MCG(S), (di)) be an asymptotic cone of the mapping class
group. Behrstock [Be06] showed that Con(S) is a tree-graded space. The pieces
are described in [BKMM].

(4) By the previous fact, there is a map Con(S) → TS , where TS is the R-tree
described previously, that collapses the pieces to points. Choose a sequence
(Yi) of subsurfaces of S and an ultrafilter ω that selects one type of subsurface.
Elements of Con(S) correspond to sequences (µi) of markings, and the restriction
of µi to Yi gives an element of Con(Y ), denoted Ð→µi, that projects to the R-tree
TYi . Then the metric on Con(S) define by

d̃(Ð→µi,
Ð→
λi) =∑

i∈ω
dTYi
(Ð→µi,
Ð→
λi)

is bi-Lipschitz equivalent to the usual metric on Con(S).
The preceding are used to obtain Theorem 5.7.
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Definition 5.5. Let (X,d) be a metric space. For each x, y ∈ X, the point z ∈ X is
between, denoted z ∈ I(x, y), if d(x, z)+d(y, z) = d(x, y). If for all x, y, z ∈X there exists
a unique w ∈ I(x, y) ∩ I(y, z) ∩ I(x, z), then X is a median space, and w =M(x, y, z) is
the median of x, y, z.

Definition 5.6. The discrete group G has Kazhdan’s property (T) if every affine iso-
metric action of G on a real Hilbert space has a fixed point.

Theorem 5.7 (Behrstock-Druţu-Sapir [BDS]). The metric d̃ makes MCG(S) into a
median space.

Roughly speaking, no such Γ admitting a nontrivial isometric action on a median
space has property (T) [CDH], and hence, if the finitely generated group Γ↪MCG(S) in
infinitely many non-conjugate ways, then, since Γ must act nontrivially on the asymptotic
cone associated to this family of monomorphisms, Γ cannot have property(T). This was
proven independently by Groves.

Moreover, if TY is the tree associated to the subsurface Y ⊂ S, then Con(S) embeds
isometrically in the CAT(0) cube complex ∏Y TY .

Fact. Let S be a surface. Then the set of (isotopy classes of) subsurfaces of S admits
a coloring by a finite set such that surfaces Y and gY receive the same color for g ∈
MCG(S) and no two subsurfaces Y1 and Y2 receive the same color if ∂Y1 ∩∂Y2 ≠ ∅. Let
I be the finite set of colors and c ∶ {Y }→ I the coloring.

Then, writing ∏Y TY = ∏i∈I∏c(Y )=i TY , one can show that Con(S) ⊂ ∏Y TY projects
to a tree in each of the factors ∏c(Y )=i TY .
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[DMS] Cornelia Druţu, Shahar Mozes and Mark Sapir. Divergence in lattices in semisimple Lie groups
and graphs of groups. Trans. Amer. Math. Soc., 362:5, 2451-2505, 2010.
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