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Overview

φP : Dqcoh(X)→̃Dqcoh(Y )

∗-quantization
X of X

.

∗-quantization
(Y, P̃ ) of (Y, P )

Joint work with D.Arinkin
and J.Block .

Will explain how analytic
Fourier-Mukai transforms
behave under ∗-quantiza-
tion.

Will discuss the deformation
theory of ∗-structures for
spaces and sheaves.

Will discuss naturality and
the 2-stack of ∗-quantiza-
tions.
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Fourier-Mukai transforms

Definition: Two complex analytic spaces X, Y are
Fourier-Mukai partners if there is an object
K ∈ Db

qcoh(X × Y ) for which

φK : D(X) // D(Y )

F // pY ∗(p
∗
XF ⊗L K)

is an equivalence of categories.
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Fourier-Mukai transforms

Definition: Two complex analytic spaces X, Y are
Fourier-Mukai partners if there is an object
K ∈ Db

qcoh(X × Y ) for which

φK : D(X) // D(Y )

F // pY ∗(p
∗
XF ⊗L K)

is an equivalence of categories.

Motivating Question : Can we deform X in some
direction, so that (D(Y ), φK) deforms along?
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. . . interesting because:

Can take various deformations Xt of X - as a complex
space, as a non-commutative (quantized) manifold, or
as a gerbe (stack of algebroids).
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. . . interesting because:

Can take various deformations Xt of X - as a complex
space, as a non-commutative (quantized) manifold, or
as a gerbe (stack of algebroids).

Potentially we will get a deformation φt : Db(Xt) → Dt

of φK : D(X) → D(Y ), for which Dt has a different
geometric meaning.
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. . . interesting because:

Can take various deformations Xt of X - as a complex
space, as a non-commutative (quantized) manifold, or
as a gerbe (stack of algebroids).

Potentially we will get a deformation φt : Db(Xt) → Dt

of φK : D(X) → D(Y ), for which Dt has a different
geometric meaning. Get interesting applications:

FM for torsors over families of tori;
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. . . interesting because:

Can take various deformations Xt of X - as a complex
space, as a non-commutative (quantized) manifold, or
as a gerbe (stack of algebroids).

Potentially we will get a deformation φt : Db(Xt) → Dt

of φK : D(X) → D(Y ), for which Dt has a different
geometric meaning. Get interesting applications:

FM for torsors over families of tori;
FM for quantized complex tori;
FM for quantized integrable systems.
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Basic Example

A
π
→ B - a family of complex tori,

A∨ π∨

→ B - the dual family of complex tori,

A∨
b = Pic0(Ab) - the dual torus

= the moduli space of translation invariant line
bundles on Ab.
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Basic Example

A
π
→ B - a family of complex tori,

A∨ π∨

→ B - the dual family of complex tori,

A∨
b = Pic0(Ab) - the dual torus

= the moduli space of translation invariant line
bundles on Ab.

There is a universal Poincare sheaf P → A ×B A∨.
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Basic Example

A
π
→ B - a family of complex tori,

A∨ π∨

→ B - the dual family of complex tori,

A∨
b = Pic0(Ab) - the dual torus

= the moduli space of translation invariant line
bundles on Ab.

There is a universal Poincare sheaf P → A ×B A∨.

where P: ∀ space S → B and line bundle L → A ×B S

with deg/S L = 0, and L |{0}×BS
∼= OS, there exists a map

c : S → A∨ so that (idA ×Bc)∗P = L .
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π
→ B - a family of complex tori,

A∨ π∨

→ B - the dual family of complex tori,

A∨
b = Pic0(Ab) - the dual torus

= the moduli space of translation invariant line
bundles on Ab.

There is a universal Poincare sheaf P → A ×B A∨.

where P: ∀ space S → B and line bundle L → A ×B S

with deg/S L = 0, and L |{0}×BS
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Basic Example, II

Theorem [Mukai’81] The integral transform

φP : D(A) → D(A∨)

is an equivalence of triangulated categories.
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Basic Example, II

Theorem [Mukai’81] The integral transform

φP : D(A) → D(A∨)

is an equivalence of triangulated categories.

Note:
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Basic Example, II

Theorem [Mukai’81] The integral transform

φP : D(A) → D(A∨)

is an equivalence of triangulated categories.

Note:

If we deform the complex structure on A, then (A∨, φP)
deform along with it.
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Basic Example, II

Theorem [Mukai’81] The integral transform

φP : D(A) → D(A∨)

is an equivalence of triangulated categories.

Note:

If we deform the complex structure on A, then (A∨, φP)
deform along with it.

The classical Fourier-Mukai transform is unobstructed
under deformations of A as a complex manifold.
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An algebraic result

Theorem [Arinkin’06] Suppose
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• X , Y are smooth qcqs schemes over C;
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An algebraic result

Theorem [Arinkin’06] Suppose

• X , Y are smooth qcqs schemes over C;

• K ∈ Db
coh(X × Y ) is a complex for which

φK : D∗
qcoh(X) → D∗

qcoh(Y ) is an equiva-
lence of triangulated categories;
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An algebraic result

Theorem [Arinkin’06] Suppose

• X , Y are smooth qcqs schemes over C;

• K ∈ Db
coh(X × Y ) is a complex for which

φK : D∗
qcoh(X) → D∗

qcoh(Y ) is an equiva-
lence of triangulated categories; ∗ ∈ {∅,±, b}
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An algebraic result

Theorem [Arinkin’06] Suppose

• X , Y are smooth qcqs schemes over C;

• K ∈ Db
coh(X × Y ) is a complex for which

φK : D∗
qcoh(X) → D∗

qcoh(Y ) is an equivalence of
triangulated categories;

• X is a formal gerby quantization of X.
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coh(X × Y ) is a complex for which

φK : D∗
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qcoh(Y ) is an equivalence of
triangulated categories;
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An algebraic result

Theorem [Arinkin’06] Suppose

• X , Y are smooth qcqs schemes over C;

• K ∈ Db
coh(X × Y ) is a complex for which

φK : D∗
qcoh(X) → D∗

qcoh(Y ) is an equivalence of
triangulated categories;

• X is a formal gerby quantization of X.

Then there exist:
• a unique formal gerby quantization Y of Y , and
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An algebraic result

Theorem [Arinkin’06] Suppose

• X , Y are smooth qcqs schemes over C;

• K ∈ Db
coh(X × Y ) is a complex for which

φK : D∗
qcoh(X) → D∗

qcoh(Y ) is an equivalence of
triangulated categories;

• X is a formal gerby quantization of X.

Then there exist:
• a unique formal gerby quantization Y of Y , and
• a quantization K̃ of K as a complex on X ×D Y

op,

so that
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An algebraic result

Theorem [Arinkin’06] Suppose

• X , Y are smooth qcqs schemes over C;

• K ∈ Db
coh(X × Y ) is a complex for which

φK : D∗
qcoh(X) → D∗

qcoh(Y ) is an equivalence of
triangulated categories;

• X is a formal gerby quantization of X.

Then there exist:
• a unique formal gerby quantization Y of Y , and
• a quantization K̃ of K as a complex on X ×D Y

op,

so that φ
eK is an equivalence.
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An algebraic result, II

Special partial cases of Arinkin’s theorem were known
before :
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An algebraic result, II

Special partial cases of Arinkin’s theorem were known
before :

integrable systems [Arinkin’02] ,
abelian torsors [Arinkin,Donagi-P’03] ,
infinitesimally for every projective variety [Toda’05] .
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An algebraic result, II

Special partial cases of Arinkin’s theorem were known
before :

integrable systems [Arinkin’02] ,
abelian torsors [Arinkin,Donagi-P’03] ,
infinitesimally for every projective variety [Toda’05] .
a quantized torus [Ben-Bassat-Block-P’05] ,
[Block’06] .
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An algebraic result, II

Special partial cases of Arinkin’s theorem were known
before

There is an abstract formal “dg version” of Arinkin’s
theorem: Replace Dqcoh(X) and Dqcoh(Y ) with
appropriate dg enhancements, then the FM functor φK

induces an isomorphism
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An algebraic result, II

Special partial cases of Arinkin’s theorem were known
before

There is an abstract formal “dg version” of Arinkin’s
theorem: Replace Dqcoh(X) and Dqcoh(Y ) with
appropriate dg enhancements, then the FM functor φK

induces an isomorphism
{

dg deformations
of Dqcoh(X)

}
↔

{
dg deformations
of Dqcoh(Y )

}
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An algebraic result, II

Special partial cases of Arinkin’s theorem were known
before

There is an abstract formal “dg version” of Arinkin’s
theorem: Replace Dqcoh(X) and Dqcoh(Y ) with
appropriate dg enhancements, then the FM functor φK

induces an isomorphism
{

dg deformations
of Dqcoh(X)

}
↔

{
dg deformations
of Dqcoh(Y )

}

Arinkin’s theorem is a geometric refinement of this
categorical statement.
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Complex analytic question

Question: How can one generalize Arinkin’s result to the
complex analytic context?
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Complex analytic question

Question: How can one generalize Arinkin’s result to the
complex analytic context?

Two subtleties:

Need to choose a good category of sheaves, well
adapted to Fourier-Mukai transforms.
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Complex analytic question

Question: How can one generalize Arinkin’s result to the
complex analytic context?

Two subtleties:

Need to choose a good category of sheaves, well
adapted to Fourier-Mukai transforms.

The quantized product and module structures are not
automatically local.
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Question: How can one generalize Arinkin’s result to the
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Need to choose a good category of sheaves, well
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The quantized product and module structures are not
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Complex analytic question

Question: How can one generalize Arinkin’s result to the
complex analytic context?

Two subtleties:

Need to choose a good category of sheaves, well
adapted to Fourier-Mukai transforms.

The quantized product and module structures are not
automatically local. Need extra control - use
∗-structures.
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∗-deformations

Note: Will only discuss one parameter formal deformations.
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∗-deformations

Let M be a complex manifold and let P ∈ Coh(M).
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∗-deformations

Let M be a complex manifold and let P ∈ Coh(M).

Definition A ∗-deformation of P over R = C[[~]]/~
n

is a pair (P̃ ,I eP
) where:
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∗-deformations

Let M be a complex manifold and let P ∈ Coh(M).

Definition A ∗-deformation of P over R = C[[~]]/~
n

is a pair (P̃ ,I eP
) where:

• P̃ is a sheaf of R-modules on M .
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∗-deformations

Let M be a complex manifold and let P ∈ Coh(M).

Definition A ∗-deformation of P over R = C[[~]]/~
n

is a pair (P̃ ,I eP
) where:

• P̃ is a sheaf of R-modules on M .

• I eP
⊂ IsomR(P ⊗C R, P̃ ) is a subsheaf, which is a

torsor over the sheaf of groups
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∗-deformations

Let M be a complex manifold and let P ∈ Coh(M).

Definition A ∗-deformation of P over R = C[[~]]/~
n

is a pair (P̃ ,I eP
) where:

• P̃ is a sheaf of R-modules on M .

• I eP
⊂ IsomR(P ⊗C R, P̃ ) is a subsheaf, which is a

torsor over the sheaf of groups

Diff0(P ⊗C R;P ⊗C R)

:=

{
∑

i

Di~
i

∣∣∣∣∣ D0 = 1, Di ∈ DiffM (P ;P )

}
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∗-deformations, II

Note:
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∗-deformations, II

Note:
The sheaf I eP

is the ⋆-structure asociated with the
given ⋆-deformation.
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∗-deformations, II

Note:
The sheaf I eP

is the ⋆-structure asociated with the
given ⋆-deformation.

An R-linear sheaf map f : P̃ → Q̃ is ⋆-local if for all local
sections a ∈ I eP

, b ∈ I eQ
we have

b−1 ◦ f ◦ a ∈ Diff(P,Q) ⊗C R.
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∗-quantization

Definition Let M be a complex manifold. A
neutrailized ∗-quantization M̃ of M over R consists
of:
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∗-quantization

Definition Let M be a complex manifold. A
neutrailized ∗-quantization M̃ of M over R consists
of:
• a ∗-deformation

(
OfM

,IOfM

)
of OM over R,
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∗-quantization

Definition Let M be a complex manifold. A
neutrailized ∗-quantization M̃ of M over R consists
of:
• a ∗-deformation

(
OfM

,IOfM

)
of OM over R,

• an R-bilinear associative multiplication

⋆ : OfM
×OfM

→ OfM

which is:
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)
of OM over R,

• an R-bilinear associative multiplication

⋆ : OfM
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which is:

• ∗-local,

∗-Quantization of Fourier-Mukai transforms – p.12/39

http://www.math.upenn.edu/~tpantev/starq.pdf


∗-quantization

Definition Let M be a complex manifold. A
neutrailized ∗-quantization M̃ of M over R consists
of:
• a ∗-deformation

(
OfM

,IOfM

)
of OM over R,

• an R-bilinear associative multiplication

⋆ : OfM
×OfM

→ OfM

which is:

• ∗-local,

• lifts the multiplication in OM ,

∗-Quantization of Fourier-Mukai transforms – p.12/39

http://www.math.upenn.edu/~tpantev/starq.pdf


∗-quantization

Definition Let M be a complex manifold. A
neutrailized ∗-quantization M̃ of M over R consists
of:
• a ∗-deformation

(
OfM

,IOfM

)
of OM over R,

• an R-bilinear associative multiplication

⋆ : OfM
×OfM

→ OfM

which is:

• ∗-local,

• lifts the multiplication in OM ,

• has a unit 1 ∈ Γ(M,OfM
).
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∗-quantization II

Definition If P ∈ Coh(M), then a neutrailized
∗-quantization of P compatible with a given ∗-
quantization M̃ of M consists of:
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∗-quantization II

Definition If P ∈ Coh(M), then a neutrailized
∗-quantization of P compatible with a given ∗-
quantization M̃ of M consists of:

• a ∗-deformation
(
P̃ ,I eP

)
of P over R,
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∗-quantization II

Definition If P ∈ Coh(M), then a neutrailized
∗-quantization of P compatible with a given ∗-
quantization M̃ of M consists of:

• a ∗-deformation
(
P̃ ,I eP

)
of P over R,

• an R-bilinear action

OfM
× P̃ → P̃

which is:
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Definition If P ∈ Coh(M), then a neutrailized
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• a ∗-deformation
(
P̃ ,I eP

)
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• an R-bilinear action
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which is:

• ∗-local,
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∗-quantization II

Definition If P ∈ Coh(M), then a neutrailized
∗-quantization of P compatible with a given ∗-
quantization M̃ of M consists of:

• a ∗-deformation
(
P̃ ,I eP

)
of P over R,

• an R-bilinear action

OfM
× P̃ → P̃

which is:

• ∗-local,

• lifts the action of OM on P .
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∗-quantization III

Remark:
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∗-quantization III

Remark:

In the conventional terminology
(neutralized ∗-quantization) = ( ∗-quantization)
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∗-quantization III

Remark:

In the conventional terminology
(neutralized ∗-quantization) = ( ∗-quantization)

Our point of view:
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∗-quantization III

Remark:

In the conventional terminology
(neutralized ∗-quantization) = ( ∗-quantization)

Our point of view: neutralized ∗-quantizations are
special and involve additional structure.
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∗-quantization III

Remark:

In the conventional terminology
(neutralized ∗-quantization) = ( ∗-quantization)

Our point of view: neutralized ∗-quantizations are
special and involve additional structure.

To have descent we must allow the sheaves of algebras
OfM

to be only locally defined.
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∗-quantization III

Remark:

In the conventional terminology
(neutralized ∗-quantization) = ( ∗-quantization)

Our point of view: neutralized ∗-quantizations are
special and involve additional structure.

To have descent we must allow the sheaves of algebras
OfM

to be only locally defined. This leads to
stacks of algebroids .
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∗-quantization III

Remark:

In the conventional terminology
(neutralized ∗-quantization) = ( ∗-quantization)

Our point of view: neutralized ∗-quantizations are
special and involve additional structure.

To have descent we must allow the sheaves of algebras
OfM

to be only locally defined. This leads to
stacks of algebroids .

The neutralized quantizations correspond to a stack of
algebroids together with a chosen section.
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∗-quantization IV

Definition A ∗-quantization of M over R is specified by:
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∗-quantization IV

Definition A ∗-quantization of M over R is specified by:
• M - an R-linear stack of algebroids on M .
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∗-quantization IV

Definition A ∗-quantization of M over R is specified by:
• M - an R-linear stack of algebroids on M .
• For U ⊂ M open, α, β ∈ M(U), an OU -module structure
on Lα,β := HomM(α, β)/~.
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∗-quantization IV

Definition A ∗-quantization of M over R is specified by:
• M - an R-linear stack of algebroids on M .
• For U ⊂ M open, α, β ∈ M(U), an OU -module structure
on Lα,β := HomM(α, β)/~.
• A ∗-structure IHom

M
(α,β) on HomM(α, β).
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∗-quantization IV

Definition A ∗-quantization of M over R is specified by:
• M - an R-linear stack of algebroids on M .
• For U ⊂ M open, α, β ∈ M(U), an OU -module structure
on Lα,β := HomM(α, β)/~.
• A ∗-structure IHom

M
(α,β) on HomM(α, β). The data

should satisfy:
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∗-quantization IV

Definition A ∗-quantization of M over R is specified by:
• M - an R-linear stack of algebroids on M .
• For U ⊂ M open, α, β ∈ M(U), an OU -module structure
on Lα,β := HomM(α, β)/~.
• A ∗-structure IHom

M
(α,β) on HomM(α, β). The data

should satisfy:

• For U ⊂ M open, α, β, γ ∈ M(U), the composition

HomM(α, β) ⊗R HomM(β, γ) → HomM(α, γ)

is ∗-local and induces an OU -linear map modulo ~.

• The O-module structure on Lαβ and the ∗-structure
on HomM(α, β) are compatible with restrictions from
U to V ⊂ U .
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∗-quantization IV

Definition A ∗-quantization of M over R is specified by:
• M - an R-linear stack of algebroids on M .
• For U ⊂ M open, α, β ∈ M(U), an OU -module structure
on Lα,β := HomM(α, β)/~.
• A ∗-structure IHom

M
(α,β) on HomM(α, β). The data

should satisfy:

• For U ⊂ M open, α, β, γ ∈ M(U), the composition

HomM(α, β) ⊗R HomM(β, γ) → HomM(α, γ)

is ∗-local and induces an OU -linear map modulo ~.

• The O-module structure on Lαβ and the ∗-structure
on HomM(α, β) are compatible with restrictions from
U to V ⊂ U .
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∗-quantization V

Two special subclasses of ∗-quantizations:
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∗-quantization V

Two special subclasses of ∗-quantizations:

commutative ∗-quantizations. Characterized by: for
every local section α ∈ M̃(U) the sheaf HomfM

(α, α) is a
sheaf of commutative algebras on U .
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∗-quantization V

Two special subclasses of ∗-quantizations:

commutative ∗-quantizations. Characterized by: for

every local section α ∈ M̃(U) the sheaf HomfM
(α, α) is a

sheaf of commutative algebras on U .

These are the same as the
deformations of BO×

M as
an O×

M -gerbe on M .

∗-Quantization of Fourier-Mukai transforms – p.16/39

http://www.math.upenn.edu/~tpantev/starq.pdf


∗-quantization V

Two special subclasses of ∗-quantizations:

commutative ∗-quantizations. Characterized by: for
every local section α ∈ M̃(U) the sheaf HomfM

(α, α) is a
sheaf of commutative algebras on U .

neutralized ∗-quantizations. Characterized by: M has
a global section α ∈ M(M).
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∗-quantization V

Two special subclasses of ∗-quantizations:

commutative ∗-quantizations. Characterized by: for
every local section α ∈ M̃(U) the sheaf HomfM

(α, α) is a
sheaf of commutative algebras on U .

neutralized ∗-quantizations. Characterized by: M

has a global section α ∈ M(M).

This agrees with the pre-
vious definition of a neu-
tralized ∗-quantization with
OfM

= HomM(α, α).
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∗-quantization V

Two special subclasses of ∗-quantizations:

commutative ∗-quantizations. Characterized by: for
every local section α ∈ M̃(U) the sheaf HomfM

(α, α) is a
sheaf of commutative algebras on U .

neutralized ∗-quantizations. Characterized by: M has
a global section α ∈ M(M).
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Moduli of ∗-quantizations

Let M be a complex manifold. Consider:
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Moduli of ∗-quantizations

Let M be a complex manifold. Consider:

Man: the analytic site of M .
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Moduli of ∗-quantizations

Let M be a complex manifold. Consider:

Man: the analytic site of M .

QM : the stack of local neutralized ∗-quantizations of M .
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Moduli of ∗-quantizations

Let M be a complex manifold. Consider:

Man: the analytic site of M .

QM : the stack of local neutralized ∗-quantizations of
M .

QM is the stack of groupoids on Man, such that for
an open U ⊂ M , the fiber QM (U) is the groupoid of
neutralized ⋆-quantizations of U .
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Moduli of ∗-quantizations

Let M be a complex manifold. Consider:

Man: the analytic site of M .

QM : the stack of local neutralized ⋆-quantizations of M .

QM an: the analytic site of QM
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Moduli of ∗-quantizations

Let M be a complex manifold. Consider:

Man: the analytic site of M .

QM : the stack of local neutralized ⋆-quantizations of M .

QM an: the analytic site of QM

There is a natural analytic topology on QM : a family
of maps

{
Ṽi → Ũ

}
i∈I

, Ṽi ∈ QM (Vi), Ũ ∈ QM (U)

is a cover, if and only if its image in M is a cover in
Man, that is U = ∪i∈IVi.
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Moduli of ∗-quantizations

Let M be a complex manifold. Consider:

Man: the analytic site of M .

QM : the stack of local neutralized ⋆-quantizations of M .

QM an: the analytic site of QM .

Note:
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Moduli of ∗-quantizations

Let M be a complex manifold. Consider:

Man: the analytic site of M .

QM : the stack of local neutralized ⋆-quantizations of M .

QM an: the analytic site of QM .

Note: The site QM an comes equipped with a natural sheaf
OQM an

of R-algebras, where OQM an
(Ũ) := OeU

.
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Moduli of ∗-quantizations II

The sheaf O×
QM an

of invertible elements in OQM an
acts

inertially on the stack QM :
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Moduli of ∗-quantizations II

The sheaf O×
QM an

of invertible elements in OQM an
acts

inertially on the stack QM : ad : O×
QM an

−→ IQM ,
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Moduli of ∗-quantizations II

The sheaf O×
QM an

of invertible elements in OQM an
acts

inertially on the stack QM : ad : O×
QM an

−→ IQM ,

where for Ũ ∈ QM an and g ∈ O×
QM an

(Ũ) = Γ(U,O×
eU
), adg ∈

AutQM (U)(Ũ) is the automorphism of Ũ which:
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Moduli of ∗-quantizations II

The sheaf O×
QM an

of invertible elements in OQM an
acts

inertially on the stack QM : ad : O×
QM an

−→ IQM ,

where for Ũ ∈ QM an and g ∈ O×
QM an

(Ũ) = Γ(U,O×
eU
),

adg ∈ AutQM (U)(Ũ) is the automorphism of Ũ which:

acts trivially on the underlying space U ;
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Moduli of ∗-quantizations II

The sheaf O×
QM an

of invertible elements in OQM an
acts

inertially on the stack QM : ad : O×
QM an

−→ IQM ,

where for Ũ ∈ QM an and g ∈ O×
QM an

(Ũ) = Γ(U,O×
eU
),

adg ∈ AutQM (U)(Ũ) is the automorphism of Ũ which:

acts trivially on the underlying space U ;

acts on the structure sheaf OeU
by

(adg)
∗ (f) := g−1 ⋆ f ⋆ g, f ∈ OeU

;
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Moduli of ∗-quantizations II

The sheaf O×
QM an

of invertible elements in OQM an
acts

inertially on the stack QM : ad : O×
QM an

−→ IQM ,

where for Ũ ∈ QM an and g ∈ O×
QM an

(Ũ) = Γ(U,O×
eU
),

adg ∈ AutQM (U)(Ũ) is the automorphism of Ũ which:

acts trivially on the underlying space U ;

acts on the structure sheaf OeU
by

(adg)
∗ (f) := g−1 ⋆ f ⋆ g, f ∈ OeU

;

acts trivially on the ∗-structure IOeU
.
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Moduli of ∗-quantizations III

Theorem [Arinkin-Block-P’07]
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Moduli of ∗-quantizations III

Theorem [Arinkin-Block-P’07]

The quotient 2-stack
[
QM /BO×

QM an

]
is naturally

equivalent to the 2-stack of all ∗-quantizations of M .
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Sheaves of O-modules

ShR: the stack of sheaves of R-modules on M .
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Sheaves of O-modules

ShR : the stack of sheaves of R-modules on M .

The stack of R-linear categories over M
obtained as the stackification of

(U ⊂ M) →
(

category of sheaves
of R-modules on U .

)
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Sheaves of O-modules

ShR: the stack of sheaves of R-modules on M .

Definition Given a ∗-quantization M of M , a
representation of M in ShR is a 1-morphism

F : M −→ ShR .

of R-linear stacks.
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Sheaves of O-modules

ShR: the stack of sheaves of R-modules on M .

Definition Given a ∗-quantization M of M , a
representation of M in ShR is a 1-morphism

F : M −→ ShR .

of R-linear stacks.
Note:

If U ⊂ M - open, and α ∈ M(U), then the R-action on
F (α) extends by functoriality to an action of Hom(α, α).
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Sheaves of O-modules

ShR: the stack of sheaves of R-modules on M .

Definition Given a ∗-quantization M of M , a
representation of M in ShR is a 1-morphism

F : M −→ ShR .

of R-linear stacks.
Note:

If U ⊂ M - open, and α ∈ M(U), then the R-action on
F (α) extends by functoriality to an action of Hom(α, α).
In particular we get an OeUα

-module F(α) on Ũα.
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Sheaves of O-modules

ShR: the stack of sheaves of R-modules on M .

Definition Given a ∗-quantization M of M , a
representation of M in ShR is a 1-morphism

F : M −→ ShR .

of R-linear stacks.
Note:

If U ⊂ M - open, and α ∈ M(U), then the R-action on
F (α) extends by functoriality to an action of Hom(α, α).
In particular we get an OeUα

-module F(α) on Ũα.

Will think of representations of M as “O-modules”.
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Sheaves of O-modules

ShR: the stack of sheaves of R-modules on M .

Definition Given a ∗-quantization M of M , a
representation of M in ShR is a 1-morphism

F : M −→ ShR .

of R-linear stacks.
Note:

If U ⊂ M - open, and α ∈ M(U), then the R-action on
F (α) extends by functoriality to an action of Hom(α, α).
In particular we get an OeUα

-module F(α) on Ũα.

Will think of representations of M as “O-modules”. (this
agrees with the definition of Polesello-Schapira)
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Sheaves of O-modules II

A ∗-structure on an O-module F : M → ShR is a functor

F̃ : M
× −→ OQM an

− mod∗
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Sheaves of O-modules II

A ∗-structure on an O-module F : M → ShR is a functor

F̃ : M
× −→ OQM an

− mod∗

refining the map F(•) : M
× −→ OQM an

− mod:

M
×

eF
//

F(•)
&&N

N

N

N

N

N

N

N

N

N

N

N

OQM an
− mod∗

��

OQM an
− mod .
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The main theorems

Theorem [Arinkin-Block-P’07]
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The main theorems

Theorem [Arinkin-Block-P’07] Let

X , Y be complex manifolds, and suppose

P = iΓ∗V ∈ Coh(X × Y ) is a FM kernel, where
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The main theorems

Theorem [Arinkin-Block-P’07] Let

X , Y be complex manifolds, and suppose

P = iΓ∗V ∈ Coh(X × Y ) is a FM kernel, where

Γ
iΓ
→֒ X × Y is a closed submanifold;
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The main theorems

Theorem [Arinkin-Block-P’07] Let

X , Y be complex manifolds, and suppose

P = iΓ∗V ∈ Coh(X × Y ) is a FM kernel, where

Γ
iΓ
→֒ X × Y is a closed submanifold;

V → Γ is a holomorphic vector bundle.
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The main theorems

Theorem [Arinkin-Block-P’07] Let

X , Y be complex manifolds, and suppose

P = iΓ∗V ∈ Coh(X × Y ) is a FM kernel, where

Γ
iΓ
→֒ X × Y is a closed submanifold;

V → Γ is a holomorphic vector bundle.

Then for any ∗-quantization X of X there exist:
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The main theorems

Theorem [Arinkin-Block-P’07] Let

X , Y be complex manifolds, and suppose

P = iΓ∗V ∈ Coh(X × Y ) is a FM kernel, where

Γ
iΓ
→֒ X × Y is a closed submanifold;

V → Γ is a holomorphic vector bundle.

Then for any ∗-quantization X of X there exist:

• a ∗-quantization Y of Y , and

• a compatible ∗-quantization P̃ ∈ D∗(X × Y
op) of

P .
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The main theorems II

Theorem [Arinkin-Block-P’07]
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The main theorems II

Theorem [Arinkin-Block-P’07]

• (Y, P̃ ) is unique up to a 1-isomorphism, which is
unique up to a unique 2-isomorphism;
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The main theorems II

Theorem [Arinkin-Block-P’07]

• (Y, P̃ ) is unique up to a 1-isomorphism, which is
unique up to a unique 2-isomorphism;

• φ
eP is an equivalence between D∗(X) and D∗(Y).
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Comments on the proofs

Step 1: Understand what controls the infinitesimal
∗-deformations of (Y, P ) that are compatible with X.
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Comments on the proofs

Step 1: Understand what controls the infinitesimal
∗-deformations of (Y, P ) that are compatible with X.

Consider

p : Z → X - a smooth map of complex manifolds,
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Comments on the proofs

Step 1: Understand what controls the infinitesimal
∗-deformations of (Y, P ) that are compatible with X.

Consider

p : Z → X - a smooth map of complex manifolds,

P ∈ Coh(Z)
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Comments on the proofs

Step 1: Understand what controls the infinitesimal
∗-deformations of (Y, P ) that are compatible with X.

Consider

p : Z → X - a smooth map of complex manifolds,

P ∈ Coh(Z)

DiffZ(OX , . . . ,OX , P ;P ) - sheaf of pX-adapted
polydifferential operators on Z.
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Comments on the proofs

Step 1: Understand what controls the infinitesimal
∗-deformations of (Y, P ) that are compatible with X.

Consider

p : Z → X - a smooth map of complex manifolds,

P ∈ Coh(Z)

DiffZ(OX , . . . ,OX , P ;P ) - sheaf of pX-adapted

polydifferential operators on Z.

Diffp−1
X

OX
(p−1

X OX , . . . , p−1
X OX ; DiffZ(P ;P ))
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Comments on the proofs

Step 1: Understand what controls the infinitesimal
∗-deformations of (Y, P ) that are compatible with X.

Consider

p : Z → X - a smooth map of complex manifolds,

P ∈ Coh(Z)

DiffZ(OX , . . . ,OX , P ;P ) - sheaf of pX-adapted
polydifferential operators on Z.
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Comments on the proofs

Step 1: Understand what controls the infinitesimal
∗-deformations of (Y, P ) that are compatible with X.

Consider

p : Z → X - a smooth map of complex manifolds,

P ∈ Coh(Z)

DiffZ(OX , . . . ,OX , P ;P ) - sheaf of pX-adapted
polydifferential operators on Z.

Note: If iΓ : Γ →֒ Z is a closed submanifold and P = iΓ∗V

for some holomorphic vector bundle. Then
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Comments on the proofs

Step 1: Understand what controls the infinitesimal
∗-deformations of (Y, P ) that are compatible with X.

Consider

p : Z → X - a smooth map of complex manifolds,

P ∈ Coh(Z)

DiffZ(OX , . . . ,OX , P ;P ) - sheaf of pX-adapted
polydifferential operators on Z.

Note: If iΓ : Γ →֒ Z is a closed submanifold and P = iΓ∗V
for some holomorphic vector bundle. Then a souped-up
version of Kashiwara’s lemma shows that

DiffZ(OX , . . . ,OX , P ;P ) = iΓ∗DiffΓ(OX , . . . ,OX , V ;V ).
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Deformation theory

Consider the complex

C (DiffZ(P ;P )) :=

DiffZ(P ;P ) d
//DiffZ(OX , P ;P ) d

//DiffZ(OX ,OX , P ;P ) d
// · · · ,

∗-Quantization of Fourier-Mukai transforms – p.25/39

http://www.math.upenn.edu/~tpantev/starq.pdf


Deformation theory

Consider the complex

C (DiffZ(P ;P )) :=

DiffZ(P ;P ) d
//DiffZ(OX , P ;P ) d

//DiffZ(OX ,OX , P ;P ) d
// · · · ,

where the differential is defined by
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Deformation theory

Consider the complex

C (DiffZ(P ;P )) :=

DiffZ(P ;P ) d
//DiffZ(OX , P ;P ) d

//DiffZ(OX ,OX , P ;P ) d
// · · · ,

where the differential is defined by

(A : P → P ) 7→ dA(f, p) := fA(p) − A(fp)

(B : OX × P → P ) 7→ dB(f, g, p) := fB(g, p) − B(fg, p)
+B(f, gp)

· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·
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Deformation theory

Consider the complex

C (DiffZ(P ;P )) :=

DiffZ(P ;P ) d
//DiffZ(OX , P ;P ) d

//DiffZ(OX ,OX , P ;P ) d
// · · · ,

where the differential is defined by

(A : P → P ) 7→ dA(f, p) := fA(p) − A(fp)

(B : OX × P → P ) 7→ dB(f, g, p) := fB(g, p) − B(fg, p)
+B(f, gp)

· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·

Note: C (DiffZ(P ;P )) is a twisted cobar resolution of
DiffZ(P ;P ) viewed as a comodule over DiffZ(OX ;OZ).
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Deformation theory II

Theorem [Arinkin-Block-P’07]
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Deformation theory II

Theorem [Arinkin-Block-P’07] If

• n ≥ 1,
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Deformation theory II

Theorem [Arinkin-Block-P’07] If

• n ≥ 1,

• (P̃n−1,I ePn−1
) - a ⋆-quantization of P as an

OQn-1X an ×Yan
-module, then:
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Deformation theory II

Theorem [Arinkin-Block-P’07] If

• n ≥ 1,

• (P̃n−1,I ePn−1
) - a ⋆-quantization of P as an

OQn-1X an ×Yan
-module, then:

• The category Lifts(P̃n−1,I ePn−1
) of lifts of

(P̃n−1,I ePn−1
) to an OQnX an ×Yan

-module is a
C (DiffX×Y (P ;P ))-gerbe.
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Deformation theory II

Theorem [Arinkin-Block-P’07] If

• n ≥ 1,

• (P̃n−1,I ePn−1
) - a ⋆-quantization of P as an

OQn-1X an ×Yan
-module, then:

• The category Lifts(P̃n−1,I ePn−1
) of lifts of

(P̃n−1,I ePn−1
) to an OQnX an ×Yan

-module is a
C (DiffX×Y (P ;P ))-gerbe.

• The gerbe Lifts(P̃n−1,I ePn−1
) is determined up

to a 1-isomorphism of C (DiffZ(P ;P ))-gerbes which is
determined up to a unique 2-isomorphism.
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Rigidity and cohomology

Step 2: Understand infinitesimals and obstructions to
∗-quantizations of (Y, P ) by computing the
hypercohomology of C (DiffZ(P ;P )).
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Rigidity and cohomology

Step 2: Understand infinitesimals and obstructions to
∗-quantizations of (Y, P ) by computing the
hypercohomology of C (DiffZ(P ;P )).

Theorem [Arinkin-Block-P’07]
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Rigidity and cohomology

Step 2: Understand infinitesimals and obstructions to
∗-quantizations of (Y, P ) by computing the
hypercohomology of C (DiffZ(P ;P )).

Theorem [Arinkin-Block-P’07] Let

X , Y be complex manifolds, and suppose

P = iΓ∗V ∈ Coh(X × Y ) is a coherent sheaf, where
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Rigidity and cohomology

Step 2: Understand infinitesimals and obstructions to
∗-quantizations of (Y, P ) by computing the
hypercohomology of C (DiffZ(P ;P )).

Theorem [Arinkin-Block-P’07] Let

X , Y be complex manifolds, and suppose

P = iΓ∗V ∈ Coh(X × Y ) is a coherent sheaf, where

Γ
iΓ
→֒ X × Y is a closed submanifold;
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Rigidity and cohomology

Step 2: Understand infinitesimals and obstructions to
∗-quantizations of (Y, P ) by computing the
hypercohomology of C (DiffZ(P ;P )).

Theorem [Arinkin-Block-P’07] Let

X , Y be complex manifolds, and suppose

P = iΓ∗V ∈ Coh(X × Y ) is a coherent sheaf, where

Γ
iΓ
→֒ X × Y is a closed submanifold;

V → Γ is a holomorphic vector bundle.
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Rigidity and cohomology

Step 2: Understand infinitesimals and obstructions to
∗-quantizations of (Y, P ) by computing the
hypercohomology of C (DiffZ(P ;P )).

Theorem [Arinkin-Block-P’07] Let

X , Y be complex manifolds, and suppose

P = iΓ∗V ∈ Coh(X × Y ) is a coherent sheaf, where

Γ
iΓ
→֒ X × Y is a closed submanifold;

V → Γ is a holomorphic vector bundle.

Then there is a natural isomorphism

R
•pY ∗C (DiffX×Y (P ;P )) ∼= OY

in the derived category of OY -modules.
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Construction of quantization

Strategy for constructing (Y, P̃ ):
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Construction of quantization

Strategy for constructing (Y, P̃ ):

Construct P̃ (locally on Y ) as a ∗-quantization of P as
an OX×Y -module.
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Construction of quantization

Strategy for constructing (Y, P̃ ):

Construct P̃ (locally on Y ) as a ∗-quantization of P as
an OX×Y -module.

For U ⊂ Y the obstruction to quantizing P

lives in Γ(U, R2pU∗C ).

The ambiguity in quantizing lives in
Γ(U, R1pU∗C ).

Conclusion: P̃ exists and is unique up to isomor-
phism.
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Construction of quantization

Strategy for constructing (Y, P̃ ):

Construct P̃ (locally on Y ) as a ∗-quantization of P as
an OX×Y -module.

To construct Y look at
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Construction of quantization

Strategy for constructing (Y, P̃ ):

Construct P̃ (locally on Y ) as a ∗-quantization of P as
an OX×Y -module.

To construct Y look at

U ⊂ Y - Stein open;

P̃ - the already constructed OX×U -module quantization
of P .
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Construction of quantization

Strategy for constructing (Y, P̃ ):

Construct P̃ (locally on Y ) as a ∗-quantization of P as
an OX×Y -module.

To construct Y look at

U ⊂ Y - Stein open;

P̃ - the already constructed OX×U -module quantization
of P .

Now define OeU
:=

(
∗-local endomorphisms
of P̃ on U

)
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Construction of quantization

Strategy for constructing (Y, P̃ ):

Construct P̃ (locally on Y ) as a ∗-quantization of P as
an OX×Y -module.

To construct Y look at

U ⊂ Y - Stein open;

P̃ - the already constructed OX×U -module quantization
of P .

Now define OeU
:=

(
∗-local endomorphisms
of P̃ on U

)

Note: OeU
is a neutralized quantization of OU , so we

only need a ∗-structure.
∗-Quantization of Fourier-Mukai transforms – p.28/39

http://www.math.upenn.edu/~tpantev/starq.pdf


Construction of quantization II

To build the ∗-structure we must show that ∃! bidifferential

operator mn : OU × P̃ → P̃ which:
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Construction of quantization II

To build the ∗-structure we must show that ∃! bidifferential
operator mn : OU × P̃ → P̃ which:

commutes with the action of OeU
, and
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Construction of quantization II

To build the ∗-structure we must show that ∃! bidifferential
operator mn : OU × P̃ → P̃ which:

commutes with the action of OeU
, and

reduces to the OU -module structure on P modulo ~.

∗-Quantization of Fourier-Mukai transforms – p.29/39

http://www.math.upenn.edu/~tpantev/starq.pdf


Construction of quantization II

To build the ∗-structure we must show that ∃! bidifferential
operator mn : OU × P̃ → P̃ which:

commutes with the action of OeU
, and

reduces to the OU -module structure on P modulo ~.

Argue by induction in n:
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Construction of quantization II

To build the ∗-structure we must show that ∃! bidifferential
operator mn : OU × P̃ → P̃ which:

commutes with the action of OeU
, and

reduces to the OU -module structure on P modulo ~.

Argue by induction in n:

Show that the lifts of mn−1 : OU × P̃n−1 → P̃n−1 to an
action mn : OU × P̃n → P̃n are controlled by the complex
DiffX×U (OU ,C ).
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Construction of quantization II

To build the ∗-structure we must show that ∃! bidifferential
operator mn : OU × P̃ → P̃ which:

commutes with the action of OeU
, and

reduces to the OU -module structure on P modulo ~.

Argue by induction in n:

Show that the lifts of mn−1 : OU × P̃n−1 → P̃n−1 to an
action mn : OU × P̃n → P̃n are controlled by the complex
DiffX×U (OU ,C ).

Check that

Rpi
U∗DiffX×U (OU ,C ) =

{
DiffU (OU ;OU ), i = 0

0, i > 0.
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Rigidity and cohomology II

There are two essential ingredients in the proof of this theo-

rem:
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Rigidity and cohomology II

There are two essential ingredients in the proof of this
theorem:

(i) a bar-resolution computation showing that

iΓ∗DiffΓ/X(V ;V ) ∼= C (DiffX×Y (P ;P )).
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Rigidity and cohomology II

There are two essential ingredients in the proof of this
theorem:

(i) a bar-resolution computation showing that

iΓ∗DiffΓ/X(V ;V ) ∼= C (DiffX×Y (P ;P )).

(ii) a Fourier-Mukai computation showing that

R
•pY ∗iΓ∗DiffΓ/X(V ;V ) ∼= OY .
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Rigidity and cohomology III

Example: The FM computation (ii) is subtle. For instance:
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Rigidity and cohomology III

Example: The FM computation (ii) is subtle. For instance:
Suppose

fX : X → B and fY : Y → B are dual families of complex
tori;
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Rigidity and cohomology III

Example: The FM computation (ii) is subtle. For instance:
Suppose

fX : X → B and fY : Y → B are dual families of complex
tori;

Γ = X ×B Y
iΓ
→֒ X × Y
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Rigidity and cohomology III

Example: The FM computation (ii) is subtle. For instance:
Suppose

fX : X → B and fY : Y → B are dual families of complex
tori;

Γ = X ×B Y
iΓ
→֒ X × Y

V → Γ - the normalized Poincare bundle.
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Rigidity and cohomology III

Example: The FM computation (ii) is subtle. For instance:
Suppose

fX : X → B and fY : Y → B are dual families of complex
tori;

Γ = X ×B Y
iΓ
→֒ X × Y

V → Γ - the normalized Poincare bundle.

The filtration of DiffΓ(V ;V ) by order along the fibers of prX :

Γ → X gives rise to a spectral sequence of sheaves:
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Rigidity and cohomology III

Example: The FM computation (ii) is subtle. For instance:
Suppose

fX : X → B and fY : Y → B are dual families of complex
tori;

Γ = X ×B Y
iΓ
→֒ X × Y

V → Γ - the normalized Poincare bundle.

The filtration of DiffΓ(V ;V ) by order along the fibers of
prX : Γ → X gives rise to a spectral sequence of sheaves:

Eij
1 = Ri prY ∗ Sj−iTΓ/X ⇒ R

j prY ∗ DiffΓ/X(V ;V ).
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Rigidity and cohomology III

Example: The FM computation (ii) is subtle. For instance:
Suppose

fX : X → B and fY : Y → B are dual families of complex
tori;

Γ = X ×B Y
iΓ
→֒ X × Y

V → Γ - the normalized Poincare bundle.

The filtration of DiffΓ(V ;V ) by order along the fibers of
prX : Γ → X gives rise to a spectral sequence of sheaves:

Eij
1 = Ri prY ∗ Sj−iTΓ/X ⇒ R

j prY ∗ DiffΓ/X(V ;V ).

∗-Quantization of Fourier-Mukai transforms – p.31/39

http://www.math.upenn.edu/~tpantev/starq.pdf


Rigidity and cohomology III

Example: The FM computation (ii) is subtle. For instance:
Suppose

fX : X → B and fY : Y → B are dual families of complex
tori;

Γ = X ×B Y
iΓ
→֒ X × Y

V → Γ - the normalized Poincare bundle.

The filtration of DiffΓ(V ;V ) by order along the fibers of
prX : Γ → X gives rise to a spectral sequence of sheaves:

Eij
1 = Ri prY ∗ Sj−iTΓ/X ⇒ R

j prY ∗ DiffΓ/X(V ;V ).
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Rigidity and cohomology IV

[Beilinson-Berstein’95] The first differential in this
spectral sequence is given by a cup-product with

prY

(
c1(V ) −

1

2
c1

(
ωΓ/X

))
= prY (c1(V )) = dξV ,
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Rigidity and cohomology IV

[Beilinson-Berstein’95] The first differential in this
spectral sequence is given by a cup-product with

prY

(
c1(V ) −

1

2
c1

(
ωΓ/X

))
= prY (c1(V )) = dξV ,

where dξV ∈ Hom
(
TY/B, f∗

Y R1fX∗OX

)
is the derivative

of the classifying map ξV : Y → Pic0(X/B) of V .
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Rigidity and cohomology IV

[Beilinson-Berstein’95] The first differential in this
spectral sequence is given by a cup-product with

prY

(
c1(V ) −

1

2
c1

(
ωΓ/X

))
= prY (c1(V )) = dξV ,

where dξV ∈ Hom
(
TY/B, f∗

Y R1fX∗OX

)
is the derivative

of the classifying map ξV : Y → Pic0(X/B) of V .

In particular the rows of (Eij
1 , d1) are Koszul complexes.

Thus the spectral sequence degenerates and so
R• prY ∗ DiffΓ/X(V ;V ) = OY as promised.
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Categories of sheaves

Good choices for categories of sheaves are:
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Categories of sheaves

Good choices for categories of sheaves are:

For every test space Z the derived category of
complexes of OX×Z-modules with coherent
cohomology.
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Categories of sheaves

Good choices for categories of sheaves are:

For every test space Z the derived category of
complexes of OX×Z-modules with coherent
cohomology.

The derived category of complexes of OX -modules with
quasicoherent cohomology.
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Categories of sheaves II

Use J.Taylor’s notion of quasi-coherence:

∆
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Categories of sheaves II

Use J.Taylor’s notion of quasi-coherence:

Definition: A sheaf F of OX -modules, is quasi-coherent is
for every x ∈ X there exists x ∈ K ⊂ X, K - Stein compact,
and a module M over the noetherian ring Γ(K,O), so that

F|K
∼= M̃ := OX ⊗Γ(K,O) M

∆
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Categories of sheaves II

Use J.Taylor’s notion of quasi-coherence:

Definition: A sheaf F of OX -modules, is quasi-coherent is
for every x ∈ X there exists x ∈ K ⊂ X, K - Stein compact,
and a module M over the noetherian ring Γ(K,O), so that

F|K
∼= M̃ := OX ⊗Γ(K,O) M

Note: Here Γ(K,O) and M denote the constant sheaves

with fibers Γ(K,O) and M respectively. ∆
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Stacks of algebroids

Definition
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Stacks of algebroids

Definition A stack of algebroids on a complex
manifold M is a stack M of C-linear categories on M ,
such that:
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Stacks of algebroids

Definition A stack of algebroids on a complex
manifold M is a stack M of C-linear categories on M ,
such that:

• M has local sections near each point of M .

• M is locally connected near each point of M .
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Stacks of algebroids

Definition A stack of algebroids on a complex
manifold M is a stack M of C-linear categories on M ,
such that:

• M has local sections near each point of M .

• M is locally connected near each point of M .

Note:
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Stacks of algebroids

Definition A stack of algebroids on a complex
manifold M is a stack M of C-linear categories on M ,
such that:

• M has local sections near each point of M .

• M is locally connected near each point of M .

Note:

Every sheaf A → M of algebras defines a stack MA of
algebroids on M via

MA (U) =
(
locally free sheaves of left A|U -modules

)

A stack of algebroids on M is of the form MA iff
M(M) 6= ∅.
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Stacks of algebroids

Definition A stack of algebroids on a complex
manifold M is a stack M of C-linear categories on M ,
such that:

• M has local sections near each point of M .

• M is locally connected near each point of M .

Note:

Every sheaf A → M of algebras defines a stack MA of
algebroids on M via

MA (U) =
(
locally free sheaves of left A|U -modules

)

A stack of algebroids on M is of the form MA iff
M(M) 6= ∅. A ∼= EndM(α) for α ∈ M(M). ∆
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Stacks of algebroids

Definition A stack of algebroids on a complex
manifold M is a stack M of C-linear categories on M ,
such that:

• M has local sections near each point of M .

• M is locally connected near each point of M .

Note:

Every sheaf A → M of algebras defines a stack MA of
algebroids on M via

MA (U) =
(
locally free sheaves of left A|U -modules

)

A stack of algebroids on M is of the form MA iff
M(M) 6= ∅. A ∼= EndM(α) for α ∈ M(M). ∆
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Inertial actions

Suppose X is an analytic (geometric) stack of groupoids
and suppose G → X is an analytic group-space over X .
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Inertial actions

Suppose X is an analytic (geometric) stack of groupoids
and suppose G → X is an analytic group-space over X .

Definition An inertial action of G on X consists of
a pair of homomorphisms

ρ : G → IX , a : IX → Aut(G),

such that:
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Inertial actions

Suppose X is an analytic (geometric) stack of groupoids
and suppose G → X is an analytic group-space over X .

Definition An inertial action of G on X consists of
a pair of homomorphisms

ρ : G → IX , a : IX → Aut(G),

such that:
a ◦ ρ : G → Aut(G)

is the adjoint action.
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Inertial actions

Suppose X is an analytic (geometric) stack of groupoids
and suppose G → X is an analytic group-space over X .

Definition An inertial action of G on X consists of
a pair of homomorphisms

ρ : G → IX , a : IX → Aut(G),

such that:
a ◦ ρ : G → Aut(G)

is the adjoint action.

Note: If X = BH, then ρ : G → H is a crossed module in

the sense of J.H.C.Whitehead.
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Inertial actions II

If G acts inertially on X , we can form the quotient 2-stack:

[X /BG] .

Note:

The data of an inertial action can be interpretted as a
groupoid in stacks: BG

//
//X , [X /BG] is defined as

the classifying 2-stack for this groupoid in stacks. In
particular π2([X /BG] , x) = ker(ρx).
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Inertial actions II

If G acts inertially on X , we can form the quotient 2-stack:

[X /BG] .

Note:

The data of an inertial action can be interpretted as a
groupoid in stacks: BG

//
//X , [X /BG] is defined as

the classifying 2-stack for this groupoid in stacks.

[X /BG] can be thought of as the 2-stack of all
G-gerbes equipped with a ρ-equivariant 1-morphism to
X .
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Gerbes over a complex

Suppose C : C0 d0

→ C1 d1

→ C2 d2

→ · · · is a complex of abelian
sheaves on M .
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Gerbes over a complex

Suppose C : C0 d0

→ C1 d1

→ C2 d2

→ · · · is a complex of abelian
sheaves on M .

Definition A gerbe over the complex C is a triple
(T, α, s), where:

• T is a C0-gerbe.

• α is a neutralization of the induced C1-gerbe d0
∗T,

i.e. α ∈ d0
∗T(M) is a global section.
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Gerbes over a complex

Suppose C : C0 d0

→ C1 d1

→ C2 d2

→ · · · is a complex of abelian
sheaves on M .

Definition A gerbe over the complex C is a triple
(T, α, s), where:

• T is a C0-gerbe.

• α is a neutralization of the induced C1-gerbe d0
∗T,

• s is a trivialization of the C2,cl-torsor
Hom0∗T

(
d1
∗(α), o

)
, where
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(T, α, s), where:

• T is a C0-gerbe.

• α is a neutralization of the induced C1-gerbe d0
∗T,

• s is a trivialization of the C2,cl-torsor
Hom0∗T
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)
, where

• d1
∗(α) is the image of the global section α in

the C2,cl-gerbe d1
∗(d

0
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Gerbes over a complex

Suppose C : C0 d0

→ C1 d1

→ C2 d2

→ · · · is a complex of abelian
sheaves on M .

Definition A gerbe over the complex C is a triple
(T, α, s), where:

• T is a C0-gerbe.

• α is a neutralization of the induced C1-gerbe d0
∗T,

• s is a trivialization of the C2,cl-torsor
Hom0∗T

(
d1
∗(α), o

)
, where

• d1
∗(α) is the image of the global section α in

the C2,cl-gerbe d1
∗(d

0
∗T) = 0∗T, and

• o ∈ 0∗T(M) is the canonical neutralization.
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Gerbes over a complex II

Remarks:

gerbes over C are the same thing as gerbes over τ≤2C .
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Gerbes over a complex II

Remarks:

gerbes over C are the same thing as gerbes over τ≤2C .

H
2(M,C ) parameterizes the equivalence classes of

gerbes over C .

gerbes over C form a 2-category with invertible 1 and 2
morphisms.
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