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Background |
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Let M be a smooth, 4-dimensional manifold.
Let £ — M be a hermitian vector bundle.

A connection V on E Is said to be an instanton If its
curvature Fy Is anti-self-dual as a 2-form and || Fy ||z < oo.
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In the case M = R*, one may assume that V is
Independent from one, two or three variables.

One then gets various dimensional reductions of the the
anti-self-duality equation £ = 0:
Bogomolny equation

Hitchin equations

Nahm equations
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Let X be a hyperkahler manifold
Let £ — X be a hermitian vector bundle.

A connection V on FE is said to be hyperholomorphic if its
curvature Fy Is of type (1, 1) with respect to every complex
structure of X.
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Nahm Transform
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Nahm transform is a non-linear integral transformation of
translation invariant anti-self-dual connections on R*.

=
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More precisely, let A de a subgroup of translations of R*;
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Nahm Transform
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Nahm transform is a non-linear integral transformation of
translation invariant anti-self-dual connections on R*.
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More precisely, let A de a subgroup of translations of R*;
The dual of A Is defined as follows:

AN ={ae@®YHY | a(\) €eZVIeA)
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Nahm Transform

-

Nahm transform is a non-linear integral transformation of
translation invariant anti-self-dual connections on R*.

More precisely, let A de a subgroup of translations of R*;
The dual of A Is defined as follows:

AN ={ae@®YHY | a(\) €eZVIeA)

It can be regarded as a subgroup of translations (R*)*.
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Nahm Transform

=

fNahm transform is a non-linear integral transformation of
translation invariant anti-self-dual connections on R*.

More precisely, let A de a subgroup of translations of R*;
The dual of A Is defined as follows:
AN ={ae@®YHY | a(\) €eZVIeA)

It can be regarded as a subgroup of translations (R*)*.

Nahm transform gives a 1-1 correspondence between
(dimensionally reduced) instantons on R*/A and
(dimensionally reduced) instantons on (R*)*/A*
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Doubly-periodic instantons

-

Example: A = Z?, A* = (Z*)* x R?.

=

Nahm transform gives a 1-1 correspondence between
instantons on 7% x R? (a.k.a. doubly-periodic instantons)
and (singular) solutions of Hitchin equations on (7%)*.
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Example: A = Z?, A* = (Z*)* x R?.

Nahm transform gives a 1-1 correspondence between
instantons on 7% x R? (a.k.a. doubly-periodic instantons)
and (singular) solutions of Hitchin equations on (7%)*.

The singularities of the solutions of Hitchin equations on

(T%)* is related to the asymptotic behaviour of the
corresponding doubly-periodic instanton.
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Doubly-periodic instantons
| o

Example: A = Z?, A* = (Z*)* x R?.

Nahm transform gives a 1-1 correspondence between
instantons on 7% x R? (a.k.a. doubly-periodic instantons)
and (singular) solutions of Hitchin equations on (7%)*.

The singularities of the solutions of Hitchin equations on

(T%)* is related to the asymptotic behaviour of the
corresponding doubly-periodic instanton.

It Is also useful to remember that there are no smooth
solutions of Hitchin equations on a torus.
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>) Riemann surface of genus ¢g > 2, J its Jacobian.
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Two possible generalizations:

Higgs bundles on X

Nahm transform is a hyperholomorphic connection on
JV x H'(Ky)
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>) Riemann surface of genus ¢g > 2, J its Jacobian.

Two possible generalizations:

Higgs bundles on X

Nahm transform is a hyperholomorphic connection on
JV x H'(Ky)

instantons on ¥ x R?
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Nahm transform and Riemann surfaces

o .

>) Riemann surface of genus ¢g > 2, J its Jacobian.

Two possible generalizations:

Higgs bundles on X

Nahm transform is a hyperholomorphic connection on
JV x H'(Ky)

instantons on £ x R?
Nahm transform is conjectured to be a Higgs bundle on JV
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Higgs bundles
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Let X be a Kédhler manifold, and let £ — X be a complex
vector bundle.
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Let X be a Kédhler manifold, and let £ — X be a complex
vector bundle.
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Let V be a connection on £ whose curvature is of type
(1,1), so that V induces a holomorphic structure on E.
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Higgs bundles
=

Let X be a Kédhler manifold, and let £ — X be a complex
vector bundle.

=

Let V be a connection on £ whose curvature is of type
(1,1), so that V induces a holomorphic structure on E.

Let ® be a bundle map £ — E ® AL.

Fy +[®,0*] =0
Oy® =0
AP =0
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Higgs bundles
=

Let X be a Kédhler manifold, and let £ — X be a complex
vector bundle.

=

Let V be a connection on £ whose curvature is of type
(1,1), so that V induces a holomorphic structure on E.

Let ® be a bundle map £ — E ® AL.

Fy +[®,0*] =0
Oy® =0
AP =0

LEquivalently: V + ® + ¢* Is a flat connection. J
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Nahm transform of Higgs bundles|
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To each n € JV corresponds a topologically trivial,
holomorphic line bundle L, |sx — X.
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Nahm transform of Higgs bundles|
-

To each n € JV corresponds a topologically trivial,
holomorphic line bundle L, |sx — X.

Let V,, be the natural connection on £ ® L,,.

=

Considering o € H(Kx,) as a bundle map ¢ : Os, — K,
define:

(I)(n,a) = 1L?7 + 1E®Ln Q0
whichisabundle map F® L, - E® L, ® K.
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Nahm transform of Higgs bundles|

-

To each n € JV corresponds a topologically trivial,
holomorphic line bundle L, |sx — X.

Let V,, be the natural connection on £ ® L,,.

=

Considering o € H(Kx,) as a bundle map ¢ : Os, — K,
define:

(I)(n,a) = 1L?7 + 1E®Ln Q0
whichisabundle map F® L, - E® L, ® K.

Easy to check that if (V, ®) satisfy the Hitchin equations, so
does (V,, ®, ) for each (n, o).
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Now consider the operator
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Doy L (Em) @ (A% @ ALY) — L2 (£0) @ (AL @ AY)))

Do) = (577 — 5:) + (‘9(77,0) B ‘9227,0))
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Nahm transfor m of Higgs bundles||
N o

Doy L (Em) @ (A% @ ALY) — L2 (£0) @ (AL @ AY)))

ow consider the operator

Do) = (577 - 577) + (%a) - 9227,0))
It can be shown that ker D, ,y = 0 for each (n, o).

Thus usual index theory gives complex vector bundle
E— JYx H(Ks,).

o -
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An unitary connection V on £ is constructed by demanding
commutativity of the following diagram:

AN

FJVXHO(KE)(E) s A}]\/XHO(KE)(E)
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Nahm transform of Higgs bundles|i||

=

An unitary connection V on £ is constructed by demanding
commutativity of the following diagram:

AN

FJVXHO(KE)(E) s A}]\/XHO(KE)(E)

| |

_ d _
FJV><HO(K2)(H )HA}]vaO(KE)(H )

where H~ is the trivial holomorphic Hilbert bundle

B L2 (€@ (A @AY x JY x HO(Kx) o
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The connection V can be shown to be hyperholomorphic.



Nahm transform of Higgs bundles |V
- o

The connection V can be shown to be hyperholomorphic.

AN

The pair (E, V) is called the Nahm transform of the Higgs
bundle (E,V,®).
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