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Abstract

We investigate Yang—Mills instanton theory over four dimensional asymptotically lo-
cally flat (ALF) geometries, including gravitational instantons of this type, by exploiting
the existence of a natural smooth compactification of these spaces introduced by Hausel-
Hunsicker—Mazzeo.

First referring to the codimension 2 singularity removal theorem of Sibner—Sibner and
Rade we prove that given a smooth, finite energy, self-dual SU(2) connection over a complete
ALF space, its energy is congruent to a Chern—Simons invariant of the boundary three-
manifold if the connection satisfies a certain holonomy condition at infinity and its curvature
decays rapidly.

Then we introduce framed moduli spaces of self-dual connections over Ricci flat ALF
spaces. We prove that the moduli space of smooth, irreducible, rapidly decaying self-
dual connections obeying the holonomy condition with fixed finite energy and prescribed
asymptotic behaviour on a fixed bundle is a finite dimensional manifold. We calculate its
dimension by a variant of the Gromov—Lawson relative index theorem.

As an application, we study Yang-Mills instantons over the flat R? x S, the multi-
Taub-NUT family, and the Riemannian Schwarzschild space.
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1 Introduction

By a gravitational instanton one usually means a connected, four dimensional complete hyper-
Kahler Riemannian manifold. In particular, these spaces have SU(2) = Sp(1) holonomy; conse-
quently, they are Ricci flat, and hence solutions of the Riemannian Einstein’s vacuum equation.

The only compact, four dimensional hyper-Kahler spaces are, up to universal covering, dif-
feomorphic to the flat torus 7% or a K3 surface.

The next natural step would be to understand non-compact gravitational instantons. Com-
pactness in this case should be replaced by the condition that the metric be complete and decay
to the flat metric at infinity somehow such that the Pontryagin number of the manifold be finite.

Such open hyper-Kéhler examples can be constructed as follows. Consider a connected,
orientable compact four-manifold M with connected boundary dM which is a smooth three-
manifold. Then the open manifold M := M \ OM has a decomposition M = K UW where K is
a compact subset and W =2 9M x R is an open annulus or neck. Parameterize the half-line Rt
by r. Assume OM is fibered over a base manifold B with fibers F' and the complete hyper-Kéhler
metric g asymptotically and locally looks like g ~ dr? +r2gg + gr. In other words the base B of
the fibration blows up locally in a Euclidean way as r — oo, while the volume of the fiber remains
finite. By the curvature decay, gr must be flat, hence F' is a connected, compact, orientable,
flat manifold. On induction of the dimension of F'; we can introduce several cases of increasing
transcendentality, using the terminology of Cherkis and Kapustin [7]:

(i) (M,g) is ALE (asymptotically locally Euclidean) if dim F' = 0;

(i) (M,g) is ALF (asymptotically locally flat) if dim F' = 1, in this case necessarily F = S*
must hold;

(iii) (M, g) is ALG (this abbreviation by induction) if dim F' = 2, in this case F = T%

(iv) (M,g) is ALH if dim F' = 3, in this case F' is diffeomorphic to one of the six flat orientable
three-manifolds.

Due to their relevance in quantum gravity or recently rather in low-energy supersymmetric
solutions of string theory and, last but not least, their mathematical beauty, there has been
some effort to classify these spaces over the past decades. Trivial examples for any class is
provided by the space R*4mF » [ with its flat product metric.

The first two non-trivial, infinite families were discovered by Gibbons and Hawking in 1976
[18] in a rather explicit form. One of these families are the Ay ALE or multi-Eguchi-Hanson
spaces. In 1989, Kronheimer gave a full classification of ALE spaces [25] constructing them as
minimal resolutions of C?/T" where I' C SU(2) is a finite subgroup i.e., I' is either a cyclic group
Apg, k > 0, dihedral group D with k > 0, or one of the exceptional groups F; with [ = 6,7, 8.

The other infinite family of Gibbons and Hawking is the Ay, ALF or multi-Taub-NUT family.
Recently another Dy ALF family has been constructed by Cherkis and Kapustin [10] and in a
more explicit form by Cherkis and Hitchin [8].

Motivated by string theoretical considerations, Cherkis and Kapustin have suggested a clas-
sification scheme for ALF spaces as well as for ALG and ALH [7] although they relax the above
asymptotical behaviour of the metric in these later two cases in order to obtain a natural classi-
fication. They claim that the A and Dy families with k£ > 0 exhaust the ALF geometry (in this
enumeration Dy is the Atiyah—Hitchin manifold). For the ALG case if we suppose that these
spaces arise by deformations of elliptic fibrations with only one singular fiber, it is conjectured
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that the possibilities are Dy with 0 < k < 5 (cf. [9]) and E; with [ = 6,7,8. An example for a
non-trivial ALH space is the minimal resolution of (R x T®)/Z,. The trouble is that these spaces
are more transcendental as dim F' increases hence their constructions, involving twistor theory,
Nahm transform, etc. are less straightforward and explicit.

To conclude this brief survey, we remark that the restrictive hyper-Kahler assumption on
the metric, which appeared to be relevant in the more recent string theoretical investigations,
excludes some examples considered as gravitational instantons in the early eighties. An impor-
tant non-compact example which satisfies the ALF condition is for instance the Riemannian
Schwarzschild space, which is Ricci flat but not hyper-Kéhler [21]. For a more complete list of
such “old” examples cf. [13].

From Donaldson theory we learned that the moduli spaces of SU(2) instantons over compact
four-manifolds encompass lot of information about the original manifold hence understanding
SU(2) instantons over gravitational instantons also might be helpful in their classification. On
the compact examples T and the K3’s, Yang-Mills instantons can be studied via the usual
methods, especially the celebrated Hitchin—Kobayashi correspondence. The full construction of
SU(2) instantons in the hyper-Kéhler ALE case was carried out in important papers by Nakajima
[28] and Kronheimer—Nakajima in 1990 [26]. However, the knowledge regarding moduli spaces of
instantons over non-trivial ALF spaces is rather limited, even in the hyper-Kéhler ALF case, due
to analytical difficulties. One has only sporadic examples of explicit solutions (cf. e.g. [16, 17]).
Also very few is known about instanton theory over the Riemannian Schwarzschild space [6, 15].
The only well studied case is the flat R3 x S! space; instantons over this space, also known as
calorons, have been extensively studied in the literature, cf. [4, 5, 29]. Close to nothing is known
about instantons over non-trivial ALG and ALH geometries.

Studying Yang—Mills instanton moduli spaces over ALF spaces is certainly interesting not
only because understanding the reducible solutions already leads to an encouraging topological
classification result in the hyper-Kéhler case [14], but also due to their physical significance. In
this paper we set the foundations for a general theory of Yang—Mills instantons over ALF spaces
in the broad sense adopted in the eighties i.e., including not hyper-Kahler examples, too.

In Section 2 we exploit the existence of a natural smooth compactification X of an ALF space
introduced by Hausel-Hunsicker-Mazzeo [20]. Working over this compact space, the asymptotical
behaviour of any finite energy connection over an ALF space can be analyzed by the codimension
2 singularity removal theorem of Sibner—Sibner [32] and Rade [31]. This guarantees the existence
of a locally flat connection Vi with fixed constant holonomy in infinity to which the finite energy
connection converges. First we prove in Section 2 that the energy of a smooth, self-dual SU(2)
connection of finite energy which satisfies a certain holonomy condition (cf. condition (11) here)
and has rapid curvature decay (in the sense of condition (16) in the paper), is congruent to the
Chern-Simons invariant 7y (I« ) of the boundary N of the ALF space (Theorem 2.2 here). If the
holonomy condition holds then Vr is in fact flat and I' is a fixed smooth gauge for the limiting
flat connection restricted to the boundary. The relevant holonomy condition can be replaced by
a simple topological criterion on the infinity of the ALF space, leading to a more explicit form
of this theorem (cf. Theorem 2.3).

Then in Section 3 we introduce framed instanton moduli spaces M(e,I") of smooth, irre-
ducible, rapidly decaying self-dual SU(2) connections, obeying the holonomy condition, with
fixed energy e < oo and asymptotical behaviour described by the flat connection Vr on a fixed
bundle. Referring to a variant of the Gromov—Lawson relative index theorem [19] (cf. Theorem
3.1 here) we will be able to demonstrate that a framed moduli space over a Ricci flat ALF space
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is either empty or forms a smooth manifold of dimension
dimM(e,T') =8 (e + 78 (Ox) — Tn(T's)) — 307 (X)

where O, is the restriction to N of the trivial flat connection Vg in some smooth gauge and
b~ (X) is the rank of the negative definite part of the intersection form of the Hausel-Hunsicker—
Mazzeo compactification (cf. Theorem 3.2).

In Section 4 we apply our results on three classical examples, obtaining several novel facts
regarding instantons over them.

First, we prove in Theorem 4.1 that any smooth, finite energy caloron over R? x S automat-
ically satisfies our holonomy condition, has integer energy e € N if it decays rapidly and that the
dimension of the moduli space in this case is 8e, in agreement with [4]. These moduli spaces are
non-empty for all positive integer e [5].

For the canonically oriented multi-Taub—NUT spaces, we show that the dimension of the
framed moduli of smooth, irreducible, rapidly decaying anti-self-dual connections satisfying the
holonomy condition is divisible by 8 (cf. Theorem 4.2). Known explicit solutions [17] show that
at least a few of these moduli spaces are actually non-empty.

Finally, we consider the Riemannian Schwarzschild case, and prove in Theorem 4.3 that all
smooth finite energy instantons obey the holonomy condition, have integer energy e if they decay
rapidly and the dimension is 8¢ — 3. Moreover, this moduli space is surely non-empty at least
for e = 1. We also enumerate the remarkably few known explicit solutions [6, 15], and observe
that these admit deformations.

Section 5 is an Appendix containing the proof of the relative index theorem used in the paper,
Theorem 3.1.

2 The spectrum of the Yang—Mills functional

In this Section we prove that the spectrum of the Yang—Mills functional evaluated on self-
dual connections satisfying a certain analytical and a topological condition over a complete
ALF manifold is “quantized” by the Chern—Simons invariants of the boundary. First, let us
carefully define the notion of ALF space used in this paper, and describe its useful topological
compactification, first used in [20].

Let (M, g) be a connected, oriented Riemannian four-manifold. This space is called an asymp-
totically locally flat (ALF) space if the following holds. There is a compact subset K C M such
that M\ K =W and W = N xR", with N being a connected, compact, oriented three-manifold
without boundary admitting a smooth S!-fibration

7N - B (1)

whose base space is a compact Riemann surface B,,. For the smooth, complete Riemannian
metric g there exists a diffeomorphism ¢ : N x R™ — W such that

¢"(glw) = dr* +r*(7"gp,.) + hip (2)

where gp__ is a smooth metric on By, hr is a symmetric 2-tensor on N which restricts to a metric
along the fibers F' =~ S and (7*gp. ) as well as b’ are some finite, bounded, smooth extensions
of mgp., and hp over W, respectively. That is, we require (7*gp_)'(r) ~ O(1) and hx(r) ~ O(1)
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and the extensions for r < oo preserve the properties of the original fields. Furthermore, we
impose that the curvature R, of g decays like

6" (Rglw)| ~ O(r™). (3)

Here R, is regarded as a map R, : C*(A?M) — C*(A*M) and its pointwise norm is calculated
accordingly in an orthonormal frame. Hence the Pontryagin number of our ALF spaces is finite.

Examples of such metrics are the natural metric on R?® x S! which is in particular flat; the
multi-Taub-NUT family [18] which is moreover hyper-Kéhler or the Riemannian Schwarzschild
space [21] which is in addition Ricci flat only. For a more detailed description of these spaces,
cf. Section 4.

We construct the compactification X of M simply by shrinking all fibers of N into points as
r — oo like in [20]. We put an orientation onto X induced by the orientation of the original M.
The space X is then a connected, oriented, smooth four-manifold without boundary. One clearly
obtains a decomposition X = M U B, and consequently we can think of B, as a smoothly
embedded submanifold of X of codimension 2. For example, for R? x S* one finds X = S* and
B, is an embedded S? [14]; for the multi-Taub-NUT space with the orientation induced by one

of the complex structures, X is the connected sum of s copies of CPs (s refers to the number
of NUTSs) and B, is homeomorphic to S? providing a generator of the second cohomology of
X in case of the Riemannian Schwarzschild geometry, X = S? x S? and B, is again S?, also
providing a generator for the second cohomology (cf. [14, 20]).

Let Mp :== M \ (N x (R,00)) be the truncated manifold with boundary OMp = N x {R}.
Taking into account that W = N x (R, 00), a normal neighbourhood Vi of By in X has a
model like Vg = N x (R, 0]/ ~ where ~ means that N x {oo} is pinched into B,. We obtain
W = Vg \ Vi, with V, = B.,. By introducing the parameter ¢ := R~! we have another model
V. provided by the fibration

B2
€
Ve — B

whose fibers are two-balls of radius . In this second picture we have the identification Vy = B,
so that the end W looks like
Vi=Ve\ W (4)

Choosing a local coordinate patch U C Be, then locally V.| = U x B2 and V| = U x (B2\{0}).
We introduce local coordinates (u,v) on U and polar coordinates (p, 7) along the discs B? with
0 <p<eand 0 <7 < 27 Note that in fact p = r~! is a global coordinate over the whole
V. = Vg. For simplicity we denote V.| as U. and will call the set

U* = U\ Uy (5)

an elementary neighbourhood. Clearly, their union covers the end W. In this e-picture we will use
the notation M, = N x {e} for the boundary of the truncated manifold M, = M \ (N x (0,¢))
and by a slight abuse of notation we will also think of the end sometimes as W = 9M, x (0, ¢).

We do not expect the complete ALF metric g to extend over this compactification, even
conformally. However the ALF property (2) implies that we can suppose the existence of a
smooth positive function f ~ O(r=2) on M such that the rescaled metric § := f2g extends
smoothly as a tensor field over X (i.e., a smooth Riemannian metric degenerated along the
singularity set By,). In the vicinity of the singularity we find gly. = dp? + p*(7*gp..)" + p*h’ via
(2) consequently we can choose the coordinate system (u, v, p, 7) on U, such that {du,dv,dp,d7}
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forms an oriented frame on 7T*U; and with some bounded, finite function ¢, the metric looks
like glus = dp* + p*o(u, v, p)(du? 4+ dv?) + p*(d7® +...). Consequently we find that

Vol (V2) ~ O(e%). (6)

We will also need a smooth regularization of g. Taking a monotonly increasing smooth
function f. supported in V5. and equal to 1 on V, such that |[df.| ~ O(e™1), as well as picking up
a smooth metric h on X, we can regularize ¢ by introducing the smooth metric

ge = (1 - f&)g + fah (7)

over X. It is clear that gy and g agree on M.

Let F' be an SU(2) vector bundle over X endowed with a fixed connection Vr and an in-
variant fiberwise scalar product. Using the rescaled-degenerated metric g, define Sobolev spaces
L?F(A*X ® F) with 1 <p <ooandj=0,1,... as the completion of C§°(A*X ® F'), smooth
sections compactly supported in M C X, with respect to the norm

1
j D

L . k p

lwllze ) = <;13ng ”VFWHLp(ME,gMS)) (8)

=0

where
IVElsan iy = [ [7Hl 551
Me

Throughout this paper, Sobolev norms of this kind will be used unless otherwise stated. We
will write simply L? for L{ .. Notice that every 2-form with finite L*-norm over (M, g) will also
belong to this Sobolev space, by conformal invariance and completeness.

Next, we collect some useful facts regarding the Chern—Simons functional. Let E be an
smooth SU(2) bundle over M. Since topological G-bundles over an open four-manifold are
classified by H?(M,(G)), note that E is necessarily trivial. Put a smooth SU(2) connection
Vp onto E. Consider the boundary M. of the truncated manifold. The restricted bundle
FElon. is also trivial. Therefore any restricted SU(2) connection Vglon. = Vp. over E|gp.
can be identified with a smooth su(2)-valued 1-form B.. The Chern-Simons functional is then
defined to be

1 2
Tom.(Be) '= —=— tr(dB.ANB.+-B.ANB.\NB. | .
872 3
OM.
This expression is gauge invariant up to an integer. Moreover, the representation space

X(OM,) := Hom(m (OM.),SU(2))/SU(2)

is called the character variety of OM. = N and parameterizes the gauge equivalence classes of
smooth flat SU(2) connections over N.

Lemma 2.1. Fiz an 0 < p < ¢ and let V,, = d+ A, and Vg, = d + B, be two smooth SU(2)
connections in a fized smooth gauge on the trivial SU(2) bundle E|on,. Then there is a constant
c1 = c1(B,) > 0, depending on p only through B,, such that

1Tant, (Ap) — Tont, (B,)| < c1l|Ap — Byllz2om) (9)

that is, the Chern—Simons functional is continuous in the L? norm.
Moreover, for each p, Ton,(A,) is constant on the path connected components of the character
variety x(OM,).
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Proof. The first observation follows from the identity

Ton, (Ap) — Ton,(By) =

72
oM,

1 trOF%+J%JA(AW—BQ—é?Ap—BﬁA(AW—BQA(AW—BQ)

which implies that there is a constant ¢y = co(p, B,) such that

|73Mp (A4,) — TaMp(BpN < COHAp - Bp”%%,Bp(aMp)

that is, the Chern—Simons functional is continuous in the L% p, horm. Then applying the Sobolev
embedding ngy B, C L? over a compact three-manifold, we find a similar inequality with a constant
c1 = a1(p, B,). The metric locally looks like glon,nux = p*¢(du? + dv?) + p*(d7? + 2k, drdu +
2h;,drdv + hwdu2 + hwdv2 + 2h, ,dudv) with ¢ and h,,, etc. being bounded functions of
(u,v,p) and (u,v,p,T) respectively hence the metric coefficients are bounded functions of p
consequently we can suppose that ¢; does not depend explicitly on p.

Concerning the second part, assume V4, and Vg, are two smooth, flat connections belonging
to the same path connected component of x(0M,). Then there is a continuous path V A with
t € [0,1] of flat connections connecting the given flat connections. Out of this we construct a
connection V4 on 0M, x [0,1] given by A := Az + 0 - dt. Clearly, this connection is flat, i.e.,
F4 = 0. The Chern-Simons theorem [11] implies that

1
/ tl”(FA/\FA):O,

TaMp(Ap) — TaMP(BP) = —@
OM,%[0,1]

concluding the proof. &

The last ingredient in our discussion is the fundamental theorem of Sibner—Sibner [32] and Rade
[31] which allows us to study the asymptotic behaviour of finite energy connections over an ALF
space. Consider a smooth (trivial) SU(2) vector bundle E over the ALF space (M, g). Let V4 be
a Sobolev connection on E with finite energy, i.e. F4 € L?(A*>M ® EndE). Taking into account
completeness of the ALF metric, we have |F4|(r) — 0 almost everywhere as r — oo. Thus we
have a connection defined on X away from a smooth, codimension 2 submanifold B,, C X and
satisfies || Fa||r2(x) < 0.

Consider a neighbourhood B,, C V. and write V* to describe the end W as in (4). Let Vr
be an SU(2) connection on E|y- which is locally flat and smooth. The restricted bundle E|y. is
trivial, hence we can choose some global gauge such that V 4|y = d+ Ay- and Vp = d+T'y»; we
assume with some j = 0,1,... that Ay. € L3, .. Taking into account that for the elementary
neighbourhood 7, (U¥) = Z, generated by a 7-circle, it is clear that locally on U¥ C V¥ we can
choose a more specific gauge Vr|y: = d 4 I', with a constant m € [0, 1) such that [32]

M_C? 0)&. (10)

—im
Here m represents the local holonomy of the locally flat connection around the punctured discs
of the space U, see [32]. It is invariant under gauge transformations modulo an integer. For
later use we impose two conditions on this local holonomy. The embedding ¢ : U C V' induces
a group homomorphism i, : m(UZ) — m (V). It may happen that this homomorphism has

Y

non-trivial kernel. Let [ be a loop in U such that [I] generates m (US) = Z.
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Definition 2.1. A locally flat connection Vr on Elys is said to satisfy the weak holonomy
condition if for all UX C V* the restricted connection Vr|y: = d+I'y, has trivial local holonomy
whenever | is contractible in V', i.e.

[l] € Keri, = m=0. (11)

Additionally, Vr is said to satisfy the strong holonomy condition if the local holonomy of any
restriction Vr|p: = d + I'y, vanishes, i.e.

m = 0. (12)

Clearly, Vr is globally a smooth, flat connection on Ely- if and only if the weak holonomy
condition holds. Moreover, the strong holonomy condition implies the weak one. We are now in
a position to recall the following fundamental regularity result [31, 32].

Theorem 2.1. (Sibner—Sibner, 1992 and Rade, 1994) There exist a constant ¢ > 0 and a flat
SU(2) connection Vrp|y: on Elys with a constant holonomy m € [0,1) such that on E|y: one can
find a gauge Va|ly: = d + Ay: and Vr|y: = d + 'y, with Ay — Ty, € L%,I‘(U:) such that the
estimate

[Avs = Tz ) < ol Fall 2w
holds with a constant cy = c3(gly.) > 0 depending only on the metric. <

This theorem shows that any finite energy connection is always asymptotic to a flat connection
at least locally. It is therefore convenient to say that the finite energy connection V4 satisfies
the weak or the strong holonomy condition if its associated asymptotic locally flat connection Vr,
in the sense of Theorem 2.1, satisfies the corresponding condition in the sense of Definition 2.1.
We will be using this terminology.

This estimate can be globalized over the whole end V_* as follows. Consider a finite covering
By = U,U, and denote the corresponding punctured sets as U, C V*. These sets also give rise
to a finite covering of V*. It is clear that the weak condition (11) is independent of the index «a;,
since by Theorem 2.1, m is constant over all V*. Imposing (11), the local gauges Iy, on U, extend
smoothly over the whole E|y.-. That is, there is a smooth flat gauge Vi = d+1I'y.« over Ely» such
that Dys[ux . =75 ' T'imYa + 75 'dye with smooth gauge transformations 7, : Uz, — SU(2). This
gauge is uﬂique only up to an arbitrary smooth gauge transformation. Since this construction
deals with the topology of the boundary (1) only, we can assume that these gauge transformations
are independent of the (global) radial coordinate 0 < p < e. Then we write this global gauge as

Va

ve=d+Ay., Vp=d+Ty.. (13)
A comparison with the local gauges in Theorem 2.1 shows that

(Ave = Tv)lue, =72 (Avz, = T )Ya- (14)

Applying Theorem 2.1 in all coordinate patches and summing up over them we come up with

|Avs =Ty

L%,F(VE*) < C3HFAHL2(VE)7 (15)

with some constant ¢3 = ¢3(g|v., Ya, dVa) > 0. This is the globalized version of Theorem 2.1.
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Let A. and T'. be the restrictions of the connection 1-forms in the global gauge (13) to the
boundary E|sp.. The whole construction shows that I'. is smooth and is independent of ¢
consequently liH(l) I'. exists and is smooth. Note again that smoothness follows if and only if the

weak holonomy condition (11) is satisfied. In this way lir% Tom. (Ie) = 7 (T) also exists and
e—

gives rise to a Chern—Simons invariant of the boundary.

Assume that our finite energy connection V4 is smooth; then in the global gauge (13) Ay
is also smooth, hence 75, (A:) also exists for € > 0.

Next we analyze the behaviour 795, (A.) as € tends to zero. First notice that the local flat
gauge I';, in (10) does not have radial component consequently Ay. — 'y« = A. —I'. + A, where
A, is the radial component of Ay.. Dividing the square of (9) by € > 0 and then integrating it
we obtain, making use of (15) that

1 / 2 /
= o (4) = ron (TP < S [ 14, = Ty Baong o <
0 0

€

c? 2
- <||Ap - FPH%?(BM,,) + ||A7"||%2(8Mp)> dp = gl | Ay — Dy
0

(0103)2

€

<

<

5 2wy IFallZ2(v,)-

Finite energy and completeness implies that ||F4|| 2,y vanishes as € tends to zero. However for
our purposes we need a stronger decay assumption.

Definition 2.2. The finite energy SU(2) connection V 4 on the bundle E over M decays rapidly
if its curvature satisfies

y | Fall2(ve)
1m--———-
e—0 \/g

along the end of the ALF space.

= Jin VR Fall 2wyl = 0 (16)

Consequently for a rapidly decaying connection we obtain

1
tim > [ fron, (4) = 7, (1) dp = 0
0

which is equivalent to
ll{)r(l] T@ME(AE) = TN(FO)- (17)

We are finally ready to state an energy identity for self-dual connections. Let V 4 be a smooth,
self-dual, finite energy connection on the trivial SU(2) bundle E over an ALF space (M, g):

Fa=%Fa, |[Falfzug) < 0.

Assume it satisfies the weak holonomy condition (11). In this case we can fix a gauge (13) along
V2 and both Ay and 'y are smooth. Restrict V4 onto E|y;, with € > 0. Exploiting self-duality,
an application of the Chern—Simons theorem [11] along the boundary shows that

||FA||%2(ME,9|M€) = 7om. (A:) mod Z.

Moreover if the connection decays rapidly in the sense of (16) then the right hand side has a
limit (17) therefore we have arrived at the following theorem:
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Theorem 2.2. Let (M,g) be an ALF space with an end W = N x R*. Let E be an SU(2)
vector bundle over M, necessarily trivial, with a smooth, finite energy, self-dual connection V 4.
If it satisfies the weak holonomy condition (11) and decays rapidly in the sense of (16) then there
exists a smooth flat SU(2) connection Vr on E|w and a smooth flat gauge Vi = d + Ty, unique
up to a smooth gauge transformation, such that 711i_>r£10 I'w|nxpy = D'oo exists, is smooth and

IFAllZ20sg) = ™N(Toe)  mod Z.
That is, the energy is congruent to a Chern—Simons invariant of the boundary. <

Remark. It is clear that the above result depends only on the conformal class of the metric. One
finds a similar energy identity for manifolds with conformally cylindrical ends [27] (including
ALE spaces, in accordance with the energies of explicit instanton solutions of [16] and [17]) and
for manifolds conformally of the form C x X as in [34]. We expect that the validity of identities
of this kind is more general.

Taking into account the second part of Lemma 2.1 and the fact that the character variety of
a compact three-manifold has finitely many connected components, we conclude that the energy
spectrum of smooth, finite enerqgy, self-dual connections over ALF spaces which satisfy the weak
holonomy condition and decay rapidly s discrete.

For irreducible instantons, imposing rapid decay is necessary for having discrete energies.
For instance, in principle the energy formula [29, Equation 2.32] provides a continuous energy
spectrum for calorons and calorons of fractional energy are known to exist. But slowly decaying
reducible instantons still can have discrete spectrum; this is the case e.g. over the Schwarzschild
space, cf. Section 4.

Alternatively, instead of the rapid decay condition (16), one could also impose the possibly
weaker but less natural condition that the gauge invariant limit

lim [ronr, (A2) — oar, (T)| =
exists. Then the identity of Theorem 2.2 would become:
||FA||%2(M,9) =7n(l) + . mod Z.

By analogy with the energy formula for calorons [29, Equation 2.32], we believe that the extra
term p is related to the overall magnetic charge of an instanton while the modified energy
formula would represent the decomposition of the energy into “electric” (i.e., Chern-Simons)
and “magnetic” (i.e., proportional to the p-term) contributions.

In general, proving the existence of limits for the Chern-Simons functional assuming only
the finiteness of the energy of the connection V 4 is a very hard analytical problem, cf. [27, 34].
Therefore our rapid decay condition is a simple and natural condition which allows us to explicitly
compute the limit of the Chern—Simons functional in our situation.

Another example illustrates that the weak holonomy condition is also essential in Theorem 2.2.
Consider R*, equipped with the Taub-NUT metric. This geometry admits a smooth L? harmonic
2-form which can be identified with the curvature Fp of a self-dual, rapidly decaying U(1)
connection Vg as in [16]; hence V5@V 5" is a smooth, self-dual, rapidly decaying, reducible SU(2)
connection. We know that H?(R* Z) = 0 hence Vg lives on a trivial line bundle consequently
it can be rescaled by an arbitrary constant like B +— ¢B without destroying its self-duality and
finite energy. But the smooth, self-dual family V g has continuous energy proportional to c?.
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This strange phenomenon also appears over the multi-Taub-NUT spaces, although they are no
more topologically trivial, cf. Section 4 for more details.

From our holonomy viewpoint, this anomaly can be understood as follows. Let ¢ : UF C W
be an elementary neighbourhood as in (5) with the induced map i, : m(U}) — m(W). On
the one hand we have m1(U}) = Z as usual. On the other hand for the Taub-NUT space the
asymptotical topology is W = 53 x R hence 7 (W) = 1 consequently i, has a non-trivial kernel.
However for a generic ¢ the connection V. p|y- has non-trivial local holonomy m # 0 hence it
does not obey the weak holonomy condition (11) therefore Theorem 2.2 fails in this case.

The flat R® x S! space has contrary behaviour to the multi-Taub-NUT geometries. In this
case we find W = S? x ST x R* for the end consequently 7 (W) = Z and the map i, is an obvious
isomorphism. Hence the weak holonomy condition is always obeyed. The character variety of
the boundary is x(S? x S') 2 [0, 1) hence connected. Referring to the second part of Lemma 2.1
we conclude then that the energy of any smooth, self-dual, rapidly decaying connection over the
flat R? x S must be a non-negative integer in accordance with the known explicit solutions [5].
The case of the Schwarzschild space is simlar, cf. Section 4.

These observations lead us to a more transparent form of Theorem 2.2 by replacing the weak
holonomy condition with a simple, sufficient topological criterion, which amounts to a straight-
forward re-formulation of Definition 2.1.

Theorem 2.3. Let (M, g) be an ALF space with an end W = N xXR* as before and E be the trivial
SU(2) vector bundle over M with a smooth, self-dual finite energy connection V 4. Consider an
elementary neighbourhood i : UX C W as in (5) and the induced map i, : m(UF) — m((W). If
Ker i, = {0} then V4 obeys the weak holonomy condition (11). Hence if the connection decays
rapidly as in (16) then its energy is congruent to one of the Chern—Simons invariants of the
boundary N .

In addition if the character variety x(N) is connected, then the energy of any smooth, self-
dual, rapidly decaying connection must be a non-negative integer. <

Remark. In fact, referring to the fibration (1), one sees that m (UY) = 71 (F) and m (W) = 71 (V)
hence the map i, fits well into the homotopy exact sequence

. — Ta(Bag) — m(F) =25 m(N) — m1(Bso) — ...

This segment shows that Ker i, # {0} if and only if IV is either a non-trivial circle bundle over
S?% that is, N = S3/Z, a lens space of type L(s, 1), or a non-trivial circle bundle over RP2,

Finally we investigate the strong holonomy condition (12). As an important corollary of our
construction we find

Theorem 2.4. (Sibner—Sibner, 1992; Rade, 1994) Let (M, g) be an ALF space with an end W as
before and E be the trivial SU(2) vector bundle over M with a smooth, finite energy connection V 4
and associated locally flat connection Vr on Elyw. If and only if the strong holonomy condition
(12) is satisfied then both V 4 as well as V as a flat connection, extend smoothly over the whole
X, the Hausel-Hunsicker—Mazzeo compactification of (M, g). That is, there exist bundles E and
EO ~ X x C? over X such that E|M = F and the connection V 5 extends smoothly over E; m
the same fashion E0|W = E|lw and Vr extends smoothly as a flat connection over Eo.
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Proof. The restriction of the embedding M C X gives U C U, and this later space is contractible.
Consequently if ¢ : U C X is the embedding then for the induced map i, : m (UZ) — m(X)
we always have Ker i, = m1(UY) hence the connections V4 and Vr extend smoothly over X via
Theorem 2.1 if and only if the strong holonomy condition (12) holds. In particular the extension

of Vr is a flat connection. &

Remark. 1f a finite energy self-dual connection satisfies the strong holonomy condition then its
energy is integer via Theorem 2.4 regardless its curvature decay. Consequently these instantons
again have discrete energy spectrum. We may then ask ourself about the relationship between the
strong holonomy condition on the one hand and the weak holonomy condition imposed together
with the rapid decay condition on the other hand.

3 The moduli space

In this Section we are going to prove that the moduli spaces of framed SU(2) instantons over
ALF manifolds form smooth, finite dimensional manifolds, whenever non-empty. The argument
will go along the by now familiar lines consisting of three steps: (i) Compute the dimension of
the space of infinitesimal deformations of an irreducible, rapidly decaying self-dual connection,
satisfying the weak holonomy condition, using a variant of the Gromov-Lawson relative index
theorem [19] and a vanishing theorem; (ii) Use the Banach space inverse and implicit function
theorems to integrate the infinitesimal deformations and obtain a local moduli space; (iii) Show
that local moduli spaces give local coordinates on the global moduli space and that this global
space is a Hausdorff manifold. We will carry out the calculations in detail for step (i) while just
sketch (ii) and (iii) and refer the reader to the classical paper [2].

Let (M, g) be an ALF space with a single end W as in Section 2. Consider a trivial SU(2)
bundle F over M with a smooth, irreducible, self-dual, finite energy connection V4 on it. By
smoothness we mean that the connection 1-form is smooth in any smooth trivialization of £. In
addition suppose V 4 satisfies the weak holonomy condition (11) as well as decays rapidly in the
sense of (16). Then by Theorem 2.2 its energy is determined by a Chern—Simons invariant. We
will assume that this energy e := || F4l|%. (Mg) 18 fized.

Consider the associated flat connection Vp with holonomy m € [0,1) as in Theorem 2.2.
Extend Vi over the whole F and continue to denote it by V. Take the smooth gauge (13) on
the neck. Since F is trivial, we can extend this gauge smoothly over the whole M and can write
Vi=d+ A and Vr = d + 1T for some smooth connection 1-forms A and I" well defined over the
whole M. We also fix this gauge once and for all in our forthcoming calculations. In particular
the asymptotics of V 4 is also fized and is given by I'. The connection Vr, the usual Killing form
on EndE and the rescaled metric g are used to construct Sobolev spaces over various subsets of
X with respect to the norm (8). Both the energy e and the asymptotics I" are preserved under
gauge transformations which tend to the identity with vanishing first derivatives everywhere in
infinity. We suppose AutE C EndF and define the gauge group to be the completion

Op = {y—1€ C(EndE) | |y =11

j4+2,7

(M) < 00,7 € C‘”(AutE) a.e.}

and the gauge equivalence class of V4 under Gg is denoted by [V4]. Then we are seeking the
virtual dimension of the framed moduli space M (e, T') of all such connections given up to these
specified gauge transformations.



G.Etesi, M. Jardim: Yang—Mills instantons on ALF gravitational instantons 13

Consider the usual deformation complex

L2, (A°M ® EndE) ¥4 L2, (A'M ® EndE) ~% [2.(A~M ® EndE)
where V; refers to the induced connection composed with the projection onto the anti-self-dual
side. Our first step is to check that the Betti numbers h° h', h~ of this complex, given by
hY = dim H°(EndFE), etc., are finite. We therefore introduce an elliptic operator

& L2, p(A'M ® EndE) — L2 ((A°M ® A~ M) ® EndE), (18)

the so-called deformation operator 6% := V% @& V7, which is a conformally invariant first order
elliptic operator over (M, g) hence (M, g). Here V% is the formal L? adjoint of V4. We will
demonstrate that 6% is Fredholm, so it follows that h' = dim Ker §% and h° + h~ = dim Coker 6%
are finite.

Pick up the trivial flat SU(2) connection Vg on F; it satisfies the strong holonomy condition
(12), hence it extends smoothly over X to an operator Vg by Theorem 2.4. Using the regularized
metric g. of (7) it gives rise to an induced elliptic operator over the compact space (X, g.) as

0l (M X @ EndEy) — Cio((A°X @ A~ X) ® EndEp).

Consequently ¢ 5 hence its restrictions * 5[ar and 67
Sobolev completion. We construct a particular completion as follows. The smooth extended
connection Vi on E can be extended further over X to a connection Vi such that it gives rise

to an SU(2) Sobolev connection on the trivial bundle Ey. Consider a completion like

w are Fredholm with respect to any

0lg L2 p(A'X @ EndEy) — L2 ((A°X @ A~ X) ® EndFEy). (19)

Jj+1,r

The operators in (18) and (19) give rise to restrictions. The self-dual connection yields

Salw : L2, p(A'W @ EndElw) — L2 ((A°W @ A™W) @ EndElw)

j+1,T

while the trivial connection gives

Jj+1,0

Notice that these operators actually act on isomorphic Sobolev spaces consequently comparing
them makes sense. Working in these Sobolev spaces we claim that

Lemma 3.1. The deformation operator &% of (18) with j = 0,1 satisfies the operator norm
inequality '
1(0% — 82 )lvzll < 3-27 (esl| Fallzz(ve) + came®) (20)

where m € [0, 1) is the holonomy of Va4 and cy = c4(J|v., Vo, dVa) > 0 is a constant depending
only on the metric and the gauge transformations used in (14). Consequently 6% is a Fredholom
operator over (M, g).

Proof. Consider the restriction of the operators constructed above to the neck W = V* and
calculate the operator norm of their difference with an a € L?, | -(A'M ® EndE) as follows:

(6% — (5:7(:))GHL?7F(V;)

1(6% = 0 g)lve [l = sup

a0 lallez,

‘/;_*
(V&)
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By assumption V4 satisfies the weak holonomy condition (11) hence the connection Vr is flat
on Ely: and it determines a deformation operator 67|y~ over (V,gly+). We use the triangle
inequality:

\%e

1(0% =02 ) vz (0% = 0p) v [l + 105 — 07 ) ver

Referring to the global gauge (13) and the metric § we have 6%a = (0+d~)a+A*a+(ANa+aNA)~
and the same for 0f consequently

(64 — 0f) v

Taking j = 0,1 and combining this with (15) we find an estimate for the first term like
1(0% — 07)

Regarding the second term, the trivial flat connection Vg on E|y- satisfies the strong holonomy
condition (12). In the gauge (13) we use, we may suppose simply Oy = 0 consequently neither
data from Vg nor the perturbed metric g. influence this term. Now take a partition of the end
into elementary neighbourhoods (5) and use the associated simple constant gauges (10) then

= (Ayr = D)™+ ((Ave = Tve) A+ A (Ave = Ty)) ™

Ve S 3 - 2]||AVE* — FVS* L?,F(VE*) S 3- 2jc3||FA||L2(VE)-

1067 — 62 )

vell <3 QJZnyalmeyaHLz vey) <3 27 cyme®

with some constant ¢; = c4(Glv,Ya, - - -, Viya) > 0 via (6). Putting these together we get (20).

Taking into account that the right hand side of (20) is arbitrarily small we conclude that
0%|v is Fredholm because so is 5* v+ and Fredholmness is an open property. Clearly, 6% |an v
is also Fredholm, because it is an elhptlc operator over a compact manifold. Therefore glueing
the parametrices of these operators together, one constructs a parametrix for ¢% over the whole
M (see [23] for an analogous construction). This shows that ¢% is Fredholm over the whole (M, g)
hence (M, g) as claimed. <

We assert that Ty ,;M (e, I') = Ker &% consequently h' = dim M(e, T). Indeed, the anti-self-dual
part of the curvature of a perturbed connection V 44, is given by F, . = Va4 (a A a)” with
the perturbation a € L?,, 1(A'M ® EndE). Therefore if a € Ker 6% then both self-duality and
the energy of V4, are preserved infinitesimally i.e., in first order. The perturbation vanishes
everywhere in infinity hence the asymptotics given by I' is also unchanged; in particular V4,
continues to obey the weak holonomy condition.

Incidentally, we note however that locally hence also globally, some care is needed when one
perturbs a connection in our moduli spaces. For a perturbation with a € Lj 41, r(A'M @ EndE)
the asymptotics and in particular the weak holonomy condition are obeyed as we have seen. But
concerning the energy, by repeating the calculation of Section 2 again, we obtain

1 €
2 [ o (A + a0) = 7o, (T, P <

1 €
<! / (Iront, (A + ap) — 7onr, (A,)] + [ronr, (A) — 7ong, (T,)]) dp <

0

™

C103

2
C1
< | —=llallz2vz) | Fallz2 (v ) :
(\/E ( \/_
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If the last line tends to zero as € — 0 then the perturbed connection has the same limit as in (17).

Consequently, we find that the energy is also unchanged. Since the original connection decays
1

rapidly in the sense of (16) if the perturbations also decays rapidly i.e., lin% e~ 2||al|z2(v,) = O then

the energy is preseved by global perturbations as well.
It is therefore convenient to introduce weighted Sobolev spaces in the usual way to say that a
and V4 decay mpzdly ifa e L2 i, (MM ®EndE) and Fy € L7 jF(A2M®EndE), respectively,
375

with weight § = 5. These are gauge invariant conditions. Then

_ 2
HFA+a|lL2%7j7F(M) = HFA‘FVA@"’@/\GHL;J_’F(M) < ||FA||L2%,],’F(M)+“VAaHLQ%’j’F(M)+C5Ha||L2%J+LF(M)

with some constant ¢5 = ¢5(g) > 0 implies that V 4., also decays rapidly.

Let Ag denote the affine space of rapidly decaying SU(2) connections on E as well as F the
vector space of the anti-self-dual parts of their curvatures. Then take a complex of punctured
spaces, the global version of the deformation complex above:

(Gr, 1) 225 (A, V.4) 225 (F5,0).

We have (Ag,Va) = L HF(AlM ® EndFE) and (Fg,0) & L2 (A"M ® EndE). The global

gauge fixing map is deﬁned as fa(y) := v 'Vay — V4 while QA( ) =F,=Via+(ana).
If V4 is irreducible then Ker f4 = 1. One easily shows that if both v — 1 and a are pointwise
small then f4(7) = Va(log~) and its formal L? adjoint satisfying

(fa(0)s @)r2aeva) = (0, Fa(@) 2(Gp.1)
looks like f}(a) = exp(V*a) if

(7, B)r2(gp1) = — /tr(log’ylogﬂ) %5 1

M

defined in a neighbourhood of 1 € Gg. Hence we have a model for Oy ,) C M(e,T'), the vicinity
of [V 4], as follows:
Oy, = Ker(fi x 03) C (Ag, Va).

The derivative of f} x o, at ais 6% + (a A -+ - A a)” which is a Fredholm operator hence Oy,
is smooth and finite dimensional. These local models match together and prove that the moduli
space is indeed a smooth manifold of dimension h'.

We return to the calculation of h'. We will calculate the index of §% in (18) by referring to
a relative index theorem. This provides us with the alternating sum —h° + h' — h~ and then we
show that h° = h~ = 0 via a vanishing theorem.

First we proceed to the calculation of the index of §%. This will be carried out by a variant
of the Gromov-Lawson relative index theorem [19], which we will now explain. First, let us
introduce some notation. For any elliptic Fredholm operator P, let Index, P denote its analytical
index, i.e., Index, P = dim KerP — dim CokerP. If this P is defined over a compact manifold,
Index, P is given by a topological formula as in the Atiyah—Singer index theorem, which we
denote by Index; P, the topological index of P. The following theorem will be proved in the
Appendix (cf. [22]):
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Theorem 3.1. Let (M, g) be a complete Riemannian manifold, and let X be some smooth com-
pactification of M. Let also Dy : L3, p, (F1) — L?}F,I(Fl’) and Do : L3, (Fo) — Li%(Fé) be
two first order, elliptic Fredholm operators defined on complex vector bundles Iy, F| and Fy, F}
over M with fized Sobolev connections Vr,, V. and Vr,, Vr;, respectively. Assume that given
k> 0, there is a compact subset K C M such that, for W = M \ K, the following hold:

(i) There are bundle isomorphisms ¢ : Fi|lw = Folw and ¢’ : F{|lw = F{|w;
(i) The operators asymptotically agree, that is, in some operator norm ||(D1 — Do)|lw|| < k.

If arbitrary elliptic extensions D1 and Dy of Dy and Dy to X exist, then we have
Index,D; — Index, Dy = Index,D; — Index, D,
for the difference of the analytical indices.

In the case at hand, F} = Fy = A'M ® EndE®C and F| = F} = (A°M®&A~M)QEndE®C; then
the complexification of 6%, which by Lemma 3.1 is a Fredholm operator, plays the role of D; and
via (20) it asymptotically agrees with the complexified 6* 5|, also Fredholm by construction,
which replaces Dy. 7

To find the operators which correspond to D; and Dy, we proceed as follows. Remember that
in general V4 does not extend over X (cf. Theorem 2.4). Let E be the unique vector bundle over
X constructed as follows. Since E| X\Va. = Elpnyy and Ely. 2 V. x C?, this bundle is uniquely
determined by the glued connection V ; = (1 — f.)V4 + f.Vg on E where f. is taken from (7).
We can construct the associated operator (5:7 ; over EndE with respect to the metric (7) whose

complexification will correspond to Dl; ‘the operator Dy is given by the complexification of the

operator 5: 5 On the trivial bundle EndFyy, which we have already constructed.

The right hand side of the relative index formula in Theorem 3.1 is given by

Index; (07 ;) — Index (87 ) = 8k — 3(1 — b*(X) + b~ (X)) + 3(1 — b"(X) + b (X)) = 8k

- :
where k = ||F AH%Q( x) is the second Chern number of the extended bundle E. Notice that this

number might be different from the energy e = || F4l|%, (m) Of the original connection. We only
know a priori that k < e. However we claim that

Lemma 3.2. Using the notation of Theorem 2.2 and, in the same fashion, if Vo = d + Oy on
Elw then letting Ou := lim Ow [Ny, in any smooth gauge

kE=e+n(0x) — n([I'x) (21)
holds. Notice that this expression is gauge invariant.

Remark. Of course in any practical application it is worth taking the gauge in which simply
T, N(@oo) = 0

Proof. Using the gauge (13) for instance and applying the Chern—Simons theorem for the re-
stricted energies to M., we find

(k = €)lar. = Toar. (Ae) = Tonr, (Ae) + 20| F 7 |72 ar -
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Therefore, since || F; |2y = | F || 22(v5.) and the Chern-Simons invariants converge as in (17)
by the rapid decay assumption, taking the limit one obtains

k= € = ry(80) = () + 21 |5 sy = 70(8) = 7(0o) +2 i 15 gy )

Consequently we have to demonstrate that liII(l) ||F£ | z2(v5.) = 0. There is a decomposition of the
E—

glued curvature like Fi; = ®+¢ with ® := (1 — f.)Fa+ f-Fo and a perturbation term as follows:
90 = _dfg /\ (AVQ*E - ®V2*s) - fE(l - f€)<AV2*s - @VQ*E) /\ (AVQ*E - ®V2*s)'

This shows that Fy=¢ consequently it is compactly supported in Vs \ V.. Moreover there
is a constant cg = cg(dfe, glv,.) > 0, independent of e, such that [[dfel[r2 (1) < co; as well as

| fe(1 = fo)] < 1 therefore, recalling the pattern of the proof of Lemma 3.1, we tame ¢~ like

Cs

w2 vz + 4 1 Avs, = Oy <

o™ 2 vae) < llellz2van) < escellAvy — Ovye 12 (s

c 2
< ¢5¢6 (C3l| Fallr2va.) + cam(2e)®) + ZS (csl|Fallz2va.) + cam(2e)°)
However we know that this last line can be kept as small as one likes providing the result. <

Regarding the left hand side of Theorem 3.1, on the one hand we already know that
Index,0% = —h" + h' —h~ = b = dim M(e,T)
by the promised vanishing theorem. On the other hand, since EndE ® C = M x C?, we find
Index, (07 glar) = =3 (072(M, Gelar) — br2(M, Gelar) +07(M, Ge|ur))

where b}, (M, Ge|ar) is the ith L? Betti number and by, (M, g-|a) is the dimension of the space of
anti-self-dual finite energy 2-forms on the rescaled-regularized manifold (M, g.|as) i.e., this index
is the truncated L? Euler characteristic of (M, g.|ys). We wish to cast this subtle invariant into
a more explicit form at the expense of imposing a further but natural assumption on the spaces
we work with.

Lemma 3.3. Let (M, g) be a Ricci flat ALF space, and let X be its compactification with induced
orientation. Then one has Index, (67 5m) = —3b7(X) where b=(X) denotes the rank of the

negative definite part of the topologz'cai intersection form of X.

Proof. Exploiting the stability of the index against small perturbations as well as the conformal
invariance of the operator 5: é] m, without changing the index we can replace the metric g. with

the original ALF metric g. Consequently we can write
Index, (7 gm) = —3 (b72(M, g) — b2(M, g) +b..(M, g))

for the index we are seeking.

Remember that this metric is complete and asymptotically looks like (2). This implies that
(M, g) has infinite volume hence a theorem of Yau [35] yields that 9,(M,g) = 0. Moreover
if we assume the curvature of (M, g) not only satisfies (3) but is furthermore Ricci flat then
a result of Dodziuk [12] shows that in addition b},(M,g) = 0. Concerning b;,(M, g) we use
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the result of [14] (based on [20, Corollary 7]) to observe that any finite energy anti-self-dual
2-form over (M, g) extends smoothly as a (formally) anti-self-dual 2-form over (X, ) showing
that b,,(M, g) = b~ (X) as desired. &

Finally we prove the vanishing of the numbers h° and h~. The proof is a combination of the
standard method [2] and a Witten-type vanishing result ([30, Lemma 4.3]). In the adjoint of the
elliptic complex (18) we find Index,d4 = dim Ker 4 —dim Cokerd4 = h® — h! +h~ hence proving
Ker 04 = {0} is equivalent to h® = h™ = 0.

Lemma 3.4. Assume (M, g) is an ALF space as defined in Section 2. If V 4 is irreducible and
Y € Lip((A°M @& A~ M) ® EndE) satisfies da¢ = 0 then ¢ = 0.

Proof. Taking into account that Ker 64 = Ker(d%04) consists of smooth functions by elliptic
regularity and is conformally invariant, we can use the usual Weitzenbock formula with respect
to the original ALF metric g as follows:

5304 = VAVa+ W, + %9 L O((A°M @ A~ M) © EndE) — C2((A°M & A~ M) @ EndE).
In this formula V4 : C°((A°M & A~ M) @ EndE) — C*((A'M & A*M) ® EndFE) is the induced
connection while W=+ %g acts only on the A~ M summand as a symmetric, linear, algebraic map.
This implies that if 644 = 0 such that ¢ € L7 r(A’M®EndE) only or W, 4% = 0 then V 41 = 0.
If V 4 is irreducible then both A°M @ EndE = S°Y~ @ EndE and A~ M ® EndFE =2 S?Y~ @ EndFE
are irreducible SU(2)~ x SU(2) bundles hence ¢ = 0 follows.

Concerning the generic case, then as before, we find A’ = 0 by irreducibility consequently we
can assume ¢ € L?(A”M ® EndE) only and W, + % # 0. Since Ker d4 consists of smooth
functions it follows that if 641 = 0 then v vanishes everywhere at infinity.

Let (-, -) be a pointwise SU(2)-invariant scalar product on A~ M ®EndE and set || := (1), )2.
Assume 649 = 0 but ¢ # 0. Then (V4iVay,¢) = —((W, + %), ¢) by the Weitzenbock
formula above. Combining this with the pointwise expression (V4V a0, ¢) = [Va0]* + 3 A2
and applying 1 A[¢[* = || Al| +|d]i]]? as well as Kato’s inequality |d[¢|| < [V, valid away
from the zero set of 1, we obtain

[l [”
92

d 2
= Wy + 22| - Atog |yl - il

2
92

_ L sg A
< |y + 22| -

73 ||
that is,

3 ldlog [u][* + Alog ] < Wy + 2

Let A : Rt — W = N x R be a naturally parameterized ray running toward infinity and let
f(r) :=log[¢(A(r))|. Observe that f is negative in the vicinity of a zero of ¢ or for large r’s.
The last inequality then asymptotically cuts down along A to

Cr

30— 20 = 1) <

using the expansion of the Laplacian for a metric like (2) and referring to the curvature decay
(3) providing a constant ¢; = ¢7(g) > 0. This inequality yields —c;7=2 < (rf(r))”. Integrating it
we find c;r™' +a < (rf(r)) < rf'(r) showing c;r2 4+ ar~' < f/(r) with some constant a hence
there is a constant ¢g > 0 such that cg := —| Tier]g+ f'(r)]. Integrating c;r—' +a < (rf(r))" again

we also obtain c¢;(logr)r~' 4+ a + br=t < f(r) <0, for some real constants a, b.
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Let xy € M be such that ¢(zg) # 0; then by smoothness there is another point x € M with
this property such that |zo| < |z|. Integrating again the inequality —c;r=2 < (rf(r))” twice from
Zo to x along the ray A connecting them we finally get

|9 (0)| < [0()] exp ((erlao] ™" + eslzol) (1 — [xolz] 1)) -

Therefore either letting x to be a zero of ¢ along A or, if no such point exists, taking the limit
|z| — oo we find that ¥ (zg) = 0 as desired. <&

Finally, putting all of our findings together, we have arrived at the following theorem:

Theorem 3.2. Let (M,g) be an ALF space with an end W = N x RT as before. Assume
furthermore that the metric is Ricci flat. Consider a rank 2 complex SU(2) vector bundle E over
M, necessarily trivial, and denote by M(e,T") the framed moduli space of smooth, irreducible, self-
dual SU(2) connections on E satisfying the weak holonomy condition (11) and decaying rapidly
in the sense of (16) such that their energy e < oo is fized and are asymptotic to a fived smooth
flat connection Vi on E|y .

Then M(e,T') is either empty or a manifold of dimension

dim M(e,T') =8 (e + v (Ox) — T (') — 307 (X)

where Vg is the trivial flat connection on E|w and Ty is the Chern—Simons functional of the
boundary while X is the Hausel-Hunsicker—-Mazzeo compactification of M with induced orienta-
tion. <&

Remark. Of course, we get a dimension formula for anti-instantons by replacing b~ (X) with
b (X). Notice that our moduli spaces contain framings, since we have a fixed flat connection
and a gauge at infinity. The virtual dimension of the moduli space of unframed instantons is
given by dim M(e,I') — 3 which is is the number of effective free parameters.

A dimension formula in the presence of a magnetic term p mentioned in Section 2 is also easy
to work out because in this case (21) is simply replaced with k = e+ 75 (O ) — Tn (I's) — 1t and
then this should be inserted into the dimension formula of Theorem 3.2.

Note also that our moduli spaces are naturally endowed with weighted L? metrics. An
interesting problem is to investigate the properties of these metrics.

4 Case studies

In this Section we present some applications of Theorem 3.2. We will consider rapidly decaying
instantons in the sense of (16) over the flat R? x S!, the multi-Taub-NUT geometries and the
Riemannian Schwarzschild space. We also have the aim to enumerate the known Yang-Mills
instantons over non-trivial ALF geometries. However we acknowledge that our list is surely
incomplete, cf. e.g. [1].

THE FLAT SPACE R3 x S!

This is the simplest ALF space hence instanton (or also called caloron i.e., instanton at finite
temperature) theory over this space is well-known (cf. [4, 5]). We claim that
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Theorem 4.1. Take M = R3 x S' with a fized orientation and put the natural flat metric onto it.
Let V 4 be a smooth, self-dual, rapidly decaying SU(2) connection on a fixed rank 2 complex vector
bundle E over M. Then V 4 satisfies the weak holonomy condition and has non-negative integer
energy. Let M(e,T") denote the framed moduli space of these connections which are moreover
wrreducible as in Theorem 3.2. Then

dim M(e,T") = 8e
and M(e,T) is not empty for all e € N.

Proof. Since the metric is flat, the conditions of Theorem 3.2 are satisfied. Furthermore, in
the case at hand the asymptotical topology of the space is W = S? x S' x R* consequently
m (W) 2 Z and i, : 7 (UF) — 7 (W) is an isomorphism; the character variety x(S5? x S1) = [0, 1)
is connected. Theorem 2.3 therefore guarantees that any smooth, self-dual, rapidly decaying
connection has non-negative integer energy. In the gauge in which 7g2,51(04) = 0 we also get
Ts2x51(Fs) = 0. Moreover we find that X = S for the Hausel-Hunsicker-Mazzeo compactifica-
tion [14] yielding b~ (X) = b*(X) = 0; putting these data into the dimension formula in Theorem
3.2 we get the dimension as stated, in agreement with [4].

The moduli spaces M(e,I') are not empty for all e € N; explicit solutions with arbitrary
energy were constructed via a modified ADHM construction in [4, 5]. <

THE MULTI-TAUB-NUT (orR Ay ALF, orR ALF GIBBONS-HAWKING) SPACES

The underlying manifold My topologically can be understood as follows. There is a circle action
on My with s distinct fixed points pi,...,ps € My, called NUTs. The quotient is R® and we
denote the images of the fixed points also by py,...,ps € R Then Uy := My \ {p1,...,ps} is
fibered over Zy :=R3\ {p1,...,ps} with S* fibers. The degree of this circle bundle around each
point p; is one.

The metric gy on Uy looks like (cf. e.g. [13, p. 363])

1

ds® = V(da? + dy? + d2°) + —(d7 + @)%,

<

where 7 € (0,87m] parameterizes the circles and x = (z,y,2) € R?; the smooth function
V : Zy — R and the 1-form o € C*(A'Zy) are defined as follows:

———,  da = x3dV.

Here m > 0 is a fixed constant and *3 refers to the Hodge-operation with respect to the flat
metric on R?. We can see that the metric is independent of 7 hence we have a Killing field on
(My, gv). This Killing field provides the above mentioned U(1)-action. Furthermore it is possible
to show that, despite the apparent singularities in the NUTSs, these metrics extend analytically
over the whole My providing an ALF, hyper—Kéahler manifold. We also notice that the Killing
field makes it possible to write a particular Kahler-form in the hyper-Kahler family as w = df
where 3 is a 1-form of linear growth.
Then we can assert that
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Theorem 4.2. Let (My,gy) be a multi- Taub—-NUT space with s NUTs and orientation induced
by any of the complex structures in the hyper—Kahler family. Consider the framed moduli space
M(e,T') of smooth, irreducible, rapidly decaying anti-self-dual connections satisfying the weak
holonomy condition on a fized rank 2 complex SU(2) vector bundle E as in Theorem 3.2. Then
M(e, ") is either empty or a manifold of dimension

dim/\/l(e, F) =8 (6 + TS3 /74 (@OO) — TS3/7s (FOO))

where S®/7Z, 1is the lens space representing the boundary of My. The moduli spaces are surely
not empty for g3z, (Ou0) = Ts3/2,(I'sc) =0 and e =1,.. ., s.

Proof. Since this space is hyper—Kéhler, the conditions of Theorem 3.2 are satisfied. However
this time the asymptotic topology is W = (S3/Z,) x RT hence 7 (W) = Z, therefore the map
iv : m(UF) — m (W) has a kernel; consequently the weak holonomy condition (11) must be
imposed. If the connection in addition decays rapidly as in (16) then its energy is determined
by a Chern-Simons invariant via Theorem 2.2. The character variety of the boundary lens
space, x(S%/Zs) is also non-connected if s > 1 and each connected component has a non-trivial
fractional Chern-Simons invariant which is calculable (cf., e.g. [3, 24]). By the result in [14]
the compactified space X with its induced orientation is isomorphic to the connected sum of s
copies of CP”’s therefore bT(X) =0 and b~ (X) = s. Inserting these into the dimension formula
of Theorem 3.2 for anti-self-dual connections we get the dimension.

Concerning non-emptiness, since lacking a general ADHM-like construction, we may use a
conformal rescaling method [16, 17]. Take the natural orthonormal frame

g0 = %(df ta), & =VVde, €=VVdy, &=V

over Uy and introduce the quaternion-valued 1-form & := €% + £'i + £€2j + £3k. Moreover pick up
the non-negative function f : Uy — R* defined as

f@) =2+ Y .

1 [z — pil
with Ao, A1, ..., As being real non-negative constants and also take the quaternion-valued O-form
Ologf Ologf. Ologf. Ologf
dl = k
08 f or + ox Tt dy I+ 0z
(notice that actually % = 0). Over Uy C My we have a gauge induced by the above

orthonormal frame on the positive spinor bundle 7 Uy,. In this gauge consider 't Hooft-like
SU(2) connections V3 | v, :=d + A}, on XUy with

(dlog f) &
A—A"_O,..A,As,UV :: Im—.
2VV
It was demonstrated in [17] that these connections, parameterized by Mg, A1,...,As up to an

overall scaling, extend over My and provide smooth, rapidly decaying anti-self-dual connections
on YT My. They are irreducible if A\g > 0, are non-gauge equivalent and have trivial holonomy
at infinity; hence satisfy the weak holonomy condition (11) and in particular the corresponding
Chern—Simons invariants vanish. Consequently their energies are always integers equal to e = n
where 0 < n < s is the number of non-zero \;’s with ¢« = 1,...,s. Therefore moduli spaces
consisting of anti-instantons of these energies cannot be empty. <
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Remark. Tt is reasonable to expect that the higher energy moduli spaces are also not empty.
Furthermore, it is not clear whether fractionally charged, rapidly decaying irreducible instantons
actually exist over multi-Taub—-NUT or over more general ALF spaces at all.

Consider the family V; defined by the function f;(z) = ‘xfp - These are unital energy
solutions which are reducible to U(1) (in fact these are the only reducible points in the family,
cf. [17]). These provide as many as s = 1 + b*(My ) non-equivalent reducible, rapidly decaying

anti-self-dual solutions and if V;"|r,, = d + Ay, then the connection V*|y, = d + 3 Afy,

1
decays rapidly, is reducible and non-topological; hence it admits arbitrary rescalings yielding the
strange continuous energy solutions mentioned in Section 2. Of course these generically rescaled
connections violate the weak holonomy condition.

THE RIEMANNIAN (OR EUCLIDEAN) SCHWARZSCHILD SPACE

The underlying space is M = S? x R%. We have a particularly nice form of the metric g on a dense
open subset (R%\ {0}) x S? C M of the Riemannian Schwarzschild manifold. It is convenient to
use polar coordinates (r,7) on R?\ {0} in the range r € (2m, c0) and 7 € [0, 87wm), where m > 0
is a fixed constant. The metric then takes the form

2 2m "'
ds? = (1 - —m> dr? + (1 = —m) dr? + r2dQ?,
T r

where dQ? is the line element of the round sphere. In spherical coordinates § € (0,7) and
¢ € [0,27) it is dQ? = d6? + sin® § dp? on the open coordinate chart (S%\ ({S}U{N})) C S%
Consequently the above metric takes the following form on the open, dense coordinate chart

U= (R*\{0}) x S*\ ({S}U{N}) C M:

2 om\
ds? = (1 — Tm) dr? + <1 — Tm) dr? 4 r2(d6? + sin? Odp?).

The metric can be extended analytically to the whole M as a complete Ricci flat metric however
this time W* # 0. Nevertheless we obtain

Theorem 4.3. Let (M, g) be the Riemannian Schwarzschild manifold with a fixed orientation.
Let V 4 be a smooth, rapidly decaying, self-dual SU(2) connection on a fized rank 2 complex vector
bundle E over M. Then V 4 satisfies the weak holonomy condition and has non-negative integer
energy. Let M(e,I') denote the framed moduli space of these connections which are moreover
wrreducible as in Theorem 3.2. Then it is either empty or a manifold of dimension

dim M(e,T") = 8e — 3.
The moduli space with e = 1 is surely non-empty.

Proof. The metric is Ricci flat moreover a direct calculation shows that both W* satisfy the
decay (3) hence Theorem 3.2 applies in this situation as well. Furthermore, the asymptotical
topology and the character variety of the space is again W = S? x ST x R and y (5% x S1) = [0, 1)
consequently the energy of a rapidly decaying instanton is integer as in Theorem 4.1. We can
again set the gauge in which all Chern—Simons invariants vanish and find moreover X = 52 x S?
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yielding b~ (X) = b"(X) = 1; substituting these data into the dimension formula we get the
desired result.

Regarding non-emptiness, very few is known. The apparently different non-Abelian solutions
found by Charap and Duff (cf. the 1-parameter family (I) in [6]) are in fact all gauge equivalent
[33] and provide a single rapidly decaying self-dual connection which is the positive chirality spin
connection. It looks like V| := d + Af; on ¥7U with

1 2m 1 2m 1 m
Af = 241 = Z2dhi4 =4 /1 — =i ' —< _ >k,
U= " d(91—|—2 " sin 6 dga_]+2 cos fdy r2d7’

One can show that this connection extends smoothly over ¥TM as an SO(3) x U(1) invariant,
irreducible, self-dual connection of unit energy, centered around the 2-sphere in the origin. <

Remark. Due to its resistance against deformations over three decades, it has been conjectured
that this positive chirality spin connection is the only unit energy instanton over the Schwarzschild
space (cf. e.g. [33]). However we can see now that in fact it admits a 2 parameter deforma-
tion. Would be interesting to find these solutions explicitly as well as construct higher energy
irreducible solutions.

In their paper Charap and Duff exhibit another family of SO(3) x U(1) invariant instantons
V. of energies 2n? with n € Z (cf. solutions of type (II) in [6]). However it was pointed out in
[15] that these solutions are in fact reducible to U(1) and locally look like V,|p+ = d + A, =
with

1
A,y = g ((¢1 + cos 0)dy — ;dT) k

over the charts U* defined by removing the north or the south poles from S? respectively. They
extend smoothly as slowly decaying reducible, self-dual connections over the bundles L, & L*
where L, is a line bundle with ¢;(L) = n. Hence they are topological in contrast to the above
mentioned Abelian instantons over the multi-Taub—NUT space. This constrains them to have
discrete energy spectrum despite their slow decay. It is known that these are the only reducible
SU(2) instantons over the Riemannian Schwarzschild space [15, 20].

5 Appendix

In this Appendix we shall prove Theorem 3.1; this proof is taken from [22], and follows closely
the arguments of [19]. In the course of the proof we shall use the notation introduced in the bulk
of the paper.

The right hand side of the index formula in Theorem 3.1 is called the relative topological index
of the operators Dy and Dj:

Index; (D1, Dy) = Index; Dy — Index; Dy.

Notice that it can be computed in terms of the topology of the topological extensions of the
bundles Fj and F] to X, using the Atiyah-Singer index theorem. Furthermore, as we will see
below, this quantity does not depend on how the operators Dy and D, are extended to Dy and
D; (see Lemma 5.1 below).
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The first step in the proof of Theorem 3.1 is the construction of a new Fredholm operator D]
as follows. Let 1 and (32 be cut-off functions, respectively supported over K and W = M \ K,
and define

Dy = B1D151 + BoDo .
Now, it is clear that D/|w coincides with Dyl . Furthermore, since ||[(D] — Dy)|w| < & with
x arbitrarily small, we know that Index,D] = Index,D;. Our strategy is to establish the index
formula for the pair D] and Dy. In order to simplify notation however, we will continue to denote
by D and Dy a pair of elliptic Fredholm operators which coincide at infinity.

Now recall that if D is any Fredholm operator over M, there is a bounded, elliptic pseudo-
differential operator @), called the parametriz of D, such that DQ =1 — S and QD =1 — 5,
where S and S’ are compact smoothing operators, and I is the identity operator. Note that
neither () nor S and S’ are unique. In particular, there is a bounded operator G, called the
Green’s operator for D, satisfying DG = [ — H and GD = I — H', where H and H' are finite
rank projection operators; the image of H is KerD and the image of H' is CokerD.

Let K (z,y) be the Schwartzian kernel of the operator H. Its local trace function is defined
by tr[H](z) = K" (x,z); moreover, these are C* functions [19]. If D is Fredholm, its (analytical)
index is given by

Index, D = dim KerD — dim CokerD = / (tr[H] — tr[H']) (22)

as it is well-known; recall that compact operators have smooth, square integrable kernels. Fur-
thermore, if M is a closed manifold, we have [19]

Index, D — / (te]S] — tx[S))

M

Let us now return to the situation set up above. Consider the parametrices and Green’s
operators (j =0, 1)

{ D;Qj =1-15; { DG =1—H; (23)

Q;D;=1-15] G;D; =1 — Hj.
The strategy of proof is to express both sides of the index formula of Theorem 3.1 in terms of

integrals, as in (22); for its left hand side, the relative analytical index, we have

Index, (D1, Do) := Index,D; — Index, Dy = / (tr[Hy] — tr[Hy]) — / (tr[Ho) — tr[Hgl) . (24)

M M
For the relative topological index, we have the following
Lemma 5.1. Under the hypothesis of Theorem 3.1, we have that

Index; (Dy, Do) — / (6x[Sy] — t2[S!]) — / (6x[So] — x[S1]) (25)

M M

Proof. Denote by W C X the compactification of the end W C M. Extend D; (7 =0,1) to
operators D]7 both defined over the whole X. Then the parametrices Q] of D are extentions of
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the parametrices (); of D;, and the corresponding compact smoothing operators S*j and SJ’ are
extentions of S; and 5.

As explained above, we can assume that the operators D; and Dg coincide at infinity. This
means that Di|w =~ Dg|w, hence also D1|W ~ D0|W7 and therefore

SI|W ~ SO|W and SHW ~ S(/)|W,
g1|W ~ SO|W and S'HW ~ §6|W
It follows that the operators S; — Sy and S| — S(’) are supported on K = M\ W = X\ 1%

furthermore,

Si— 8= (81— So)lx and Sf — 5 = (8] — Sp)|«-

It follows that . .
Indexy(D1, Do) = Index; D1 — Index; Dy =

- / (8] - elS7)) - / (i(0] — elSp)) = / (wl1] - txf5i]) - / (w181] — fS)) =

X X X

- / (t2[S4] — te[So]) — / (t2[S]] — te[Sh]) = / (t2[S)] — ta[S1]) — / (tx[S0] — te[S5))

M M M
as desired. <&

As we noted before, the proof of the lemma shows also that the definition of the relative topo-
logical index is independent of the choice of extensions Dy and D;.

Before we step into the proof of Theorem 3.1 itself, we must introduce some further notation.
Let f : [0,1] — [0,1] be a smooth function such that f =1 on [0,3], f =0on [3,1] and f' ~ —1
on [3,3]. Pick up a point zy € M and let d(x) = dist(z,z0). For each m € Z*, consider the
functions

ﬁamzf(%e”m).

1
Note that supp dfit C Bjyg3 ) — Blog(%) and

3
Tn) o

Cg
dfmlle < — 26
ldfllze < = (26)

where ¢g = ([, e™®))2. Here, B, = {z € M | d(z) < r}, which is compact by the completeness
of M.

Proof of Theorem 3.1. All we have to do is to show that the right hand sides of (24) and (25)
are equal.
In fact, let U C V be small neighbourhoods of the diagonal within M x M and choose
Y € C°(M x M) supported on V and such that v = 1 on U. Let @; be the operator whose
Schwartzian kernel is K% (z,y) = ¢(z,y)K% (x,y), where G; is the Green’s operator for D;.
Then Q; is a parametrix for D; for which the corresponding smoothing operators S; and 57, as
in (23), satisfy
tr[S;] = tr[H;] and tr[S)] = tr[H]] (27)

where H; and Hj are the finite rank projection operators associated with the Green’s operator
G, as in (23).
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But is not necessarily the case that the two parametrices )y and ()1 so obtained must coincide
at W. In order to fix that, we will glue them with the common parametrix of Dy|y and D1y,
denoted @) (with corresponding smoothing operators S and S’), using the cut-off functions f,,
defined above (assume that the base points are contained in the compact set K'). More precisely,
for a section s

m 1 1 1 1

QY (s) = £2 Qi(f 8) + (1= )2 QU1 = f)?5);
clearly, for each m, the operators Q(()m) and ng) coincide at W. For the respective smoothing
operators, we get (see [19, Proposition 1.24])

S (s) = i Si(F ) + (L= fu)ES(( = fu)Es) + (Qu(fh ) = QUL = fu)bs) dfi,
SU(s)y = f2 SH(fas) + (L= fu)2S((1 = fr)75).
Therefore
e[S — t[SUV] = £ (te]S,] — t[SI]) + (1= f)

and

NI

(tr]S] — t2S']) + tr{(Q; — Q)df2]

[NIES

tr[S™] — e [ST] — 1[5 + e[S ] =
— f2 (6r]S)] — t[S]] — tr[So] + tr[Sh]) + (@1 — Q)Af2] — tr[(Qp — Q)df2]

so finally we obtain
tr[SU™] =[S — tr[SI™M] + tr[SS™] =

= fin (8x[S1] — tr[S1] — tr[So] + tr[Sp]) + tr[(Q1 — Qo)df]- (28)
We must now integrate both sides of (28) and take limits as m — oo. For m sufficiently large,
supp(l — fim) C W, hence the left hand side of the identity (28) equals the relative topological
index Index;(Dy, Dy), by Lemma 5.1. On the other hand, the first summand inside on the right
hand side of (28) equals Index, (D1, Dy) by (27) and (24). Thus, it is enough to show that the
integral of the last two terms on the right hand side of (28) vanishes as m — oo. Indeed, note
that ) )
tr[(Q1 — Qo)dfim] = dfi tr[Q1 — Qo]
hence, since supp(df,,) C W for sufficiently large m and using also (26), it follows that

/tr[(Q1 - Qo)dfﬁn] < %/tr[Gl — Gl > 0asm — o0 (29)
W W

if the integral on the right hand side of the above inequality is finite. Indeed, let D = D;|y =
Dylw; from the parametrix equation, we have D((Gy — Go)|w) = (Hy — Ho)|w. Observe that
H = Ker((H, — Ho)lw) is a closed subspace of finite codimension in L7, 1 (Fi|w). Moreover
H C KerD; thus, (G; — Go)|w has finite dimensional range and hence it is of trace class i.e., the
integral on the right hand side of inequality (29) does converge (see also [19, Lemma 4.28]). This
concludes the proof. &
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