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NOTATIONS

P!: the Riemann sphere C U {oco}

P ={pp=00,p1,...,Pn}: a finite set of distinct points in P!

O: sheaf of holomorphic functions

Q': sheaf of holomorphic 1-forms

For any sheaf 8, denote by 8(k - P) the sheaf of meromorphic
sections of 8§ with poles of order at most k in P, and by S(*P) the
sheaf of meromorphic sections of S with poles of arbitrary order in
P.
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MEROMORPHIC CONNECTIONS

A meromorphic connection on P! with singularities in P is a couple
(E, D), where E is a holomorphic bundle on P!, and

D:E— QY xP)®oE

is a sheaf map satisfying the Leinbiz-rule: for any open set
UcC Pl any f €[(U,0) and any e € T(U, E) one has

D(fe) = (df)e + f(De).

Let
r = rank(E).
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ASSUMPTION ON POINTS AT FINITE DISTANCE

D is supposed to have a logarithmic singularity at p; for
Jj€{1,...,n}: in alocal trivialisation of E near p;, one has

A(z)

D=d+ :
Z—pj

where A/ is a holomorphic matrix-valued function defined near pj.
Furthermore, the residue

Aj(pj) - dlag(07 000 Oaﬂj,'-j+1a ool :M{');

is diagonal, with /.[’k non-zero and generic.
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ASSUMPTION AT INFINITY

D is supposed to have an irregular singularity of Poincaré-rank 1 at
infinity: in a local trivialisation of E near oo, one has

D=d+ Adz + B% + lower order terms,
z

where
A:diag(fl,...,fl, ......... ,§n/,.....,§n/)
B:diag(ug,...,ugz, ...... ,u(1’+a",7...,u9)

(the leading order term and residue, respectively). Here the & are
pairwise distinct constants, and the ,u? are generic non-zero.
(Notation:a; = 0,a,41 = r.)
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THE STANDARD EXAMPLE

Let E be the trivial holomorphic vector bundle of rank r over P!
and A, B be r x r matrices such that A is diagonal with distinct
eigenvalues and B is semi-simple without any 0's on the diagonal.
Then, the connection

D:d—l—Adz—i-B%
z

has the desired properties.
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PARABOLIC STRUCTURE AT LOGARITHMIC POINTS

At each logarithmic point p = p; (1 <J < n), let us fix a
diagonalising trivialisation {7-’, ...,77}. We suppose a compatible
parabolic structure is given:

a filtration

Elp=FoE|lp D RE|, D+ D F,_,jE\p D) F,_,j+1E\p =0,
such that for all Kk >0
FkE|P_C<T,{+k7"'aT{>

(the parabolic filtration),
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PARABOLIC STRUCTURE AT LOGARITHMIC POINTS

At each logarithmic point p = p; (1 <J < n), let us fix a
diagonalising trivialisation {7-’, ...,77}. We suppose a compatible
parabolic structure is given:

a filtration

Elp=FoE|lp D RE|, D+ D F,_,jE\p D) Fr_,j+1E\p =0,
such that for all Kk >0
FkE|P_C<T,{+k7"'aT{>

(the parabolic filtration),
an r-uple of real numbers

(the parabolic weights).
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PARABOLIC STRUCTURE AT INFINITY

At infinity, let us fix a diagonalising trivialisation {7f,...,79}. The
parabolic structure is given by:
a full flag

E| = FoE|so D F1E|oo D -+ D FtE|o =0,
such that for all Kk >0

FrE| = C<T£+1,...,7'9>,
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PARABOLIC STRUCTURE AT INFINITY

At infinity, let us fix a diagonalising trivialisation {7f,...,79}. The
parabolic structure is given by:
a full flag

E| = FoE|so D F1E|oo D -+ D FtE|o =0,
such that for all Kk >0

FrE| = C<T£+1,...,7'9>,

weights
0<B<-- <<

These are not the general definitions of a parabolic structure, but
instead our assumptions.
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STABILITY

The parabolic degree and slope of E are defined respectively as
n r .
par-deg(E) = deg(E) + Y > 5
j=0 k=1

and deg(E)
_ par-deg
par-slope(E) = —rank(E) .
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STABILITY

The parabolic degree and slope of E are defined respectively as
n r .
par-deg(E) = deg(E) + Y > 5
j=0 k=1

and deg(E)
_ par-deg
par-slope(E) = —rank(E) .

(E, D) is said to be parabolically stable if for all non-trivial proper
subbundle F C E such that D|r C Q'(xP) ® F, one has

par-slope(F) < par-slope(E).
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ADAPTED HERMITIAN METRICS

A Hermitian fiber metric h is adapted to the parabolic structure if
near all p; € C in the trivialisation {74,..., 77} it is mutually
bounded with _
diag(|z — pj[**)k=1.. .,
and near oo in the trivialisation {72,..., 70} it is mutually
bounded with
diag(|z| )

I
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ADAPTED HERMITIAN METRICS

A Hermitian fiber metric h is adapted to the parabolic structure if
near all p; € C in the trivialisation {74,..., 77} it is mutually
bounded with _
i 126
diag(|z — pj|*" ) k=1,...,rs

and near oo in the trivialisation {72,..., 70} it is mutually
bounded with

diag(|z|2%)ss

I

Without the semi-simplicity assumption on the residues, the form
of the matrices in the definition is more complicated, involving
logarithmic terms.
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HARMONIC METRICS

Let (E, D) be a meromorphic connection endowed with a parabolic
structure, and h an adapted Hermitian metric on it. Decompose

D=D"+d

into h-unitary and self-adjoint parts respectively.
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HARMONIC METRICS

Let (E, D) be a meromorphic connection endowed with a parabolic
structure, and h an adapted Hermitian metric on it. Decompose

D=D"+d

into h-unitary and self-adjoint parts respectively.
Decompose these parts further according to bidegree:

Ql — Ql,O D Qo,l
Dt =gt 4+ o*
d=0+06".
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HARMONIC METRICS

Let (E, D) be a meromorphic connection endowed with a parabolic
structure, and h an adapted Hermitian metric on it. Decompose

D=D"+d

into h-unitary and self-adjoint parts respectively.
Decompose these parts further according to bidegree:

Ql — Ql,O D Qo,l
Dt =8t +6"
b =010
Then, h is said to be harmonic if

dte=0.
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NON-ABELIAN HODGE THEORY

Let (E, D) be a parabolically stable meromorphic integrable
connection of parabolic degree 0. Then, there exists a unique
adapted harmonic metric h (up to a constant). Furthermore, the
moduli space M of parabolically stable connections of parabolic
degree 0 with prescribed singularity data up to holomorphic gauge
transformations is a complete hyper-Kahler manifold.
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NON-ABELIAN HODGE THEORY

Let (E, D) be a parabolically stable meromorphic integrable
connection of parabolic degree 0. Then, there exists a unique
adapted harmonic metric h (up to a constant). Furthermore, the
moduli space M of parabolically stable connections of parabolic
degree 0 with prescribed singularity data up to holomorphic gauge
transformations is a complete hyper-Kahler manifold.

From now on, (E, D) is supposed to be a parabolically stable
meromorphic integrable connection of parabolic degree 0, and h its
harmonic Hermitian metric.

By definition, to this data there is an associated Higgs bundle
(€,6), with Hermitian-Einstein metric h.
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Let (A;and P! be another copy of C and P! respectively.
Call P = {51/,\. . ./15,,/} the transformed singular set.
For any £ € C\ P, define the twisted connection as

De = D — £dz.
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DEFINITIONS

Let (A;and P! be another copy of C and P! respectively.
Call P = {51/,\. . ./15,,/} the transformed singular set.
For any £ € C\ P, define the twisted connection as

De = D — £dz.
The positive and negative spinor bundles are defined respectively as
ST=Q%C\ P)®Q*C\P)
ST =qYC\P).
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DEFINITIONS

Let éAand P! be another copy of C and P! respectively.
Call P = {61/,\. . ./15,,/} the transformed singular set.
For any £ € C\ P, define the twisted connection as

De = D — £dz.
The positive and negative spinor bundles are defined respectively as
St=0Q%C\P)aQ*C\P)
ST =qYC\P).
The twisted Dirac operators are
de :T(ST®E) — T (S” ®E)
Jc = D¢ — D,
where Dg is the adjoint operator of D¢ with respect to h.
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FREDHOLM THEORY

Introduce on €°(C \ P, S* ® E) the norm
I3 = [ (1F2+ 1D*FP + [of[2) a2
Cc

where |.| is computed with respect to the harmonic metric h and
the standard Euclidean metric |dz|? on C.
Let H! be the completion of C3°(C \ P) with respect to this norm.
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FREDHOLM THEORY

Introduce on €°(C \ P, S* ® E) the norm
I3 = [ (1F2+ 1D*FP + [of[2) a2
Cc

where |.| is computed with respect to the harmonic metric h and
the standard Euclidean metric |dz|? on C.
Let H! be the completion of C3°(C \ P) with respect to this norm.

For any ¢ € C \ P, the twisted Dirac operator

§e - HY(ST ® E) — L*(S~ ® E)

is Fredholm, with vanishing kernel.
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TRANSFORMED VECTOR BUNDLE — FIRST DEFINITION

The vector spaces
coker(d¢)

form a smooth family of finite-dimensional subspaces of
L?(S~ ® E) of the same dimension.

The smooth vector bundle with fiber over £ € C \ P equal to
coker(f) is called the transformed smooth vector bundle. We

denote it by E.
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HODGE THEORY

Denote by
Ji:ST®E—ST®E

the adjoint twisted Dirac operator, and by
Ag:&goﬁg:s_@)E—mS_@E

the twisted Dirac Laplacian.

The space /E\g is isomorphic to the L?-kernel of Ag.
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THE TRANSFORMED CONNECTION AND METRIC

Consider the trivial Hilbert bundle
[2(P1,S™ ®E)
over C \ P with its trivial connection d with respect to £. Let
ve : Ec — L2(PY, 5™ ® E)
be the canonical injection, and
me: L2(PL, ST ®E) — /E\g

the L2-othogonal projection.
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The transformed flat connection D on E is defined by the formula

~

D:7r§o(a—zd£)obg

on the fiber over £ € C \ P.
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The transformed flat connection D on E is defined by the formula

~

D:7r§o(a—zd£)obg

on the fiber over £ € C \ P.

Let p(2),%(2) € Eg for some £ € C\ P.

The transformed Hermitian metric h is defined on the fiber /E\g by
the formula

) = /C hp(2), $(2)).
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METRIC EXTENSION

The metric extension of E over & € P (respectively 0) is the
lattice consisting of local holomorphic sections outside of ¢
(respectively 50) whose h-norm is bounded from above by a
constant.
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D is an integrable connection on E, with logarithmic
singularities in & € P and an irregular singularity of
Poincaré-rank 1 at 0.

The metric extension induces a parabolic structure on E at
the singular points.

The corresponding eigenvalues and parabolic weights
transform according to the diagrams on the next two slides. In
particular, E is of rank 3 7_, (r — r;) and of parabolic degree 0.

The metric h is harmonic for D.
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Gz, v
gn’ + Zilu?+an/

-1 0
gn’ +z T,
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TRANSFORM OF THE EIGENVALUES

o0 P1 Pn o0
&4z 0 0 —p1+ ¢
0
Gz 0 —p+¢
0 M1
-1 0 lu}1+1 —1,n
gn’ + z M1+an, —Pn + C Hr,+1
: p n o
Ev + 2710 r Hr —pa 4+ ¢
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0 0
&1+ Z_lug2 : 0 —p1 + ¢t
0 M7n+1 ; 0
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TRANSFORM OF THE EIGENVALUES

oo} P1 Pn 0 51 §n’
& +z7 8 0 0 —p+¢lupyy O 0
0 0
G+z7g, O i+t 0
0 ’ufn‘i’l : O Mcl)Jra,,/
: 1 : 0
_ Hr+1 : _ 1)
Ew +2 1H(1)+a,,/ _ - : —Pn+¢ 1.“7,,+1
. 1 . 0
[ n _ L 0
Ew + 27140 r Bro —py+¢tup - r
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TRANSFORM OF THE EIGENVALUES

&) P1 Pn o0 &1 &
& +z7 8 0 0 —p+¢lupyy O 0
0 0
&4z, : 0 —pu+¢ : s
0 ’ufn‘i’l : O H’?—i—a"/
1 . 0
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TRANSFORM OF THE WEIGHTS
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TRANSFORM OF THE WEIGHTS

0 : 0 51

az

1 . 0
0 ﬂrl—l-l Bn ﬁl
ﬁ1+an/ ra+1

r

r
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TRANSFORM OF THE WEIGHTS

00 p1 Pn o0 &1 En
]0' 0 0 ﬂ;!-l-i-l 0 0

0 : 0 Bt : 0

az
i 1 G

0 ﬁl’l—‘rl n
ﬂ1+an/ . Br,,—i—l

r

r
ﬁ r Ir
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Let (&,60) be the Higgs bundle corresponding to (E, D) via
non-abelian Hodge theory. _
Define the following holomorphic bundle & ® P on P! x P

As a smooth bundle, € ® P is isomorphic to 73 €,
With holomorphic structure operator given by

* 0 E = z -
7T288 aF EdZ aF §d§
Consider the sheaf map

©:E@P — E(P+200) ® py @ P

such that ¢
@ = (0 — EdZ) X ].(])6

1
on P+ x {¢}.
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The first hypercohomology space of the complex

0 — gdz: € — &(P +200) ® Q1
is finite dimensional for all £&. The derived direct image
R1(72)+(©)
defines a holomorphic vector bundle on Pl. The map

V4
—Zd
> 3

descends to a holomorphic endomorphism.
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SPECTRAL INTERPRETATION

Denote the obtained Higgs bundle by (€,8).

The Higgs bundle corresponding to (E, 5) via non-abelian Hodge
theory is (&, 0).
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The variety in P! x P! defined by det(©) is called the spectral
curve, and is denoted by ¥. The sheaf coker(©) is called the
spectral sheaf, denoted M.

M is clearly supported on .

The bundle € is equal to (m2)«M, and 9 is induced by
multiplication by —3d¢§ on the fibers.
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SPECTRAL INTERPRETATION

A Higgs bundle on the line is naturally a C|z,0]-module. The
previous theorem says that on such a module, Nahm transform
acts as:

zZ— —0

0— &.
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A Higgs bundle on the line is naturally a C|z,0]-module. The
previous theorem says that on such a module, Nahm transform
acts as:

zZ— —0

0— E.

This is therefore a commutative analog of Fourier(-Laplace)
transform, acting on real functions of 1 variable by

X = —0¢
Ox — &.
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THE MAP BETWEEN MODULI SPACES

This is joint work with K. Aker.

If (E, D) is stable of degree 0, then so is (E, 5)
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THE MAP BETWEEN MODULI SPACES

This is joint work with K. Aker.

If (E, D) is stable of degree 0, then so is (E, 5)

Therefore, Nahm transform defines a map on corresponding moduli
spaces:

N: M — M.

N is a hyper-Kahler isomorphism. J
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From the spectral interpretation, we see that
N2 = (-1,

where (—1) is the “opposite” map on C. Therefore, N is invertible,
with inverse equal to (—1)* o N\

It also follows that N respects the complex structure /
corresponding to the Higgs bundle point of view on M.

For compatibility with the complex structure J corresponding to
the integrable connection point of view, there exists a similar
algebraic interpretation.

Finally, compatibility with the Riemannian metrics is a
computation.
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KoOSTOV’S CONDITION

For j=0,...,n, let ¢; be conjugacy classes in S/(r,C). Denote by
l; the smallest rank of a matrix A; — p, with A; € ¢; and p € C.
We say that an (n + 1)-tuple of matrices A; is irreducible if it
admits no non-trivial invariant subspace.

Suppose one of the conjugacy classes cqy is regular semi-simple, and

the conjugacy classes cy, . . ., c, have generic eigenvalues. Then,
there exists an irreducible (n + 1)-tuple of matrices A; € ¢j such
that

Ao+ + Ay =0
if and only if Y dim(C;) > 2n> —2 and h + -+ I, > r.
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ALTERNATIVE PROOF FOR NECESSITY

This is work in progress, joint with O. Biquard.

We assume that all the classes ¢; are semi-simple. Suppose such
(Ao, ..., Ap) exist. For each j € {1,...,n}, choose ,ujl to be a
solution of the minimization problem of rank(A; — p); it is one of
the eigenvalues of A; appearing with highest multiplicity. Then,
the matrices

A= A — il
are of rank [ = r —r;. Setting Ay = Ao+ > 11, we obtain
a new solution (Ay, ..., A}) of the problem (for different conjugacy

/
classes c;).
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Think of A} as the residue of an integrable connection with only
first-order poles at infinity (i.e., all {x = 0), and apply Nahm
transform. Then, the transformed integrable connection has
poles only at 0 and infinity. The rank of the transformed bundle is
equal to Y7 ; /;. On the other hand, the rank of the residue at 0

J
n
ZIJ >r.
j=1

is equal to r. Hence,

On the other hand, the dimension of the Zariski tangent space of
the moduli of such tuples of matrices up to simultaneous
conjugation is Y dim(C;) — 2n? + 2, so if the eigenvalues are
chosen generically then this number has to be non-negative.
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WHAT’S NEXT?

Extension of the transform to non semi-simple residues.
Generalisation to higher-order poles.

Generalisation to various other structure groups.

Study of the middle convolution algorithm.

SzILARD SzZABO NAHM TRANSFORM ON THE RIEMANN SPHERE



THE TRANSFORM OF THE H

Inv
THE ADDITIVE DELIGNE-SIMPSON PROBLEM

o0 P1 Pn o0 6
zh 0 0 —p+ ¢t O
0 0
0 —p1+ ¢l
0 lu’?n—i-l c 0
1 : 0
' 1 : 1 M1
710 : 1 . —Pn+C g 4
1 ' 0
u n _ 7
‘ e —pn+ ¢y r
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