








We find the normalization factor m in (Ψ, Ψ) = mI to be

m =2 +
1

g

{
−
√
D cos 2θ

+
(T1 + t) sinh z1d− z1 cosh z1d

z1

(
y cosh 2λz2 +

#z1 · #z2 − y2

z2
sinh 2λz2

)

+
(T1 + t) cosh z1d− z1 sinh z1d

z2
(z2 cosh 2λz2 + y sinh 2λz2)

}
. (50)

8 The Connection

We rewrite the Eq.(35) as A = A(0) + A(3) + Φ 1
V (dτ + #ω · d#x), where

Φ = (Ψ, sΨ), A(0) = (Ψ,
d

dτ
Ψ)dτ, A(3) = (Ψ,

∂

∂xj
Ψ)dxj. (51)

Given our solution for Ψ of Eqs.(43, 46, 47, 49) one can straightforwardly
apply the above formulas, integrating over s. These are some useful integrals:

λ∫

−λ

e2\z2sds =
sinh 2z2λ

z2
,

λ∫

−λ

se2\z2sds =
λ

\z2

− sinh 2λz2

2z2\z2

, (52)

λ∫

−λ

[e\z2s,
∂

∂tj
e\z2s]ds =

[\z2, ∂j\z2]

z2
2

(
sinh 2λz2

2z2
− λ

)
(53)

l/2∫

λ

e2\z1(s−l/2)ds =
1− e\z1(l−2λ)

2\z1

, (54)

l/2∫

λ

se2\z1(s−l/2)ds =
1

2\z1

(
l

2
− 1

2\z1

− (λ− 1

2\z1

)e\z1(l−2λ)

)
, (55)

l/2∫

λ

[e\z1(s−l/2),
∂

∂tj
e\z2(s−l/2)]ds =

(
sinh z1(l − 2λ)

2z1
− l

2
− λ

)
[\z1, ∂j\z1]

2z2
1

(56)
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v =
1

!
D

!
ei ! / 2B  

! µ+

e! i ! / 2B  
+ µ!

"

! (s) =

!
"#

"$

e\z1(s+l/2)! L for− l/2 < s < −"
e\z2s! for− " < s < "
e\z1(s! l/2)! R for" < s < l/2

. (43) { eq:psi}

for some ! L, ! R, and ! .
Let AL = (B! , b+) and AR = (b! , B+) then the vanishing moment map

conditions at s = ± l/2 as in Eq.(36) read ! L = −ALv and ! R = ARv while
at ± " the moment maps vanish for

e! \z1(l/2! ! )! R − e\z2 ! ! + QR#R = 0, (44)

e! \z2 ! ! − e\z1(l/2! ! )! L + QL#L = 0. (45)

we observe that

ALA†
L = T1 + t + \z1, A†

RAL = ALA†
R = −F, ALA! 1

R = −T1 + t + \z1

F̄
,

ARA†
R = T1 + t− \z1, A†

LAR = ARA†
L = −F̄ , ARA! 1

L = −T1 + t− \z1

F
,

and define µ+ and µ! to be such that µ2
+ = ALA†

L and µ2
! = ARA†

R namely

µ± =

%
T1 + t +

√
D

2
±

%
T1 + t−

√
D

2

\z1

z1
, (46) { eq:v}

then µ+µ! =
√

D.
We choose v = −ei" A†

L
µ!"
D = e! i" A†

R
µ+"
D , so that now ! L = ei" µ+, ! R =

e! i" µ! and

! =
1

2g

&
e! i" e! \z2(y − \y)e! (l/2! ! )\z1µ! + ei" e! ! \z2(y + \y)e(l/2! ! )\z1µ+

’
, (47) { eq:Pi}

where the function g is given by

g = y cosh 2z2" − $z2 · $y
z2

sinh 2z2" = e2\z2 ! Q! Q†
! + Q+Q†

+e! 2\z2 ! . (48)

(
#R

#L

)
=

(
Q†

+e! ! \z2

Q†
! e! \z2

)
e! i" e! ! \z2e! ( l

2 ! ! )\z1µ! − ei" e! \z2e( l
2 ! ! )\z1µ+

2g
. (49) { eq:chi}
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A =
(

Ψ,
( ∂

∂θ
+

s
V

)
Ψ

)
dτ +

(
Ψ,

( ∂

∂xj
+ ωj

s
V

)
Ψ

)
dxj
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ψ(s) =






e\z1(s+l/2)ψL for− l/2 < s < −λ

e\z2sΠ for− λ < s < λ

e\z1(s−l/2)ψR forλ < s < l/2

. (43) {eq:psi}

for some ψL, ψR, and Π.
Let AL = (B−, b+) and AR = (b−, B+) then the vanishing moment map

conditions at s = ±l/2 as in Eq.(36) read ψL = −ALv and ψR = ARv while
at ±λ the moment maps vanish for

e−\z1(l/2−λ)ψR − e\z2λΠ + QRχR = 0, (44)

e−\z2λΠ− e\z1(l/2−λ)ψL + QLχL = 0. (45)

we observe that

ALA†
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R = −T1 + t + \z1

F̄
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ARA†
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L = −F̄ , ARA−1

L = −T1 + t− \z1

F
,

and define µ+ and µ− to be such that µ2
+ = ALA†

L and µ2
− = ARA†

R namely

µ± =

√
T1 + t +

√
D

2
±

√
T1 + t−

√
D

2

\z1

z1
, (46) {eq:v}

then µ+µ− =
√
D.

We choose v = −eiθA†
L

µ−√
D = e−iθA†

R
µ+√
D , so that now ψL = eiθµ+, ψR =

e−iθµ− and

Π =
1

2g

(
e−iθeλ\z2(y − \y)e−(l/2−λ)\z1µ− + eiθe−λ\z2(y + \y)e(l/2−λ)\z1µ+

)
, (47) {eq:Pi}

where the function g is given by

g = y cosh 2z2λ−
$z2 · $y
z2

sinh 2z2λ = e2\z2λQ−Q†
− + Q+Q†

+e−2\z2λ. (48)

(
χR

χL

)
=

(
Q†

+e−λ\z2

Q†
−eλ\z2

)
e−iθe−λ\z2e−( l

2−λ)\z1µ− − eiθeλ\z2e( l
2−λ)\z1µ+

2g
. (49) {eq:chi}

11

ψ(s) =






e\z1(s+l/2)ψL for− l/2 < s < −λ

e\z2sΠ for− λ < s < λ

e\z1(s−l/2)ψR forλ < s < l/2

. (43) {eq:psi}

for some ψL, ψR, and Π.
Let AL = (B−, b+) and AR = (b−, B+) then the vanishing moment map

conditions at s = ±l/2 as in Eq.(36) read ψL = −ALv and ψR = ARv while
at ±λ the moment maps vanish for

e−\z1(l/2−λ)ψR − e\z2λΠ + QRχR = 0, (44)

e−\z2λΠ− e\z1(l/2−λ)ψL + QLχL = 0. (45)

we observe that

ALA†
L = T1 + t + \z1, A†

RAL = ALA†
R = −F, ALA−1

R = −T1 + t + \z1

F̄
,

ARA†
R = T1 + t− \z1, A†

LAR = ARA†
L = −F̄ , ARA−1

L = −T1 + t− \z1

F
,

and define µ+ and µ− to be such that µ2
+ = ALA†

L and µ2
− = ARA†

R namely

µ± =

√
T1 + t +

√
D

2
±

√
T1 + t−

√
D

2

\z1

z1
, (46) {eq:v}

then µ+µ− =
√
D.

We choose v = −eiθA†
L

µ−√
D = e−iθA†

R
µ+√
D , so that now ψL = eiθµ+, ψR =

e−iθµ− and

Π =
1

2g

(
e−iθeλ\z2(y − \y)e−(l/2−λ)\z1µ− + eiθe−λ\z2(y + \y)e(l/2−λ)\z1µ+

)
, (47) {eq:Pi}

where the function g is given by

g = y cosh 2z2λ−
$z2 · $y
z2

sinh 2z2λ = e2\z2λQ−Q†
− + Q+Q†

+e−2\z2λ. (48)

(
χR

χL

)
=

(
Q†

+e−λ\z2

Q†
−eλ\z2

)
e−iθe−λ\z2e−( l

2−λ)\z1µ− − eiθeλ\z2e( l
2−λ)\z1µ+

2g
. (49) {eq:chi}

11

ψ(s) =






e\z1(s+l/2)ψL for− l/2 < s < −λ

e\z2sΠ for− λ < s < λ

e\z1(s−l/2)ψR forλ < s < l/2

. (43) {eq:psi}

for some ψL, ψR, and Π.
Let AL = (B−, b+) and AR = (b−, B+) then the vanishing moment map

conditions at s = ±l/2 as in Eq.(36) read ψL = −ALv and ψR = ARv while
at ±λ the moment maps vanish for

e−\z1(l/2−λ)ψR − e\z2λΠ + QRχR = 0, (44)

e−\z2λΠ− e\z1(l/2−λ)ψL + QLχL = 0. (45)

we observe that

ALA†
L = T1 + t + \z1, A†

RAL = ALA†
R = −F, ALA−1

R = −T1 + t + \z1

F̄
,

ARA†
R = T1 + t− \z1, A†

LAR = ARA†
L = −F̄ , ARA−1

L = −T1 + t− \z1

F
,

and define µ+ and µ− to be such that µ2
+ = ALA†

L and µ2
− = ARA†

R namely

µ± =

√
T1 + t +

√
D

2
±

√
T1 + t−

√
D

2

\z1

z1
, (46) {eq:v}

then µ+µ− =
√
D.

We choose v = −eiθA†
L

µ−√
D = e−iθA†

R
µ+√
D , so that now ψL = eiθµ+, ψR =

e−iθµ− and

Π =
1

2g

(
e−iθeλ\z2(y − \y)e−(l/2−λ)\z1µ− + eiθe−λ\z2(y + \y)e(l/2−λ)\z1µ+

)
, (47) {eq:Pi}

where the function g is given by

g = y cosh 2z2λ−
$z2 · $y
z2

sinh 2z2λ = e2\z2λQ−Q†
− + Q+Q†

+e−2\z2λ. (48)

(
χR

χL

)
=

(
Q†

+e−λ\z2

Q†
−eλ\z2

)
e−iθe−λ\z2e−( l

2−λ)\z1µ− − eiθeλ\z2e( l
2−λ)\z1µ+

2g
. (49) {eq:chi}

11

17



Moduli Space of N SU(2) 
Instantons on Taub-NUT

One SU(2) instanton on TN

IL IR

B10

B01

JL JR

WL WR

−l/2 l/2
−λ λ

DMHM(s)=0,  HM(-λ)=1, HM= HM(λ)

To have algebraic description of this space 
introduce monodromy H on each interval:

Moment maps can be written as:

TR-H-1MTM HM=IRJR,   H-1MTM HM=B10B01

TM-H-1LTL HL=ILJL,      TL = B01B10

Up to the gauge equivalence
TL, HL                     g-1-l/2TL g-l/2, g-1-l/2 HL g-λ
TM, HM                    g-1-λTM g-λ, g-1-λHM gλ
TR, HR                      g-1λTR gλ, g-1λHR gl/2

B01, B10            g-1l/2B01 g-l/2, g-1-l/2B10 gl/2 
) )((

18

18



ds2 =
(

l +
1

2r1

)
d!r2

1 − 4λd!r1d!q +
(

2λ +
1
q

)
d!q2

+
(
dθ − 1

4ωr

)2

l − 2λ + 1/q + 1/(2r)
+

(
dα + 1

2ωq

)2

2λ + 1/q
dωr = ∗d 1

r1

dωq = ∗d1
q

θ ∼ θ + 2π

α ∼ α + 2π

IL IR

B10

B01

JL JR

WL WR

−l/2 l/2
−λ λ
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Data Determining 
N U(m) Instantons on TNk

B10

B01

W1 W2
Wn

. . . . . .

λ1
λ2 λn

IL IR

B10

B01

JL JR

WL WR

−l/2 l/2
−λ λ

N SU(2) on TN

N SU(m) on multi-TN

N SU(m) on TN

IL IR

U(1)

JL JR

U(N)

WL WR

−l/2 l/2
−λ λ

N SU(2) “monopoles” on TN

Bow Diagrams
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Instantons on Ak ALF Tamas Hausel & SCh

A5 ALF

Instantons on ALF Spaces:
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Instanton on Dk ALF
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Electric-Magnetic Duality

B
I J

BifundamentalAdjoint
EM duality
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I1 I2

B10

B01

J1 J2

W1 W2

−l/2 l/2
−λ λ

Bow Doublet

Higgs Branch Coulomb Branch

I

B10

B01 B32
B23

J

W
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Higgs Branch

Coulomb Branch

Mixed Branch

< H2 >!= 0, < Y 2 >= 0

< H2 >= 0, < Y 2 >!= 0

Hα ∼ I, YJ ∼ I

I1 I2

B10

B01

J1 J2

W1 W2

−l/2 l/2
−λ λ

I

B10

B01 B32
B23

J

W

N
 U

(m
) 

In
st

 / 
T

N
k

N U(k) Inst / TNm
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String Theory Reasoning
D6

T duality

D2

Taub-NUT
T duality

NS5

2 D6 and D2
on Taub-NUT

T duality

D5

D3
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Gauge Theory on D3-brane
D5

D3

Massive fundamental hypermultiplet
from D3-D5 open string mode

Massless fundamental 
hypermultiplet:  f

NS5
D3

Massive bifundamental hypemultiplet
from D3-D3 open string mode

Massless bifundamental 
hypemultiplet:  B
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U(n)

U(n+m1)

U(n+m2)

Ck
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