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 On universal character of 
propositional logic 

•  Computer Scientist: basic NP-complete problem, 
starting point for more interesting problems  
•  Logician: propositional calculus, basis for more 
complicated (and more interesting) calculi 
•  Philosopher: Aristotelian Logic which is the basis 
for more sophisticated (and, well, more interesting) 
philosophical systems 

Putting it differently, propositional logic is pretty boring 
and shallow… 

…that is, until we bring in complexity issues.  



 DPLL Algorithms (resolution 
based) 

φ (a CNF) 

φ|x=0 φ|x=1 

branching literal 
splitting rule 

Proof Complexity: 
•  restrict attention to unsatisfiable instances  
•  study theoretical limits of theorem proving 

procedures 



I. Framework 





•  Resolution and tree-like resolution 
•  (bounded-depth) Frege or Extended Frege 

Logical Proof Systems 

Algebraic and Geometric Proof Systems 

•  Nullstellensatz and Polynomial Calculus 
•  Cutting Palnes 
•  Lovász-Schrijver type systems 



Some terminology 



Resolution and tree-like resolution 



(Bounded-Depth) Frege Proof System 



Extended Frege Proof System 



Classical Proof Theory 

Propositional Proof Complexity 

Theory of Feasible Proofs 

Computational 
Complexity 

Cryptography 

Automated Theorem Proving (our DPLL  
example) 

Algebraic and Geometric Proof  
Systems 

Applications to Learning 



II. Bounded Arithmetic 

•  Bounded Arithmetic is a generic name for a 
collection of weak (well below IΔ1) arithmetical 
theories capturing feasible arguments 

•  customary look: open axioms describing non-
logical symbols + schemes of limited induction 
(+ comprehension, collection etc. in the 
second-order case) 

•  main characteristic  feature: focus on bounded 
quantifiers                     , as opposed to 
unbounded. 



The most famous member of the 
family 







Fun corollary: two ways to destroy the  
world economy: build a Quantum Computer  
or prove Fermat’s little theorem in  

Feasible proofs = proofs in  

Mathematical corollary: If FACTORING is hard 
then Fermat’s little theorem is not provable in        

Informal corollary:     is precisely what you 
can prove in the world  in which all 
intermediate constructions are also feasible 



Gödel Incompleteness Theorem [Buss 86]: 
different versions depending on what kind 
of cuts is allowed. 

No quantifiers to play with… very disappointing. 

But this is where propositional proof complexity 
enters the stage.  

In the nutshell: feasible (first-order) proofs ≈  
short propositional proofs in the companion 
propositional system. 



III. “Combinatorial” results for 
“weak’’ proof systems 
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m=n+1 



m way larger than n 



Feasible Provability of P≠NP 



IV. Algebraic Proof Systems 
(Vladimir’s homework turned in) 

0,1 can not only stand for FALSE and TRUTH 
but also can be interpreted as elements of a 

field!  





Nullstellensatz Proof System 



Polynomial Calculus: a dynamical version  



Polynomial Calculus is stronger than both 
Nullstellensatz and Resolution!   



V. Geometric Proof Systems 



Cutting Planes Proof System 



Sound and complete, stronger than Resolution.  

No direct combinatorial proofs of lower bounds 
are known for this system.  



Lovász-Schrijver type Proof Systems 



For simplicity: consider only primal feasibility 
problem for 0-1 programs. 



Other geometric proof systems/relaxation 
procedures: LS+, Sherali-Adams, Lassere… all 
operating with low-degree polynomial 
inequalities. Many upper/lower bounds are 
proven for depth = rank.  

All these procedures are highly uneconomical 
and, unlike DPLL, do not try to separate 
``useful’’ constraints from stupid.  



Size lower bounds for all these systems in the 
DAG model are at the moment completely out 
of reach. 

TH(k) – the proof system operating with arbitrary 
inequalities expressible by degree k 
polynomials; k is a constant.  

[Beame Pitassi Segerlind 07] – exponential 
lower bounds for tree-like TH(k) proofs modulo 
lower bounds for the communication 
complexity of the DISJOINTNESS function in 
the Number-on-Forehead model.  



The necessary lower bounds for 
DISJOINTNESS were recently supplied in the 
breakthrough development [Lee, Shraibman 08; 
Chattopadhyay Ada 08]. 

[Beame Huynh Pitassi 10]: industrial way to 
construct hard tautologies (for TH(k)), hardness 
escalation. 



Group-Theoretical Proof Systems??? 
(speculative) 





Thank you 


