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Points and their denominators

Let E : y2 + a1xy + a3y = x3 + a2x
2 + a4x+ a6 be an elliptic

curve with ai ∈ Z. We can write any point P ∈ E(Q) in the
form (

a

c2
,
b

c3

)
for some integers a, b, c with gcd(a, c) = gcd(b, c) = 1. Denote
c by den(P ).
Thus, if P ∈ E(Q) is a point of infinite order we have a
sequence

Cn = den(nP ),

which we’d like to study. In particular

Question

Are there an infinite number of primes in the sequence {Cn}?
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Some Properties of the sequence Cn

If m|n then Cm|Cn (a divisibility sequence).

In fact gcd(Cm, Cn) = Cgcd(m,n) – strong divisibility.

Growth: There is a constant c > 0 such that
log(Cn) ∼ cn2.

Eventually every Cn is divisible by a prime that does not
divide any of the earlier elements (primitive divisors).

A more complicated recursion (elliptic divisibility
sequence).
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Divisibility Sequences

Definition (Divisibility Sequence)

A sequence u0, u1, u2, · · · ∈ Z such that when r|s⇒ ur|us.

Example

The Trivial Sequence: 0, 1, 2, 3, 4, 5, 6, 7, 8, 9, . . . .
The Fibonacci Sequence: 0, 1, 1, 2, 3, 5, 8, 13, 21, 34, 55, . . . .
The Mersenne Sequence: 20 − 1, 21 − 1, 22 − 1, 23 − 1, . . . .
Many other linear recurrent sequences.

Question

Do such sequences contain an infinite number of primes? It’s
thought to be true (though still unproven) for the latter two
sequences.
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Division Polynomials of Elliptic Curves

If E is an elliptic curve in Weierstrass form for every
non-negative integer n one has a “division polynomial”
ψn(X,Y ) which is a function (suitably normalized) on E
whose divisor is ∑

06=T,nT=0

(T )− (n2 − 1)(0),

where T is point in E(Q), and 0 denotes the 0 of the elliptic
curve. It’s well known that ψn satisfies the following recurrence

ψ2m+1 = ψm+2ψ
3
m − ψm−1ψ3

m+1 for m ≥ 2

ψ2m =

(
ψm
2Y

)
(ψm+2ψ

2
m−1 − ψm−2ψ2

m+1) for m ≥ 3.

To start the recursion we need to specify the values
ψ0 = 0, ψ1 = 1, ψ2 = 2Y, ψ3, and ψ4.
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More division polynomials

In fact ψn(X,Y ) is essentially the denominator of the point
n(X,Y ), so try to use it in studying the sequence {Cn}.
There are more general recurrences that ψn satisfy – the
“Elliptic Divisibility Sequences”
Turn things on their head: study the recurrences and their
properties.
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Elliptic Divisibility Sequences

First studied by Edouard Lucas in the 19th century, but
mostly unpublished.

Extensive monograph by Morgan Ward in 1948.

For m > n:

Elliptic Divisibility Recurrence

um+num−n = um−1um+1u
2
n − un+1un−1u

2
m.

Taking m = n shows that u0 = 0, and n = 1 that u1 = ±1
(henceforth we assume that u1 = 1). If u2u3 6= 0 we say that it
is non-degenerate. Also u2|u4. This recurrence implies that
{un} is a divisibility sequence. And, taking n = 2 shows that
u0, u1, u2, u3, u4 determines the whole sequence!
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Elliptic Curves over the Complex Numbers

Recall that elliptic curves over the complex numbers arise from
studying doubly-periodic functions – where the set of periods
forms a lattice L ⊂ C. An elliptic curve E over C has a
complex uniformation:

E(C)
∼−→ C/L,

for a lattice L ⊂ C, given by the classical Weierstrass ℘
function. Related is the Weierstrass σ function:

σ(z;L) = z
∏

06=ω∈L

(
1− z

ω

)
e(z/ω)+

1
2
(z/ω)2 .

It is not periodic for L but “almost so”, and can be used to
build up elliptic functions.
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Theorem of Morgan Ward

Theorem (Ward)

If {un} is a non-degenerate EDS then there is a lattice L ⊂ C
and a point z ∈ C such that

un =
σ(nz;L)

σ(z;L)n2 ,

where σ(z;L) is the Weierstrass sigma function. More precisely
there is an elliptic curve

E : y2 + a1xy + a3y = x3 + a2x
2 + a4x+ a6,

and an integral point P ∈ E(Z) such that un = ψn(P ), where
ψn(X,Y ) is the n-th division polynomial of the curve E, and
the coefficients ai are rational functions of u2, u3, u4.
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Edouard Lucas,Karl Weierstrass and Morgan Ward
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Growth of Points

E an elliptic curve in Weierstrass form with coefficients in
Z.

P ∈ E(Q) a point of infinite order.

nP = (An/C
2
n, Bn/C

3
n), An, Bn, Cn ∈ Z and

gcd(An, Cn) = gcd(Bn, Cn) = 1.

Theorem (Neron-Tate)

There is a c = ĥ(P ) > 0 such that log(max(An, C
2
n)) ∼ cn2.

In fact there is a stronger statement

Theorem (Siegel-Silverman)

We have log(C2
n) ∼ log(|An|) ∼ ĥ(P )n2.
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John Tate, Carl Ludwig Siegel, Joe Silverman
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Signs

The sequence Cn is “almost” an EDS. It needs to be supplied
with the right signs.

Shipsey showed that it is always possible to attach a
proper sign to Cn so as to produce an EDS. Set
Wn = ±Cn for n ≥ 2, W1 = 1,W2 = a3,W3 = C3

Sign(Wn−2Wn) = −Sign(A(n−1)) for n ≥ 3.

Then Wn is an EDS.

Silverman and Stephens show that it is possible to produce
a fixed irrational number β related to the complex periods
of the curve, associated with Cn so that the sign is
essentially given by (−1)bnβc (this must be slightly
modified if the real locus of the curve has two
components).
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The conjecture of the Chudnovsky’s

The Chudnovsky brothers used EDS to produce some very large
primes:

Initial terms Growth rate Prime incidence up to n = 100

0,1,1,1,-2 0.0560 5,7,11,13,23,61,71
0,1,1,1,6 0.1107 5,7,13,23,43,47
0,1,2,1,4 0.1262 5,7,71
0,1,1,2,7 0.1311 11,17,73
0,1,1,1,-9 0.1383 7,47,79
0,1,1,1,10 0.1432 7,13,41,61
0,1,1,4,1 0.1730 71,79
0,1,1,4,3 0.1737 5,7,13,53,71
0,1,1,5,2 0.2010 7,43

Table: EDS from Chudnovsky and Chudnovsky
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David and Gregory Chudnovsky
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Thue and Thue-Mahler Equations

f(x) ∈ Z[x]. Set F (x, y) := ydeg(f)f(x/y).

Definition (Thue Equation)

F (x, y) = c, for some 0 6= c ∈ Z, unknowns x, y ∈ Z.

Definition (Thue-Mahler equation)

Let S be a finite set of primes. F (x, y) = c
∏
p∈S p

ap , for some
0 6= c ∈ Z, unknowns x, y, ap ∈ Z, ap ≥ 0

Theorem (Thue)

deg(f) > 2: Thue: A Thue equation has only a finite number
of solutions.
Mahler: A Thue-Mahler equation has only a finite number of
solutions.



Tour

V. Miller

Irrationality Measures

Definition (Irrationality Measure)

If α ∈ R is irrational, then a real number M is an irrationality
measure for α if for all ε > 0 the equation∣∣∣∣α− p

q

∣∣∣∣ > 1

q−M−ε

is true for all but a finite set of integers p, q.
Let Irr(α) = inf{M :M is an irrationality measure for α}.
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Liouville, Thue, Siegel, Dyson, Roth

Let α be an algebraic number of degree d > 1. Bound on
Irr(α)

≤ d− 1. ≤ d/2 + 1. ≤ d/(s+1)+ s. ≤
√
2d. = 2.
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Siegel’s Theorem

Theorem (C. L. Siegel)

Let f(X,Y ) ∈ Z[X,Y ], and f(X,Y ) = 0 be the equation of a
curve of genus ≥ 1, and let S be a finite set of primes (possibly
empty). Then the set of solutions

{(X,Y ) ∈ ZS × ZS : f(X,Y ) = 0}

is finite, where ZS is the ring of S-integers (allow primes in S
in the denominators).

Proof.

Transform the problem into a finite collection of Thue-Mahler
equations.
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Thue, Mahler and Siegel
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A simple lemma

Lemma

Let f(x), g(x) ∈ Z[x], relatively prime. Suppose that there are
A(x), B(x) ∈ Z[x], 0 6= D ∈ Z such that

A(x)f(x) +B(x)g(x) = D.

Let F (x, y) = ydeg ff(x/y), G(x, y) = ydeg gg(x/y). If
a, b ∈ Z, gcd(a, b) = 1, then

gcd(F (a, b), G(a, b))|D

In other words the cancellation that we get from plugging a/b
for x in f(x)/g(x) and clearing denominators divides D.



Tour

V. Miller

Illustrative Example

The “37 curve”

y2 + y = x3 − x,Q = (0, 0).Conductor = 37.

The first elliptic curve over Q with positive rank. Fact: E(Q)
has rank 1, no torsion and is generated by Q. For any
P ∈ E(Q):

x(2P ) =
f(x(P ))

g(x(P ))
,

where f(x) = x4 + 2x2 − 2x+ 1, g(x) = 4x3 − 4x+ 1.
Let a(x) = −48x2 + 64, b(x) = 12x3 + 20x− 27.
Then a(x)f(x) + b(x)g(x) = 37.
By the lemma, applied to f, g, D = 37, but
f(x(P )) = (2y(P ) + 1)2 so cancellation = 1.
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Example continued

By p-adic analysis den(x(P ))| den(x(2P )). If den(x(2P )) is a
prime power, pe, then x(P ) = a/pb for some p - a. Thus

x(2P ) =
a4 + pbc

pb(4a3 − 4ap2b + p3b)

for some c ∈ Z. Thus either b = 0 or b = e.
If b = 0, x(P ) is an integeral point: finitely many. In the
second case

4a3 − 4a(pb)2 + (pb)3 = 1,

a Thue equation, which also has only a finite number of
solutions.
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EDS with only a finite number of prime powers

Definition

If E′, E are elliptic curves /Q in Weierstrass form and
φ : E′ → E is an isogeny of degree > 1, we say that a point
P ∈ E(Q) is magnified (by φ) if there is a P ′ ∈ E′(Q) with
P = φ(P ′).

Theorem (Everest, Miller, Stephens)

Let S be a finite set of primes. If P ∈ E(Q) is a point of
infinite order which is magnified then the sequence den(nP )
contains only a finite number of terms which are divisible by
precisely one prime outside of S.
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The Proof

Proof.

It doesn’t hurt to enlarge the set S (by Siegel’s theorem).
Require S to contain all primes of bad reduction of E′, E and
those dividing deg(φ). Suppose that p 6∈ S, is the unique prime
outside of S with p|den(nP ). Since den(nP ′)| den(nP ), there
are two cases: either all primes dividing den(nP ′) are in S, in
which case by Siegel’s theorem, there are only a finite number
of such P ′, or not. In that case let T be a non-trivial point in
ker(φ) (over some extension K/Q). Then nP ′ + T only has
primes in its denominator dividing those in S. Siegel again
disposes of that case.
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Surjective Isogenies

If the isogeny φ : E′(Q)→ E(Q) is surjective, the theorem
shows that E(Q) contains only a finite number of points whose
denominator has one prime divisor outside of a finite set S.
There are a large number of examples of such in the tables of
Stephens and of Cremona.
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Graham Everest and Nelson Stephens
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More prime divisors

We generalize things

Theorem (Miller)

Let K be a number field, and E,E′/K elliptic curves in
Weierstrass form. If there is an isogeny φ : E′ → E, which can
be written as the composition of l non-trivial isogenies defined
over K, and P = φ(P ′) for some P ′ ∈ E(K) of infinite order,
then the sequence den(nP ) has only a finite number of
elements divisible by l or fewer primes of K.

Proof.

Similar to the above, using induction on l.
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More magnification

Definition (l-magnified)

If l > 0 is a positive integer and E/K is an elliptic curve over a
number field, we say that a point P ∈ E(K) is l-magnified if
there is a finite extension L/K of degree d, and an isogeny
φ : E′ → E which can be written as the composition of l
isogenies φi defined over L and deg(φi) > d and a point
P ′ ∈ E′(L) with φ(P ′) = P .

Theorem (Everest and King)

The same statement for l-magnified points.
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Other aspects of EDS

Shipsey and Swart apply EDS to specific cases of ECDLP,
and to computation of pairings.

Stange generalizes EDS to “Elliptic Nets”.

Silverman studied p-adic properties and applications to
arithmetic dynamical systems.
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Exotic Applications

Theorem (Davis, Putnam, Robinson,Matiyasevich)

There is no algorithm that can decide whether a polynomials
F (X1, . . . , Xn) ∈ Z[X1, . . . , Xn] has an zero with all integer
coordinates.

It is still not know whether the same statement holds if we
allow rational coordinates. But

Theorem (Poonen)

There is an infinite set of primes S of relative density 1 such
that the undecidability statement holds where the coordinates
are allowed to be in R = Z[S−1].

The proof uses elliptic divisibility sequences.
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Martin Davis, Hilary Putnam, Julia Robinson, Yuri
Matiyasevich
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Bjorn Poonen
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Everest, van der Poorten, Shparlinski and Ward
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