
OperatorEquationsinHighDimensionsII

SparseAdaptiveFEM

for

EllipticHomogenizationProblems

C.Schwab

SeminarforAppliedMathematics,ETHZürich
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n+1-scaleHomogenizationProblem

Consider

Ω⊂R
d

bounded,physicaldomainandn≥1‘cells’Y1,...,Yn.

Forf∈L
2
(Ω),considertheelliptichomogenizationproblem

−divA
ε
∇u

ε
=finΩ,u

ε
=0on∂Ω,

whereA
ε
(x)isellipticwithn+1scales:thereis

A(x,y1,...,yn)∈L∞(Ω×Y1×...×Yn)
d×d
sym,

independentofεandex.γ>0suchthatforallx∈Ω,yi∈Yiholds

∀ξ∈R
d

γ|ξ|
2
≤ξ>A(x,y1,...,yn)ξ≤γ−1

|ξ|
2
.



n+1-scaleHomogenizationProblem

WeassumeScaleSeparation:eithern=1or

ifn>1,ex.nfunctionsε1(ε),...,εn(ε)>0s.t.

ε1(ε),...,εn(ε)→0forε→0,lim
ε→0

εi+1(ε)

εi(ε)
=0,i=1,...,n−1.

andsuchthat

∀x∈Ω,∀ε>0:A
ε
(x):=A

(
x,
x

ε1
,...,

x

εn

)
.



n+1-scaleHomogenizationProblem

Challenges:

•Asε→0,u
ε

convergesinL
2
(Ω),butnotinH

1
(Ω)duetooscillationson“fine”scales

(I.Babuška(1976),A.Bensoussan,J.L.Lions,G.Papanicolau(1978))

•H
1
(Ω)physicallyrelevant,“energy”norm.

•Describenumericallyoscillationsofu
ε

toobtainH
1
(Ω)convergence(“Correctors”)

•Numericalschemestoresolveoscillationswith

robustperformance,i.eaccuracy/complexityindependentofε,

where

complexity=memoryandfloatpointoperationsversus

N,theno.ofmacrodiscretizationparameters



n+1-scaleHomogenizationProblem

•NumericalMethods:

–MSFEM(Babuškaetal.1975,...,Hou&al.1997,1999,...,Matache&CS2000,...)

–HMM(Engquist&E&al.“HMM”2003,...,Abdulle&CS2005,...)

alldevelopedforn=1,i.e2-scaleproblems,

ε-independentconvergenceratesinH
1
(Ω)atcomplexityO(N

n+1
)

•Numericalsolutionofone‘cell’problemforeach“macrodegreeoffreedom”

BasicQuestion:

Robust,i.e.ε-independent,MSFEMinComplexityO(N)forn>1?



(n+1)d-dim.one-scaleProblem(Allaire&Briane96)

{u
ε
}ε>0⊂H

1
0(Ω)convergesweaklytou∈H

1
0(Ω)and∇u

ε
(n+1)−scaleconvergesto

∇u(x)+

n∑

i=1

∇yiui(x,y1,...,yi),

where(u,u1,...,un)=(u,{ui}
n
i=1)istheuniquesolutionin

V={(φ,{φi}
n
i=1):φ∈H

1
0(Ω),φi∈L

2
(Ω×Y1×...×Yi−1,H

1
#(Yi)/R),i=1,...,n}

ofthe“unfolded”,(n+1)d-dimensional,one-scalelimitproblem

B((u,{ui}
n
i=1);(φ,{φi}

n
i=1))

=

∫

Ω

∫

Y1

...

∫

Yn

A

(
∇xu+

n∑

i=1

∇yiui

)
.

(
∇xφ+

n∑

i=1

∇yiφi

)
dyn...dy1dx(1)

=

∫

Ω

fφdx∀(φ,{φi}
n
i=1)∈V.



(n+1)d-dim.one-scaleProblem(Allaire&Briane96)

Forexample,fortheclassicaltwo-scaleproblem,n=1and(1)becomes
∫

Ω

∫

Y

A(x,y)
(
∇xu(x)+∇yu1(x,y)

)
·
(
∇xφ(x)+∇yφ1(x,y)

)
dxdy=

∫

Ω

fφdx

forallφ∈H
1
0(Ω)andφ1∈L

2
(Ω,H

1
#(Y)/R).

Correctorresult:u
ε

canbeapproximatedinthephysicaldomainΩintermsof

•thehomogenizedsolutionu(x)∈H
1
0(Ω),

•the“scale-interactionterms”u1(x,y1),...,un(x,y1,...,yn):

Assumethat(u,u1,...,un)in(1)aresufficientlysmooth.Then,
∥∥
∥∥
∥
u
ε
(x)−

[
u(x)+

n∑

i=1

εiui

(
x,
x

ε1
,...,

x

εi

)]∥∥
∥∥
∥H1(Ω)

→0ε→0

[OpenProblem:convergenceratesasε→0forn>1fastscales]



FullTensorProductFEMfor(1)

Toapproximatescaleinteractiontermsui(x,y1,...,yi),i=1,...,n,numerically,

need

FiniteElement(FE)subspacesofL
2
(Ω×Y1×...×Yi−1,H

1
#(Yi)/R).

Assume(foreaseofnotationonly!)thatY1=Y2=...=Yn=Yandlet

{V
`
0}∞`=0⊂H

1
0(Ω),{V

`
#}∞`=0⊂H

1
#(Y)

benested(i.e.V
`
0⊆V

`+1
0⊆...etc.)sequencesoffin.dim.subspaces.

Example:

continuous,piecewisepolynomialsofdegreep≥1onaquasiuniformmeshofwidthh`=O(2−`).



FullTensorProductFEMfor(1)

Since

ui∈L
2
(Ω×Y1×...×Yi−1,H

1
#(Yi))∼=L

2
(Ω)⊗L

2
(Y1)⊗...⊗L

2
(Yi−1)⊗H

1
#(Yi),

FEsubspaceV
L

ofVin(1)constructedastensorproductofFEspacesV
`
#inthescales:

V
L

={(u
L
,{u

L
i}

n
i=1):u

L
∈V

L
0,u

L
i∈V

L
i,i=1,...,n}

where

V
L
i:=V

L
⊗V

L
#⊗...⊗V

L
#

︸︷︷︸
itimes

,i=1,...,n.



FullTensorProductFEMfor(1)

Denoteby{u
L
,u

L
1,...,u

L
n}∈V

L
theFEsolution

(p.w.polynomialsofdegreep≥1onquasiuniformtriangulationsofΩ,Y1,...,YnofwidthhL)

find(u
L
,{u

L
i}

n
i=1)∈V

L
suchthat

B(u
L
,{u

L
i};φ,{φi})=

∫

Ω

fφdx∀(φ,{φi})∈V
L
.

Then

|||(u−u
L
,{ui−u

L
i}

n
i=1)|||≤c(hL)

p

(
‖u‖Hp+1(Ω)+

n∑

i=1

‖ui‖Hp
i

)

Here|||◦|||denotesthenorminVand

H
p
i=

⋂

t0+t1+...+ti=p

H
t0
(Ω)⊗H

t1
#(Y1)⊗...⊗H

ti−1
#(Y1)⊗H

ti+1
#(Yi),



FullTensorProductFEMfor(1)

Note1:cindependentofεand,asε→0,L→∞,itholds
∥∥
∥∥
∥
u
ε
(x)−

[
u
L
(x)+

n∑

i=1

εiu
L
i

(
x,
x

ε1
,...,

x

εi

)]∥∥
∥∥
∥H1(Ω)

→0

Note2:Forfixedpolynomialdegreep≥1holdsasymptotically,asthemeshwidthhL→0,

dimV
L

=O(hL−(n+1)d
)

Note3:HMM(EnquistandE(2003))=fulltensorFEMplusquadratureinslowscale

ConvergenceO(hL)ind.ofε

(AbdulleandSc.MMS(2005),AbdulleM
3
AS(2006)),

ComplexityofHMMatleastO(hL−(n+1)d
)workandmemory

Numberof“macro”DOFisNL=O(hL−d)



SparseTensorProductFEMfor(1)

Recall:MultigridforhomogenizedprobleminΩ⊂R
d

hasworkO(h−d
L),but

n+1-scalelimitproblem:dimV
L

=O(h−(n+1)d
L),hL=2−L.

=complexityforFEMindimension(n+1)d—“curseofdimension”

–prohibitiveforn+1>2scalesanddimensiond=3evenonlargehardware

?Canwegetcomplexityof“1-scaleProbleminddimensions”?

3Tools:

•RegularityofscaleinteractiontermsuiinspacesĤ
p
iofmixedhighestderivatives

•HierarchicFEbases(WaveletFEM/SpectralFEM/hp-FEM...)ineachscale

•SparseTensorProducts(Zenger1990/Griebeletal/...)forscale-interactionsui



Tool1:RegularityofScaleInteractionFunctions

A,f(x)‘regular’→ui(x,y1,...,yi)regularsimultaneouslyinallscales!

Considerscaleinteractionfunctionui(x,y1,...,yi)∈L
2
(Ω×Y1×...×Yi−1;H

1
#(Yi)),i=1,...,n.

Theorem(V.Hoang&CS):Assume(forsimplicityonly)

•A(x,y1,...,yn)issmooth,

•∂Ωsmooth,

•f(x)∈H
t−1

(Ω)forsomesmoothnessordert>0(t=0correspondstofiniteenergy).

Thenthesolution(u,{ui}
n
i=1)oflimitproblem(1)satisfies

u∈H
t+1

(Ω),

and

ui∈Ĥ
t
i:=H

t
(Ω)⊗H

t
(Y1)⊗...H

t
(Yi−1)⊗H

t+1
(Yi)fori=1,...,n.



Tool2:HierarchicFEBasis

FiniteElementwavelets,shownforp=1,d=1(Dahmen,Urban,Canuto,Tabacco2000-)

V3
(Nodal basis)

W0
ψ1

0

W1ψ1
1

ψ2
1

W2ψ1
2

ψ2
2

ψ3
2

ψ4
2

W3ψ1
3

ψ2
3

ψ3
3

ψ4
3

ψ5
3

ψ6
3

ψ7
3

ψ8
3



Tool3:SparseTensorProduct

x

y

W0⊗ W0
W1⊗ W0

W0⊗ W1



ConvergenceRate

Theorem(V.Hoang&CS):

|||(u−û
L
,{ui−û

L
i}

n
i=1)|||≤c|loghL|

n/2
h
p
L

(
‖u‖Hp+1(Ω)+

n∑

i=1

‖ui‖Ĥp
i

)
.

Remark1ThenumberofdegreesoffreedomofthesparseFEspaceV̂
L

asL→∞is

N̂L:=O(h−d
L|loghL|

n
)<<O(h

−(n+1)d
L)

ConvergenceOrderandComplexityequal(uptologsofN)tomgFEMfor

theone-scale,homogenizedprobleminphysicaldomainΩ⊂R
d

withn=0.

Remark2Letn=1(2-scaleproblem)andp=1(piecewiselinear,continuousFEM).

Then:

‖∇xu
ε
(x)−

[
∇xû

L
(x)+∇yû

L
1(x,x/ε)

]
‖L2(Ω)≤c(ε

1/2
+L

1/2
hL).



Example:2-scaleModelProblem

A(x,y)=a0(x)a1(y),a0(x)=1+xanda1(y)=(2/3)(1+cos
2
2πy),f=−1

inΩ=(0,1)

Exact(homogenized)solution

u(x)=
3

2
√

2
(x−

log(1+x)

log2
),

Scaleinteractionterm

u1(x,y)=
3

2
√

2
(1−

1

(1+x)log2
)(

1

2π
tan−1

(
tan2πy
√

2
)−y+C),



Example:2-scaleModelProblem
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Example:2-scaleModelProblem
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Conclusions

•EllipticMultiscaleProblemswithn+1separatedscalesinphys.domainΩ⊂R
d

•Multiscaleconvergence:ellipticsinglescaleproblemindimension(n+1)d

•DiscretizationbytensorproductFEMplusquadrature=HMMofEngquistandE.

•MultilevelFEMoneachscale→sparsetensorproductFEM

•Anisotropicregularityofsinglescalelimitproblem→

fullconvergencerateofsparsetensorproductFEM

•Resolutionofalln+1scalesinH
1
(Ω)withcomplexityO(N(logN)

n
)where

N=workforMGPoissonsolveinΩratherthanO(N
(n+1)

)fore.g.HMM.

•A-posteriorierrorestimation:OhlbergerSIAMMMSJournal(2005)

(fulltensorproductFEMonly)



•Adaptivity:anisotropic→standarderrorindicators/estimators?

CDD2000adaptiveanisotropicwavelet-basedFEMcanyieldoptimalrates,indep.ofn,

undermuchweaker(anisotropicBesov-type)regularity,allowingforsingularities/layers

oneachscale(P.A.Nitsche:Constr.Approx.2006),

•Stiffnessmatrixforanisotropic,sparseadaptiveFEMforthelimitproblem(1)iscom-

pressibleandcomputableinlinearcomplexity:C.SchwabandR.Stevenson(2006)



AdaptiveWaveletAlgorithms

A:V→V′boundedlyinvertible,andsomef∈V′,

findu∈V:Au=f.(2)

Writeu=u
T
ΨwhereΨ={ψλ:λ∈Λ}RieszbasisforV.Then(2)equivalentto

findu∈`2=`2(Λ):Au=f.(3)

Herethe“stiffness”matrix

A:=〈Ψ,AΨ〉:`2→`2

isboundedlyinvertible,

u:=〈Ψ,u〉,f:=〈Ψ,f〉∈`2,〈·,·〉dualityonV×V′.



AdaptiveWaveletAlgorithms

If,forsomes>0solutionuof(3)isintheApproximationClass

A
s
∞={v∈`2:sup

N
N

s
‖v−vN‖<∞},

[CDD01,CDD02,GHS05]:Algorithmsthatproducesequenceu
`
,`=0,1,2,...convergingwith

thisrates,providedAiss∗-computableforsomes∗>s,ie.

•foreachq∈N,aninfinitematrixAqcanbeconstructed,s.t.ineachrowandcolumn

thereareatmostO(2
q
)non-zeroentries,

•computableinO(2
q
)operations,andsuchthat

•‖A−Aq‖.2−qs̄foranyconstants̄<s∗.



Tool2:WaveletFEBasis

Let{ψ
(m)
λ:λ∈Λm}bewaveletsoforderp≥1inYm,suchthatfor`′=0or`′=1,

{2−|λ|`′
ψ

(m)
λ:λ∈Λm}isaRieszbasisforL2(Ym)orH̃

1
(Ym),respectively.

Withumdenotingtherepresentationofum∈L2(Ym)orum∈H̃
1
(Ym),respectively,itholds

um∈B
sd+`′
τ,τ(Ym)fors∈(0,

p−`′
d)withτ=(s+

1

2
)−1

ifandonlyifum∈A
s
τ.

where,forτ∈(0,∞),

A
s
τ:={v∈`2:

∑

N∈N

(N
s
‖v−vN‖)

τ
N−1

<∞}.



Tool2:WaveletFEBasis

Then,withe
(m)

:=(0,0,0,...,0,1)∈N
m+1

,m=0,...,n,

Ψ
(m)

:={2−|λm|
m⊗

k=0

ψ
(k)
λk:λ∈

m∏

k=0

Λk}isaRieszbasisforH
e(m)

(Ω×Y1×...×Ym).

and

Ψ:=Ψ
(0)

×Ψ
(1)

×...Ψ
(n)

isaRieszbasisforV.

Proposition

cond(A)=cond(〈Ψ,AΨ〉)≤c<∞.



s∗-approximability

WithU=(u0,...,un)representationofU=(u0,...,un)w.r.toΨhave

U∈A
s

ifandonlyifum∈A
s
,0≤m≤n.

Theorem(P.A.NitscheConstr.Approx.2006):

SetY0:=Ω.Then

•um∈A
s

holdsfors∈(0,
p−1
d)withτ=(s+

1
2)−1

ifandonlyif

um∈(
m−1 ⊗

τ
k=0

B
sd
τ,τ(Yk))

⊗

τ

B
sd+1
τ,τ(Ym),

•U∈A
s

fors>
p−1
dcannotbeexpected.



s∗-computability

ForO(N)dimension-independentadaptiveMSFEM,Ahastobes∗computablewith

s∗>p/d

Muchstrongerconditionthanw.isotropicwaveletsinR
(n+1)d

whereonly

s∗>p/[(n+1)d]

isneeded.

Theorem(Sc.&Stevenson(Preprint2006))

Thereisacompressionstrategyanda(sparse,adaptive)tensorproductquadraturestrategy

suchthatforanynumbernoffastscalesin(1),Aiss∗computablewith

s∗>p/d


