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Planar Dirichlet eigenproblem

Normal modes of elastic membrane or “drupeimholtz, Germain, 19 C)
Eigenfunctions ; of Laplacian := @, +@, In bounézled cavity R?

j = Ej j jj@ = 0 Dirichlet BC i jdX = j
mode] =1 1
discrete eigenvalues
E.<E, Ez3 1
wavenumberk; = E;"

wavelength ; := £
J

(~ =k Y

Time-harmonic solns of wave egn (acoustics, optics, qumanéic)
Asymptotics of ; as eigenvalug; ! 1 ? Depends on shape...
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Outline

|. "Migrating scars' at self-focal points

new features in boundary functions of: mushroom, etc...

Il. Leakage of bouncing ball modes

how much leakage when trapped by parallel mirrors?

l1l. Overview of fast numerical methods

what | spend most of my time on these days



|. Mushroom cavity modes

Unusually simple
divided phase space
(Bunimovich '01)

ergodic rays

regular rays

(B-Betcke, CHAOS Dec '07)



|. Mushroom cavity modes  (s-Betcke, CHAOS Dec '07)

U.n.usually SlE First calculation of high-freq modes:= 1;:::; 16061
divided phase space
(Bunimovich '01)

localize to either regular or chaotic region
conj. (Percival '73) proof in mapgMarklof-O'Keefe '05)
nd 44% regular (cf regular phase space frac 45%)

regular rays



How measure ergodic character?

R
Ergodic indicator: mass on foot bdfy := _ j@ ;j“ds

\ regular (integrable)
leakage
region

fraction of modes

regular mode (exponentially) smalf; “dynamical tunneling'



How measure ergodic character?

R
Ergodic indicator: mass on foot bdfy := _ j@ ;j“ds

\ regular (integrable)
leakage S
region

fraction of modes

regular mode (exponentially) smalf; “dynamical tunneling'

Find numerically# fj : JE; Ej<c;f; 2[10%101'g E =
agrees heuristic leakage model + evanescent Bessel agyaspto
(Backer et al. '08)mproved model: ctitious system
Backer et al. measure mean avoided crossings (w/ our nusheric



Partial nearest-neighbor level distributions

a) all levels

™ Berry-Robnik p(s
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Partial nearest-neighbor level distributions

a) all levels b) regular
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With 16 times the data, don't see dip @fietz et al. '07)

(new cutoff! < 1%change




High-lying ergodic mode & boundary coords

k=499.856...
j ~ 45000
N = 1300

20 sec/mode (bdry




High-lying ergodic mode & boundary coords

PSOS(q;p 2 [O;L] [ 11]
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*0 @  (g) and its Husimi func in PSOS



Example high-lying modes

modeg ; (x)j? bdry Husimi

expect quantum ergodicity for subset (HuslmiCp 1 p?)
even at such high mode numbeys ( 45000, far from uniform
strong scars visible



Review scars. shadows of periodic ray orbits

Some hight modeg j¢ enhanced onnstable periodic orbitdJPO)
discovered byhumericalstudy of quarter-stadium modeSieller '84)

mathematicians ude! (scars die), physicists wavepackets (don't die)
Apps of scars: dielectric micro-lasemireci et al) tunnel diodes. . .

—n. 9



Why do modes show scars?

Statistics of mode$ Greens functiol$ wave propagation
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Why do modes show scars?

Statistics of mode$ Greens functiol$ wave propagation

In distributional sense ik (wavenumber), fok 2

X 2K I

J i(x))e (ko kj) = —,l.',”}) Im G(Xx; x; k= +1")
j=1 |
"Local Density Of States' Greens func for Helmholtz egn in

use semiclassical ray approximation (heuristic):

G(x;X;k?)  (free spack + (ray density e (orpitlength+i(Masloy

returning
orbitsx! x

integrate ovex-regions of sizéd(k *72), only POs survive

Outcomek-periodic LDOS enhancement along each periodic orbit
(Gutzwiller, Heller, Bogomolny, Berry, Kaplan, '80-90s)
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Scars are visible even at high eigenvalues

300 acrossj 1:4 10°, E =100000552:::, 1 CPU sec per mode

Slow convergence to ergodicity: matrix element uctsCE

—n. 11



What expect for mode boundary functions?

scarring:k-periodic enhancement where each PO @ts
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What expect for mode boundary functions?

scarring:k-periodic enhancement where each PO @ts
j@ ;(9)=kj* vsgand: Bright spotsmovevs k!
°0 | | | ' ' Smoothed LDOS (q K)

:P (k ki) J(OI)

pathl =2 (g @)%+ R?
fringes parabolic irk
strong refocusing by-disc

—n. 12




"Migrating scar': strength

fq’ p' initial transverse coords

Semiclassical approx f@ needs
closed orbits] |

@q @q
monodromy matrix 2% @
@y ©@p
1
ray density o i

diverges at caust ! 0O
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"Migrating scar': strength

/9y iniial transverse coords Semiclassical approx f@ needs
closed orbitsf 0,
@q @q
monodromy matrix &1 @8
@y ©@p
1
ray density o R

diverges at caust ! 0O

o . P : aioa i -
Contribution toG(x; x; k?) is k=2 j@qg=@g*'=4 1= 2
is of order mean LDOSkE2 ) (Backer '02)whenx = O(k 12)
then Maslov phase subtle:d still in ‘neck' of Gaussian beam

0<x <k 2 ndno divergence. Semiclassical approx. fails:
available angle® range! 0, kills off wave re ection
Recall maximak@ jk.: growth) nonzero angle rang€&eldiich '02)



Quantum and classical return amplitude

R
S(q;l)= , coskl) (q;Kdk | = orbitlength or timet
S(g;t) = @u(q;t) forWave Eqnug = U,Ujg =0 8t> 0,u=

gatt=0
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Quantum and classical return amplitude

R
S(q;l)= , coskl) (q;Kdk | = orbitlength or timet
S(g;t) = @Qu(qg;t) forWave Eqnuy = u,ujg =08t> O,u= gatt=0

returning classical ray density:

close agreement (ex: diffraction)

the most visible bdry featuremtdue to POs (scar theory)
Are ‘migrating scar' visible in ; (x)?

—n. 14



Quantum return amplitude: another version

Plot | (timlS) Integral ofS(q; I):x
N — 1 sin(kl) ]
S(q’ I) — k (q1 k)dk

0

(I x) ¥ singularities in 2D
hardly treated in physics literature
(Mortessagne '96)

computed w/ 7000 modes

—n. 15



Can we see migrating scars in other billiards?

Bunimovich (quarter) stadium also self-focus point:
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Can we see migrating scars in other billiards?

Bunimovich (quarter) stadium also self-focus point: m

LDOS (near.): guantum return amplitude

parabolas quite visible

Interesting that much structure lying in eigenmode®00 of them!)

—n. 16



How generic are migrating scars?

Let's examine modes for dispersing, ergodic, Anosov lia

Generalized Sinai billhard:

j=1 j =10 j =102 j =10° j 5 10

numerical evidence that Quantum Unique Ergagdioe)
no self-focal points. ..

—n. 17



mode numbers
i =1,10 1, 10°,
104, 10°

background:
random plane
wave model

(article: Rudnick)

—n. 18



Sinal: bdry LDOS and return amplitude
smoothed LDOS (q; I) iS(q; j?

=
o

9
8
7
6
5
4
3
2
1
0

o

strongest features by eye (barring corneQusvedfringes
suggests quite generic
migrating scars (closed but not periodic orbits) desemd\st
how model SC breakdown / get something rigorQus?



1§ BounCing ball modes (ongoing, w/ A. Hassell, ANU)

sed. condensing on neutral family (in regigi observed, but unproven
heuristics & numerics for BB level density  (Tanner, Backer et al. '97)

eigenvaluekE;

mass igpwingW:
Mj =0 (x)j2dx
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1§ BOunCing ball modes (ongoing, w/ A. Hassell, ANU)

seg. condensing on neutral family (in regi@i observed, but unproven
heuristics & numerics for BB level density  (Tanner, Backer et al. '97)

eigenvaluekE;

mass igpwingW:
Mj =0 (x)j2dx

Known:M; C E, 2 (commutator methods, Burg-Hassell-Wunsch '07)

What actually happens?

V

—n. 20



Numerical wing-mass data

(vertical quantum # < 300

collect all modes near eigenvaluen )?
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Power law evidence: we conjecture tight lower bn@i5; °
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Quasimodes

recall modes ; have eigenvaluei;

Quasimode: sedV,gn=12.:, KvpKi2(y =1, Vhjg@ =0
and approximate eigenvalues!'1 asn!1

such thak( n)Vnki2(y = O(EP) calledO(E,) quasimode

9 trivial O(1) BB quasimode irR: g(x)sin(ny ), g2C![0; ), < 1
Motivation: Zworski's challenge: construc(1) stadium gquasimode!

Then turns out mass in wirky must> 0 (Burg-Zworski '03)

—n. 22



Adiabatic approximation

Born-Oppenheimer, standard in physics

approx. mode/(x;y) = A(x)sin (X)y X = 'slow' variable
vertical wavenumber(x) = n =L (x), L (X) Is cavity height

Gives 1D time-indep Schrodinger equatioA®™+ V(x)A = A

8
e 1 X< 1
V(x):> n? 2 1<x O

n> 2+ Cn’°x + O(x **) x>0

predicts observed powéd; CE; *** but not uctuations

alsoE; = 4(n“+ m?) +(13:5+ O(1))n ', consistent w/ BO
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Adiabatic approximation

Born-Oppenheimer, standard in physics

approx. mode/(x;y) = A(x)sin (X)y X = 'slow' variable
vertical wavenumber(x) = n =L (x), L (X) Is cavity height

Gives 1D time-indep Schrodinger equatioA®™+ V(x)A = A

8
e 1 x< 1
V(x):> n? 2 1<x O

n> 2+ Cn’°x + O(x **) x>0

predicts observed powéd; CE; *** but not uctuations

alsoE; = 4(n“+ m?) +(13:5+ O(1))n ', consistent w/ BO
however onlyO(E *®) quasimode, worse than Zworsk(1) !

But have evidence that boundary layer does cause observesi.po

—pn. 23



Assessing ergodic component
wing-tip regionT separated b®(1) distance fronR

... Insensitive to mass in boundary layer
wing W mass: wing-tipl mass:

10" —

see exponentially small: conjecture wing-tip mass no ldvgemd
whenever small, nd radial rather than vertical tendencWin

Ongoing work: clues in boundary layer & low-tip-mass modes.

—n. 24



lIl. Numerics: Method of Particular Solutions

Given trial freq parametdt > O:

choose basis function setjgi-; n with . =E ;In ,8i

global HeIrBhoItz solution%.g.plane waves

thenu= ., ;;obeys u= Euin
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lIl. Numerics: Method of Particular Solutions

Given trial freq parametdt > O:

choose basis function setjgi-; n with . =E ;In ,8i

global HeIrBhoItz solution%.g.plane waves

thenu= ., ;;obeys u= Euin

if can nd coeff vector 2 RN givingujg =0, butu 6 0 in
...thenu is a mode ; andE is its eigenvaluds;

: . Kuk
boundary “tensiort(E) := min L*(@)

Rayleigh quotient
u2Spar ;g kUkLz() VESRITR
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lIl. Numerics: Method of Particular Solutions

Given trial freq parametdt > O:

choose basis function setjgi-; n with . =E ;In ,8i

global HeIrBhoItz solution%.g.plane waves

thenu= ., ;;obeys u= Euin

if can nd coeff vector 2 RN givingujg =0, butu 6 0 in
..thenu is a mode ; andE is its eigenvaluds;

kUkLZ(@)

boundary tensiont(E) := min Rayleigh quotient
y ( ) u2Spar ig kUkLz() yielgh g

peanutj 700

/\/’ \if \\\
2510 2515 2520 2525 2530 ‘
E



Boundary tension via linear algebra

r lowest
. kuk2 | = D __ generalized
t(E)= min =9 = min = 1 eigenvalue of
u60 kUkLZ() X0) TG - -G

u2Spar g

use identities

R
i jds; Gj (E) = X g push to@

matrix elements; (E) =

—Dn. 26



Boundary tension via linear algebra

r lowest
. kuk | = D __ generalized
t(E) = min kUkLZ(@) = m.@r(]) TG — 1 e|genva|ue of
u6o _
u2Spar g L20) = = G

| = R use identities
matrix elements; (E)= o i jds; Gj (E)= X g push to@

Relative eigenvalue errdnounded:jEE—_E” C t(E) (Moler-Payne '68)

J
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Boundary tension via linear algebra

r lowest
. kuk | = D __ generalized
t(E) = min kUkLZ(@) = m.@rg) TG — 1 e|genva|ue of
ué0 _
u2Spar g L2() = = G

| R R use identities
matrix elements; (E)= o i jds; Gj (E)= X g push to@

Relative eigenvalue errdnounded:jEE—jE” C t(E) (Moler-Payne '68)

Theorem 3 B, preprint'08) Fix" > 0, then there is an open set
(0; 1 ) which contains the spectruny = fE;gj=1.2.- and has
the following property. Foran¥e 2 - n p and anyu obeying
u= Euin there exists an eigenvallg satisfying

BEL € 1+ ")(E):

in practice" small; atE = 10° get 3 extra digits accuracy for free!
proof: analytic perturbation of op. ih?(@) , meromorphic irE

—DnD. 26



Global basis functions (as in MPS)

Plane waves

Theory: exponentially convergene(ichryer '72)
Practice: fail (coeff sizeg j  10'°)
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Global basis functions (as in MPS)

Plane waves

Theory: exponentially convergene(ichryer '72)
Practice: fail (coeff sizeg j  10'°)

Fundamental solutions (MFS), outside

Practice: excellent, except for re-entrant corners

Analytic @ : need shield singularities in anal. cont.
(B-Betcke '08)
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Global basis functions (as in MPS)

Plane waves

Theory: exponentially convergene(ichryer '72)
Practice: fail (coeff sizeg j  10'°)

Fundamental solutions (MFS), outside

Practice: excellent, except for re-entrant corners
Analytic @ : need shield singularities in anal. cont.
(B-Betcke '08)

Corner-adapted Fourier-Bessa| (kr)sin( | )
for singular corner = = |, 27

Note: basis sizes approabh 2 per wavelength o@
INnlimit E!'1

—n. 27



Finding modes faster: Dirichlet-to-Neumann map

Consider interior Dirichlet BVP for Helmholtz egn:

(+ E)u = 0 1In
u = U on@

Iff 2 L%(@) ,andE 2 p,
unique solutioru
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DtN operatolR = R(E) takes boundary data to normal derivative:
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Finding modes faster: Dirichlet-to-Neumann map

Consider interior Dirichlet BVP for Helmholtz egn:

(+ E)u = 0 1In
u = U on@

Iff 2 L%(@) ,andE 2 p,
unique solutioru

DtN operatolR = R(E) takes boundary data to normal derivative:

@Qu = Rujg
NoteR unbounded irL?, for smooth domaifR : L*(@) ! H (@) bounded

An eigenvalue oR(E) ! passes through zero for edEh= E;
Amazing fact: if careful, can linearize &, avoidt(E) root search. ..

—n. 28



Weighted DtN map: inverse eigenvalues
PremultiplyR by weight function=,  0<w 2 LY(@) , boundary weight

1 —
“R(E)v=v

The weight

1
W= ——
X n

IS speciall

Remarkably, slope whenhits zero is:&- = 1=2E;, 8j i..predictable
AsE E; grows, extensions of eigenfuncsf dilationsof
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Why is weightw = (x n) ! special?

R
Helmholtz BVP solved by Poisson kernéllx) = o @) G(X; s)u(s)ds
G(x;y) is Green's func for Helmholtz eqn w/ Dirichlet BCs @

—n. 30



Why is weightw = (x n) ! special?

R
Helmholtz BVP solved by Poisson kernéllx) = o @) G(X; s)u(s)ds
G(x;y) is Green's func for Helmholtz eqn w/ Dirichlet BCs @

mode expansiofs(x;y) = i o "(EX)E"J_(V)

De ne weighted mode normal derivatives(s) := ﬁ@ i (s), then
ER(E) = . i sum of rank-1 operators, each with poledn
W E E

=1
R
w-weighted inner protJ; Vi = @ WUV ds normkUKzZ := hU; Ui

(unweighted version appeared in Nachmann-Sylvester-aimin88)
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Why is weightw = (x n) ! special?

R
Helmholtz BVP solved by Poisson kernéllx) = o @) G(X; s)u(s)ds
G(x;y) is Green's func for Helmholtz eqn w/ Dirichlet BCs @

P (x)
mode expansios(x;y) = 1, L)

j=1 E E;

De ne weighted mode normal derivatives(s) := ﬁ@ TORIEY
1R(E) X hs f rank-1 operat h with poled
— — sSum Of rank-1 operators, eacn wi 0] n
W E E P P

=1
R
w-weighted inner protJ; Vi = @ WUV ds normkUKzZ := hU; Ui
(unweighted version appeared in Nachmann-Sylvester-aimmn'88)
Thenas€ ! Ep,aneigenvectov!  with &=! 1=k k3
Lemma: letw = (x n) 1, thenk k? =2E, (Rellich '40)
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Why is weightw = (x n) ! special?

R
Helmholtz BVP solved by Poisson kernéllx) = o @) G(X; s)u(s)ds
G(x;y) is Green's func for Helmholtz eqn w/ Dirichlet BCs @

P (x)
mode expansioG(x;y) = ., AW

] =1 E E;

De ne weighted mode normal derivatives(s) := W(S) —=@ (S), then
1R(E) X hs f rank-1 operat h with poled
— = sum Of rank-1 operators, eacn wi oledn
W E E P P

=1
R
w-weighted inner protJ; Vi = @ WUV ds normkUKzZ := hU; Ui
(unweighted version appeared in Nachmann-Sylvester-aimmn'88)
Thenas€ ! Ep,aneigenvectov!  with &=! 1=k k3
Lemma: letw = (x n) 1, thenk k? =2E, (Rellich '40)

More subtlepreasorperturbation theory iti .= E E,, gives

dv — Qmj
d" "=0 j6m En Ej

j T ( higher orde)
with ‘mode coupling’Q;; = h ; ;i

—n. 30



Qijj : quasi-orthogonality on @

R
Exact orthogonality in interior ; jdx =

R
But, approx orthogonality on boundaryQ; = 5 X n@ i@ ;ds
Rellichgives  Q; =2 j E; + g withg; =0
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R
Exact orthogonality in interior ; jdx =

R
But, approx orthogonality on boundaryQ; = 5 X n@ i@ ;ds
Rellichgives  Q; =2 j E; + g withg; =0

assumptiorivergini '94): off-diag termsgrowjg; ] | Ei E;j]
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Qijj : quasi-orthogonality on @

R
Exact orthogonality in interior ; ;dx = R
But, approx orthogonality on boundaryQ; := @ X N @ @ ;ds

Rellichgives  Q; =2 j Ej + g withg; =0

assumptiorivergini '94): off-diag termsgrowjg; ] | Ei E;j]
semiclassicgs3-Cohen-Heller '00) for ~ ergodic,jg;j (E; Ej)?
Thm : (8 '06) for all bounded Lipschitz ,jg;j C (E; E;)?

very small size of);
close to the diagonal
= |dentity responsible for small
perturbations in

DtN eigenfunctions

—n. 31



Scaling method

X an origin, w =

Pick fregE, choose good Helmholtz basis $eig

" 1
Inverse eigenvals. of =R are extrema ohU

kKUK
-1 U|

' w

i

Xxn’

star-shaped

...as with MPS

Rayleigh quotient
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Scaling method X an origin, w = ~t;  star-shaped

Xxn’

Pick freqE, choose good Helmholtz basis $etg ...as with MPS
_ 1 kUk?Z, | |
Inverse eigenvals. of =R are extrema OhU' TRy Rayleigh quotient
. . . P W
Insert basis representatian= iN:1 7
guotient becomes%, extremized via gen. eig. probF = G
R R
matrix elements F; (E) = @ Wi jds; Gj (E) = @ i@ ;ds+ transpose
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Scaling method X an origin, w = -1-:  star-shaped

X n

Pick freqE, choose good Helmholtz basis $etg ...as with MPS
I | Is. of R t KUk, i i
nverse eigenvals. of =R are extrema OhU' ThU Rayleigh quotient
. . . P W

Insert basis representatian = :\':1 7

guotient becomes%, extremized via gen. eig. probF = G

R

R
@ Wiijds; Gj(E)=

matrix elements F; (E) = @

i@ ;ds+ transpose

Once GEP solved at a given fréq. . .

Each small gen. eigval, gives a Dirichlet eigvalE; E(1 )
Eigenvec. () gives basis rep. of eigenmode L, " ((E))

all modes inO(1) k-window found €.9.k; 2 [99:9; 10G:1]) via single GEP
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Scaling method X an origin, w = ~t;  star-shaped

Xxn’

Pick freqE, choose good Helmholtz basis $etg ...as with MPS
_ 1 kUk?Z, | |
Inverse eigenvals. of =R are extrema OhU' TRy Rayleigh quotient
. . . P W
Insert basis representatian= iN:1 7
guotient becomes%, extremized via gen. eig. probF = G
R R
matrix elements F; (E) = @ Wi jds; Gj (E) = @ i@ ;ds+ transpose

Once GEP solved at a given fréq. . .

Each small gen. eigval, gives a Dirichlet eigvalE; E(1 )
Eigenvec. () gives basis rep. of eigenmode L, " ((E))

all modes inO(1) k-window found €.9.k; 2 [99:9; 10G:1]) via single GEP
observe errors ik grow asO(E  E;)?® rigorous analysis ongoing
equivalent to & generalization of, method @fergini-Saraceno '94)
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Conclusion

Numerical calcs (& eyeballs!) important tools in quantunach
closed (not periodic) orbits have strong effect on bound®®S
studying bouncing-ball mode architecture, ongoing w/ Ass#l
the right numerical method can make big different@® (n speed)

Future:
numerical analysis: modes, photonic crystals, wave soagte
complex zeros of modes a@ w/ Toth, Zelditch ...

Funding: NSF DMS-0507614
DMS-0811005

Preprints, talks, movies:

http://math.dartmouth.eduahb

Thanks:p, Deift (NYU)
A. Hassell (ANU)
P. Sarnak (Princeton)
T. Betcke (Manchester)

made with:Linux, IATEX, Prosper
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Ergodic eigenvalues and random matrices
nearest-neighbor spacings:= Ej.1  E;

Conjectured (unproven): has same pdf as in random matfiidy )

E computed chaotic Dirichlet eigenvalues Ej

—e— Wigner GOE (N=2 RMT): (p/2)s exp(-p s?/ 4)
=¥ RMT)

well-known, not
well tested
before In
ergodic cavity

62076

(About the Cover
Notices AMS,
Jan '08)

—n. 34



ll. Eigenvalue inclusion bounds

juijZ(@)

Recallt(E) =

JJ ujj|_2()

for u some global solutiof + E)u=0 In

Whent(E) small, we have=e  E;, but can weboundthis error?
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ll. Eigenvalue inclusion bounds

Recallt(E) = ”J.J.UJJJ.J.LLZZ‘? for u some global solutioff + E)u =0 in

Whent(E) small, we have=e  E;, but can weboundthis error?

. JE Eij
Thm (Fox '67, Kuttler-Sigillito '84); min J = L
J J
t(E) =10 °meansE E; to 6-digit accuracy
classical result, used for high-accuracy MP $etcke & Trefethen '04)

C t(E)
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ll. Eigenvalue inclusion bounds

Recallt(E) = ”jjudjijLzz‘f) for u some global solutioff + E)u =0 in

Whent(E) small, we have=e  E;, but can weboundthis error?

. JE Ejj
Thm (Fox '67, Kuttler-Sigillito '84): min J L C t(E)

j =
t(E) =10 °meansE E; to 6-digit accuracy
classical result, used for high-accuracy MP $etcke & Trefethen '04)

Actually can do much better. ..
Thm (B '08): For some which vanishesagE)! O,

minJE E;]

Co(1+ )t(E)

In practise Is tiny and can be ignored
High fregE  10°: nowt(E) = 10 °® means 9-digit accuracy!
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