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Complete minors

A graph H is a minor of graph G if H can be obtained from G by 
repeated contraction of edges and deletion of edges and vertices.

A graph G contains a complete graph Kt on t vertices as a minor if 
and only if there exist vertex disjoint connected subgraphs H1, 
H2,é Ht of G such that for i j̧ there exists an edge from V(Hi) to 
V(Hj) in G.

Theorem(Kuratowski, Wagner): A graph G is non-planar if and only 
if G contains K5 or K3,3 as a minor.  
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Excluding complete minors

A graph G has no K3 minor if and only if G is a forest.

A graph G has no K4 minor if and only if G is series-parallel.

Wagnerôs theorem (1937): A graph G has no K5 minor if and only if 
it can be obtained from planar graphs and V8 by ñgluingò them 

along cliques of size at most 3.
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Classes of graphs with no K6 minor

ÁApex graphs (G  is apex if G ïv is planar for some v 2 V(G))

ÁDouble cross graphs

ÁHose graphs

Áetc. 

Apex Double-cross Hose



General construction

If G has no Kt minor then the graph obtained from G by adding a single 
vertex and joining it to vertices of G arbitrarily has no Kt+1 minor.

In particular, if G contains a set of vertices X such that |X| · t-5 and G ïX is 

planar then G has no Kt minor.



Hadwigerôsconjecture

Hadwigerôsconjecture: Every loopless graph with no Kt minor is (t -1)-colorable.

Easy for t · 4.

By Wagnerôs theorem Hadwigerôsconjecture for t=5 is equivalent to the Four Color 
Theorem.

Theorem (Robertson, Seymour, Thomas, 1993): Hadwigerôsconjecture holds for 
t=6.

Theorem (Mader, 1968): Minimal counterexample to Hadwigerôsconjecture, if 
exists, is 6-connected.

Conjecture (Jorgensen, 1994): Every 6-connected graph with no K6 minor is apex. 


