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Def. G is a critical graph iff ∀e ∈ E (G ): χ(G − e) < χ(G ).

Obs. Every G contains a critical subgraph H with χ(H) = χ(G ).
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Thm. (Brooks’ Theorem) If G is connected and not a complete
graph or odd cycle, then χ(G ) ≤ ∆(G ).

Thus, ∆(G ) ≥ 7.
Hence m ≥ 3n + 1 and cr(G ) ≥ m − (3n − 6) ≥ 7.
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Def. Crossing number, cr(G );
e.g., cr(K6) = 3.

Bound χ(G ) in g(G ), τ(G ), or cr(G )?
If so, what are the extremal graphs?



Easier proofs of harder results

Outline of Meta-proof



Easier proofs of harder results

Outline of Meta-proof

0. Consider only critical G .



Easier proofs of harder results

Outline of Meta-proof

0. Consider only critical G .
1. Prove lower bound on m.



Easier proofs of harder results

Outline of Meta-proof

0. Consider only critical G .
1. Prove lower bound on m. (e.g. m ≥ r−1

2
n + 1)



Easier proofs of harder results

Outline of Meta-proof

0. Consider only critical G .
1. Prove lower bound on m. (e.g. m ≥ r−1

2
n + 1)

2. Prove lower bound on cr(G ) in m.



Easier proofs of harder results

Outline of Meta-proof

0. Consider only critical G .
1. Prove lower bound on m. (e.g. m ≥ r−1

2
n + 1)

2. Prove lower bound on cr(G ) in m. (e.g. cr(G ) ≥ m− (3n− 6))



Easier proofs of harder results

Outline of Meta-proof

0. Consider only critical G .
1. Prove lower bound on m. (e.g. m ≥ r−1

2
n + 1)

2. Prove lower bound on cr(G ) in m. (e.g. cr(G ) ≥ m− (3n− 6))

Idea. Improvements in 1. or 2. should help us prove more cases of
Albertson’s Conjecture.



Easier proofs of harder results

Outline of Meta-proof

0. Consider only critical G .
1. Prove lower bound on m. (e.g. m ≥ r−1

2
n + 1)

2. Prove lower bound on cr(G ) in m. (e.g. cr(G ) ≥ m− (3n− 6))

Idea. Improvements in 1. or 2. should help us prove more cases of
Albertson’s Conjecture.

Thm. [Dirac ’52] If G is r -critical and G 6= Kr , then

m ≥
r − 1

2
n +

r − 3

2
.



Easier proofs of harder results

Outline of Meta-proof

0. Consider only critical G .
1. Prove lower bound on m. (e.g. m ≥ r−1

2
n + 1)

2. Prove lower bound on cr(G ) in m. (e.g. cr(G ) ≥ m− (3n− 6))

Idea. Improvements in 1. or 2. should help us prove more cases of
Albertson’s Conjecture.

Thm. [Dirac ’52] If G is r -critical and G 6= Kr , then

m ≥
r − 1

2
n +

r − 3

2
.

Thm. [Kostochka-Stiebitz ’96] If G is r -critical and G 6= Kr and
n 6= 2r − 1, then

m ≥
r − 1

2
n + r − 3.
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If n = 17, then Dirac’s bound gives m ≥ 4n + 3,
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Thm. Albertson’s Conjecture is true for r ≤ 12.
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