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Statistical mechanics explains and quantifies the process by which
structure emerges from chaos. Its genesis is in Boltzmann’s explanation of
thermodynamical behavior and in particular of the concept of entropy.
The statistic mechanical perspective was instrumental for Planck’s
theory of the light quantization and Einstein’s calculation of the Avogadro
number.
More recent developments include links between the physics of
critical phenomena and the mathematics of conformally invariant random
structures, stochastic integrability, and representation theory.
The talk will focus on examples of observations and conjectures
which turned out to point in fruitful directions.
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Statistical Mechanics: laws emerging from chaos
Laws expressed in equations F = ma, E = mc 2 , PV = nRT .
A bird of a seemingly different feather: ∆S ≥ 0 . Q: what is entropy?
L. Boltzmann:
Thermodynamics
emerges from Statistical Mechanics!
Stat-Mech starts with a quantification
of chaos:
S = kB log W

StatMech perspective was embraced and used for further developments by:
M. Planck ⇒ quantum theory of light (surmised from the black body radiation)
A. Einstein ⇒ Avogadro number from Brownian motion (exp. Perrin)
R. Feynman ⇒ path representation of quantum dynamics: Ψt = e−itH Ψ0
J. Wheeler: “There is no law except the law that there is no law.”
Paraphrased: all physics laws are emergent features.
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Emergent / scaling laws in mathematics

1. The law of large numbers for uncorrelated random variables
2. Ergodic theory of dynamical systems
3. The central limit theorem
4. Probability theory of large deviations
5. Equations of hydrodynamics
6. Random Matrix theory
(universality in the local distribution of the spectral gaps)
7. The Riemann hypothesis
 P
| Nn=1 (−1)ω(n) | ≤ Cε N ε+1/2

Cε < ∞

∀ε > 0 ??
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Statistical mechanics setup through an example – the Ising model
1. A transitive graph, e.g.

G = Zd


{−1, +1} Ising model
S n−1
O(n) model
endowed with a “natural” reference 
measure, e.g.
counting measure Ising model
%0 (dσ) =
Haar measure
O(n) model

2. Single-site configuration space, e.g.

3. Configuration space

S=

Ω = SG

4. An extensive energy function, e.g.
X
X
H(σ) = −
Jσx σy − h
σx
x∼y

x

with (J, h) coupling constants/control parameters
5. A microcanonical ensemble in a finite region Λ ⊂ G corresponds to a
constranied probability measure

 Y
µ(dσ) = 1 |H(σΛ ) − E| ≤ o(1) |Λ|
%0 (dσx )/Norm.
x∈Λ

6. A state (< · > or ρ) is an expectation value functional f 7→ hf i (or ρ(f ))
for measurable f : Ω → R
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The principle of equivalence of ensembles
An observation of fundamental importance (which got Boltzmann going):
the number of Ising spin configurations meeting the microcannonical state’s
constraints is exponentially large:
N ≈ e|Λ| s(E/|Λ|)
Q:

A:

with a concave function s(·).

What is the local state in Λ(`) = [−`, `]d ∩ Zd when the global
state in Λ(L) with L  ` is a microcanonical state of a given
energy?
Asymptotically it is the same state as if the global state was given by the
Gibbs state
Y

%(dσ) = e−βH(σΛ )
%0 (dσx ) ZΛ (β)
x∈Λ

at β for which [s(u) − βu] is maximized at u = E/|Λ|,

i.e. β =

∂s
(u) (*).
∂u

The the normalizing factor ZΛ (β) is called partition function,
and F (β, h) = −[β|Λ|]−1 log ZΛ is the model’s free energy.
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Gibbs states & phase transitions
Infinite-volume states %β,h are defined by
Z
Y

%β,h (f ) = lim
f (σΛ(L) ) e−βH(σΛ(L) )
%0 (dσx ) ZΛ(L) (β)
L→∞

x∈Λ(L)

For the Ising model: H(σ) = −J

P

x∼y

σx σy − h

P

x

σx

1 ∂
|λ|−1 log ZΛ (β)
β ∂h
X
1 ∂
%β,h (σ0 ) =
%β,h (σ0 ; σx )
β ∂h
x
%β,h (σ0 ) =

with %(A; B) = %(AB) − %(A)%(B).
First order phase transition Discontinuity of %β,h
Second order phase transition Divergence of

∂%β,h
∂h

or

∂%β,h
∂β

The nearest neighbor Ising model was solved in d = 2 dimensions, but not in
higher dimensions. Yet much is known also beyond this case.
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Results established through the model’s stochastic geometric
representations
M(T , h) = %β,h (σ0 )
m(T ) = M(T , 0)
Thm: ∀d ≥ 2 :
γ≥1
δ≥3
β̂ ≤ 1/2
with = for d ≥ 4.
Aiz.-Barsky, A-B-Fernandez; A-Chayes2 -Newman (1D, Jx,y ≈ |x − y |−2 )
Duminil Copin - Gagnebin - Harel - Manolescu- Tassion (2D, Q > 4).
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The power of heuristics (and its limitations)
One may gather insight on a given function by considering its different
representations, e.g. Fourier transform. Likewise, Ising model’s Gibbs states
can be studied through a number of different representations.
These link the model with different classes of systems, and analogies
that yield clues as to its behavior. Which of these provides a more suggestive
picture, may depend on the question and the temperature (T = 1/β).
Examples:
I The dual model, in particular in 2D where the model is self-dual and the

duality exchanges the model’s high and low temperature phases
I Representation of the 2D model in terms of (emergent) fermionic and

spinor degrees of freedom (!)
I The random cluster representation
I The random current representation

To illustrate, we shall expand on the last two examples.
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The random cluster representation (Fortuin-Kasteleyn & Ginibre)
At h = 0:

ZΛ (β) =

X
σ

e−βH(σΛ ) =

X Y
σ

eβJ(σσ)b

b∈E(G)

Apply the polarization decomposition of 2-spin measure:
h


i
eβJσx σy = eβJ e−2βJ + 1 − e−2βJ δσx ,σy
Applying it in each factor, and expanding, one gets a representation of ZΛ in
terms of double sum, over spins σ and a collection of auxiliary variables
ω : E(G) → {0, 1}, the latter reminiscent of a bond percolation configuration
X Y ω
ZΛ (β) =
p b (1 − p)1−ωb 1[σ, ω] ,
p = 1 − e−2βJ
ω,σ b∈E(G)

with 1[σ, ω] = 1 iff σ is constant on the connected clusters of ω.

⇓

1. The joint distribution of spins under any of its Gibbs measures can be
presented as that of a system of independent cliques corresponding to
a random partition of G into connected clusters.
2. The model’s phase transitions correspond to the emergence of an
infinite clique, i.e. percolation transition.
3. The conditional distributions, of σ - conditioned on ω
and ω- conditioned on σ are very simple
(observation applied by Swendsen-Wang, Edwards-Sokal, ACCN, ...)
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Emergent fractal stochastic structures at Tc
The power laws observed in the correlation functions at Tc are related
to the Hausdorff dimensions of the critical clusters and of their boundaries.

The figure, generated by V. Befara, is further discussed in lecture notes by
H. Duminil-Copin.

11 /14

A partial list of contributors
Emergent conformal covariance of the correlation functions at Tc
was predicted and formulated mathematically in the seminal work of
Belavin-Polyakov- Zamolodchikov. Its understanding was further developed
through works by Cardy and others.
A comprehensive theory of conformal invariance in stochastic
geometric setting was developed in the large body of works by
Lawler-Schramm-Werner and others.
Mathematical understanding of the above stochastic geometric
picture (by V. Befara) emerged from discussions of the scaling limits of critical
percolation, and other probabilistic models. Early discussions involved
Langlands- Pouliot-Saint Aubin, Aiz., and the breakthrough of Schramm.
Convergence of critical percolation and Ising models to the
corresponding scaling limit of 2D Ising model was established by Smirnov.
These developments have been, and continue to be, followed by
many interesting works.
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The random current representation
At h = 0:

ZΛ (β) =

X

e−βH(σΛ ) =

X Y

σ

Expand

e

σ

b∈E(G)

∞
X
(βJ)nb
(σx σy )nb .
=
nb !

βJσx σy

eβJ(σσ)b

Denoting

n : E(G) → N0

nb =0

X

ZΛ (β) =

w(n) ,

w(n) =

n:∂n=∅

b∈E(G)

P
hσx1 . . . σxk i =

Y (βJ)nb
nb !

n:∂n={x1 ,...,xk }

P

w(n)

n:∂n=∅ w(n)

Suggests and explains why:

=

In d > 4 (but not d = 2, 3):

hσx1 . . . σx4 i = (hσx1 σx2 ihσx3 σx4 i + hσx1 σx2 ihσx3 σx4 i + hσx1 σx2 ihσx3 σx4 i) (1 + o(1))
⇒ Proof of Gaussian structure of the scaling limit in d > 4, etc.
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Thank you for your attention.
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