
Modeling the evolution of populations undergoing
selection using branching Brownian motion

Lecture V

by Jason Schweinsberg
University of California San Diego



Populations with selection: Model 2

I The population has N individuals.
I Each individual independently acquires mutations at rate µN .
I Mutations are beneficial. An individual with j mutations at time t has fitness

max{1 + sN(j −M(t)), 0},

where M(t) is average number of mutations of the N individuals at time t.
I Each individual independently lives for an exponential(1) time.
I When an individual dies, its replacement is chosen at random from the

population, with probability proportional to fitness.

We aim to understand rigorously the case when µN is large and sN is small.

Fitness of an individual changes often due to mutation, like a random walk.
We approximate this by branching Brownian motion. Because fitter particles have
more offspring, we will consider BBM with an inhomogeneous branching rate.



BBM with an inhomogeneous branching rate
Begin with some configuration of particles on R at time zero.

The position of the particle represents the fitness of the individual.

Particles independently move as one-dimensional Brownian motion with drift −ρ.

Each particle dies at rate d(x) = 1.
A particle at x splits into two at rate b(x) = 1 + βx .
For x < −1/β, set b(x) = 0, d(x) = −βx , so b(x)− d(x) = βx .

As long as b(x)− d(x) = βx , our results hold if there exists C > 0 such that
d(x) ≥ C for all x ∈ R and b(x) ≤ 1/C for all x ≤ 1/β. Also, some of our
results require b to be nondecreasing and d to be nonincreasing.

Choose the parameters ρ and β and the initial configuration of particles so that
the number of particles remains roughly stable over time (to model a population
of approximately fixed size).

Results on this model based on joint work with Matt Roberts and Jiaqi Liu.



Related work
Model was studied by Neher and Hallatschek (2013).

Beckman (2019) considered BBM with an inhomogeneous branching rate,
focused on a shorter time scale.

BBM with a periodic branching rate studied by: Hamel, Nolen, Roquejoffre and
Ryzhik (2016), Lubetzky, Thornett, and Zeitouni (2018), and Ren, Song, and
Yang (2022).

Harris and Harris (2009) considered BBM with no drift, no deaths, and branching
at rate b(x) = β|x |p. Let R(t) be the position of right-most particle at time t.

1. If 0 < p < 2, then t−2/(2−p)R(t)→ c a.s.

2. If p = 2, then t−1 logR(t)→
√

2β a.s.

3. If p > 2, the process explodes in finite time.

Berestycki, Brunet, Harris, Harris, Roberts (2015) obtained more detailed results
about the number of particles in different regions using large deviations methods.



Large deviations (Berestycki, Brunet, Harris, Harris, and Roberts (2015))

Schilder’s Theorem: Let f : [0,T ]→ R. The probability that Brownian motion
with drift −ρ, started from f (0), stays “close” to f until time T is approximately

exp

(
− 1

2

∫ T

0

(f ′(u) + ρ)2 du

)
.

Many-to-one Lemma: Recall b(x)− d(x) = βx . The expected number of
particles in BBM at time T for which trajectory of the ancestor stays close to f :

exp

(∫ T

0

βf (u)− 1

2
(f ′(u) + ρ)2 du

)
.

The actual number of particles that stay close to f will be comparable to the
expectation, if the integral up to t is nonnegative for all t ∈ [0,T ].

If f (u) = ρ2/2β for all u ∈ [0,T ], then the integrand is zero. If we start with one
particle near ρ2/2β, right-most particle stays near ρ2/2β, if the population does
not quickly die out.



The empirical distribution of particles

Start with one particle at ρ2/2β. The number of particles near y at time T is
approximately

exp

(∫ T

0

βfy (u)− 1

2
(f ′y (u) + ρ)2 du

)
,

where the function fy maximizes the integral subject to the conditions
fy (0) = ρ2/2β, fy (T ) = y , and that the integral up to t is nonnegative for all
t ∈ [0,T ].

For sufficiently large T , the number of particles near y is approximately
exp(g(y)), where

g(y) =
ρ3

2β
− ρy − 2

√
2β

3

(
ρ2

2β
− y

)3/2

, y ≤ ρ2

2β
.



Analyzing the function g
The number of particles near y is approximately exp(g(y)),

g(y) =
ρ3

2β
− ρy − 2

√
2β

3

(
ρ2

2β
− y

)3/2

.

Because g ′(0) = 0, g ′′(0) = −β/ρ, the distribution of particles at time T is
approximately Gaussian with mean 0 and variance ρ/β.

Asymptotics for the Airy function imply

exp(g(y)) ≈ exp

(
ρ3

2β
− ρy

)
Ai

(
(2β)1/3

(
ρ2

2β
− y

))
.

Shape is described by the Airy function as predicted by Tsimring, Levine, and
Kessler (1996) and Neher and Hallatschek (2013).

Since g(ρ2/2β) = g(−5ρ2/8β) = 0, right-most particle should be near ρ2/2β
and left-most particle should be near −5ρ2/8β.



The trajectory of particles
Let

t(y) =

√
2

β

(
ρ2

2β
− y

)
.

Particles near y at time T typically follow the trajectory fy :

fy (t) =

{
ρ2

2β
if 0 ≤ t ≤ T − t(y)

ρ2

2β
− β

2

(
t − (T − t(y))

)2
if T − t(y) ≤ t ≤ T

TT − t(y)

y

ρ2/2β tttttttttttttttttttttttttttttttttttttttttttttttttttttttttttttttttttttttttttt



Assumptions on the parameters

For large deviations heuristics to be accurate, we need:

1. The standard deviation of the Gaussian
√
ρ/β should be much smaller than

ρ2/2β. That is, ρ3 � β.

2. βx should be small when x = ρ2/2β. That is, ρ� 1.



Truncating the process at L
Let qL

t (x , y) be the density when particles are killed at L, meaning that if
A ⊂ (−∞, L), the expected number of particles in A at time t is∫

A

qL
t (x , y) dy .

We have

∂

∂t
qL
t (x , y) =

1

2

∂2

∂y 2
qL
t (x , y) + ρ

∂

∂y
qL
t (x , y) + βyqL

t (x , y).

Looking for solutions of the form eλth(y), we have

λh(y) =
1

2
h′′(y) + ρh′(y) + βyh(y), h(L) = 0, lim

y→−∞
h(y) = 0.

Solutions are

hn(y) = e−ρyϕn(y), ϕn(y) = Ai((2β)1/3(L− y) + γn),

where · · · < γ2 < γ1 < 0 denote the zeros of the Airy function.



Deriving the density formula
We have

qL
t (x , y) =

∞∑
n=1

ane
−ρyϕn(y) =

∞∑
n=1

ane
−ρyAi((2β)1/3(L− y) + γn).

Choose the constants an so that the density converges to a unit mass at x as
t → 0. This leads to (Salminen, 1988):

qL
t (x , y) = (2β)1/3

∞∑
n=1

e(β(L+(2β)−1/3γn)−ρ2/2)t

(Ai ′(γn))2
eρxϕn(x)e−ρyϕn(y).

Choose

L =
ρ2

2β
− (2β)−1/3γ1.

If t is large enough that the n = 1 term dominates, then

qL
t (x , y) ≈ (2β)1/3

(Ai ′(γ1))2
eρxϕ1(x)e−ρyϕ1(y).



Observations related to density formula

qL
t (x , y) ≈ (2β)1/3

(Ai ′(γ1))2
eρxϕ1(x) e−ρyϕ1(y).

Let N(t) be the number of particles at time t, and denote by
X1(t) ≥ X2(t) ≥ · · · ≥ XN(t)(t) the positions of particles.

1. Let

Z (t) =

N(t)∑
i=1

eρXi (t)Ai((2β)1/3(L− Xi(t)) + γ1)1{Xi (t)<L}.

When particles at L are killed, (Z (t), t ≥ 0) is a martingale. We can use
Z (t) to measure “size” of the process at time t. Particles within O(β−1/3)
of L contribute most to Z (t).

2. The density of particles near y is roughly proportional to

e−ρyAi((2β)1/3(L− y) + γ1).



Strategy for studying configuration of particles

To study the particles within O(β−1/3) of L, consider the process in which
particles are killed at L:

I Show that particles do not reach L frequently.

I Use first moment calculations to show that the “density” of particles near y
is proportional to e−ρyAi((2β)1/3(L− y) + γ1).

I Use second moment bounds to control fluctuations, show configuration of
particles near L is relatively stable over time.

To study the configuration of particles near y at a large time T :

I Observe that particles near y at time T are descended from ancestors within
O(β−1/3) of L at time T − t(y). These ancestors are in a stable
configuration as noted above.

I Use first and second moment estimates to show the number of particles near
y is highly concentrated around its mean.



Assumptions on parameters and initial conditions
Consider a sequence of branching Brownian motions indexed by n. Suppose

lim
n→∞

ρ3n
βn

=∞, lim
n→∞

ρn = 0. (1)

Assume the initial configuration is such that

Zn(0) �p
β
1/3
n

ρ3n
eρnLn , (2)

where �p means the ratio of the two sides is tight, and

Yn(t) =

Nn(t)∑
i=1

eρnXi,n(t), ρ2ne
−ρnLnYn(0)→p 0. (3)



Gaussian shape for particle configuration

Theorem (Roberts and Schweinsberg, 2021): Suppose assumptions (1), (2), and
(3) hold. For t ≥ 0, define the random probability measure

ζn(t) =
1

Nn(t)

Nn(t)∑
i=1

δ
Xi,n(t)

√
βn/ρn

.

Let 1 < a <∞, and let tn = aρn/βn. Let µ be the standard normal distribution.
Then, as n→∞,

ζn(tn)⇒ µ.



Interpretation of drift
Empirical distribution of particle locations: normal with mean 0 and variance ρ/β.

Our model is equivalent to one with no drift and, at time t,

b(x)− d(x) = β(x − ρt).

Then the empirical distribution of particles after a long time t will be
approximately normal with mean ρt, so ρ is the speed at which the Gaussian
traveling wave advances.

Fisher’s Fundamental Theorem of Natural Selection (1930): The rate at
which fitness of a population increases is the variance of the fitness distribution.

1. Rate at which fitness increases: βρ.
2. Variance of fitness distribution: β2(ρ/β) = βρ.

Note: Number of particles in the long-run is

N � β1/3

ρ3
exp

(
ρ3

6β
− ρ(2β)−1/3γ1

)
,

so we can solve for ρ given N and β.



Particle configurations near right edge
Most particles within O

(√
ρ/β

)
of the origin.

Next result considers particles within O(β−1/3) of L, which are the particles that
will have descendants alive far into the future.

Theorem (Roberts and Schweinsberg, 2021): Suppose assumptions (1), (2), and
(3) hold. For t ≥ 0, define the random probability measure

ξn(t) =
1

Yn(t)

Nn(t)∑
i=1

eρnXi,n(t)δ(2βn)1/3(Ln−Xi,n(t))
.

Let 0 < a <∞, and let tn = aρn/βn. Then ξn(tn)⇒ ν, where ν is the
probability measure on (0,∞) with probability density function

h(y) =
Ai(y + γ1)∫∞

0
Ai(z + γ1) dz

.



The full shape of the traveling wave
Let L∗n = ρ2n/2βn and L†n = −5ρ2n/8βn.
Let Nt(A) be the number of particles in A at time t.

Theorem (Liu and Schweinsberg, 2022): Suppose assumptions (1), (2), and (3)
hold. Consider a sequence of intervals (In)∞n=1 = ([an, bn])∞n=1 such that

bn − an � 1, L∗n − an � β−1/3n , bn − L†n � β−1/3n .

Let zn be the point in In closest to the origin. Recall that

tn(y) =

√
2

βn

(
ρ2n

2βn
− y

)
.

Suppose tn − tn(zn) � ρn/βn. Let I ∗n = In ∩ (−∞, L∗n). Then

Ntn(In) ∼p
Zn(tn − tn(zn))e−ρ

3
n/2βn

Ai ′(γ1)2

∫
I∗n

1√
2πtn(y)

egn(y)dy

where ∼p means the ratio of the sides tends to 1 in probability.



The left-most and right-most particles
Let Rn(t) be the position of the right-most particle at time t. Let Gn(t) be the
position of the left-most particle at time t. Let

Ln = L∗n − (2βn)−1/3γ1, L̄n = L†n + 2(2βn)−1/3γ1.

Theorem (Liu and Schweinsberg, 2022): Suppose assumptions (1), (2), and (3)
hold. Let 0 < a <∞, and let tn = aρn/βn. For any C1 > 0 and C2 > 0,

lim
n→∞

P

(
Ln −

C1

β
1/3
n

≤ Rn(tn) ≤ Ln +
C2

ρn

)
= 1.

If a > 3/2, then for all ε > 0, there exist C3 > 0 and C4 > 0 such that for
sufficiently large n,

P

(
L̄n −

C3

ρn
≤ Gn(tn) ≤ L̄n +

C4

β
1/3
n

)
> 1− ε.



BBM with critical branching
Consider a Bienaymé-Galton-Watson process (Zn)∞n=0 whose offspring distribution
has mean 1 + ε.
I If Z0 = 1, the probability that the process survives forever is O(ε).
I If Z0 � ε−1, the process evolves like a supercritical branching process.
I If Z0 � ε−1, the process evolves like a critical branching process.

For a particle at Ln, we have b(Ln)− d(Ln) = βnLn ≈ ρ2n/2.

If tn = O(ρn/βn), number of particles reaching Ln by time tn will be O(1/ρ2n).

Theorem (Sawyer and Fleischmann, 1979): Consider BBM started with one
particle at 0 in which each particle dies at rate 1 and splits into two particles at
rate 1. Let M be the maximum position that any particle ever attains. Then

P(M > x) ∼ 6/x2 as x →∞.

We use this result to show that, with high probability, no particle alive at time tn
is more than o(1/ρn) above Ln.



Genealogy of the population

Neher and Hallatschek (2013) argued nonrigorously that the genealogy of the
population can be described by the Bolthausen-Sznitman coalescent.

We believe that this result follows from the same ideas used for the case of BBM
with absorption by Berestycki, Berestycki, and Schweinsberg (2013).

Particles that reach L may produce enough offspring to cause multiple mergers of
ancestral lines.

Particles reach L at rate β/ρ3. Because b(L)− d(L) ≈ ρ2/2, a particle that
reaches L has probability approximately ρ2/2 to have many surviving offspring.
Therefore, the rate of events in which we see large jumps in the number of
particles is O(β/ρ).

Multiple mergers occur on the time scale ρ/β.



Returning to the original population model
In one time unit, an individual gets a Poisson(µ) number of mutations, which
increase fitness by s. The variance of the change in fitness is s2µ. In BBM, the
variance of the change in fitness in one time unit is β2, so

β = s
√
µ.

Also,

N � β1/3

ρ3
exp

(
ρ3

6β
− ρ(2β)−1/3γ1

)
,

which leads to ρ3 ∼ 2β log(N3β2). Therefore the condition ρ3/β →∞ is
equivalent to

N3s2µ→∞.
Random walk should be well approximated by Brownian motion when µ� ρ2, or

µ

s
� log(N3s2µ).

These conditions appeared in Melissa, Good, Fisher, and Desai (2021).



Further implications for population models
When these conditions hold, we conjecture that results for BBM with an
inhomogeneous branching rate carry over to the original population model.

Results for BBM should carry over to populations with deleterious mutations, or
random fitness effects.

Result for BBM that fitness of the population increases at rate βρ could imply:
I Rate of adaptation: beneficial mutations
I Muller’s ratchet: deleterious mutations
I Mutation-selection balance: both beneficial and deleterious mutations

Could be fruitful area for future work. Technical challenges:
I Random walk rather than Brownian motion.
I Fixed population size N gives less independence.
I Different behavior: jumps in the population size in the BBM model lead to

many nearly simultaneous deaths in a population of fixed size.



Summary of Lectures
For many classical population models, genealogy given by Kingman’s coalescent.

For populations with large family sizes, the genealogy may be described by a
coalescent with multiple mergers. The Beta(2− α, α) coalescent describes the
genealogy when individuals have k or more offspring with probability Ck−α.

We introduced two population models involving selection.

I Model 1: Individuals are killed when their fitness gets too low.
Can be approximated by BBM with absorption.

I Model 2: Individuals with higher fitness have more offspring.
Can be approximated by BBM with an inhomogeneous branching rate.

In both models, we can understand the fitness distribution of the population.

I Model 1: Most particles are located near the barrier at the origin.

I Model 2: The bulk of the fitness distribution is Gaussian. The tails can be
described better using the Airy function.



Summary of genealogies
The Bolthausen-Sznitman coalescent often describes the genealogy of
populations undergoing selection.

Model 1 (BBM with absorption):

I Obtained nonrigorously by Brunet, Derrida, Mueller, Munier (2006, 2007).

I Proved rigorously by Berestycki, Berestycki, and Schweinsberg (2013).

Model 2 (BBM with inhomogeneous branching rate):

I Strong selection: obtained nonrigorously by Desai, Walczak, and Fisher
(2013) and rigorously by Schweinsberg (2017).

I Weak selection, fast mutation rates: obtained nonrigorously by Neher and
Hallatschek (2013). Should follow rigorously from ideas in Roberts and
Schweinsberg (2021).

Beta coalescents may also appear, especially with semi-pushed waves (Birzu,
Hallatschek, Korolev, 2018; Cortines and Mallein, 2018; Tourniaire, 2021).


