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Introduction to Dynamics 
Nonlinear Difference and 
Differential Equations 
J acques Belair 
Leon Glass 

• 
lll 

Nonlinear dynamics is a branch of mathematics that deals with rhythms in 
nonlinear equations. There is an emphasis on qualitative aspects of dynam
ics. For example, does a particular set of equations display a steady state, 
a cycle, ora more complex rhythm? For what range of parameters are the 
rhythms stable? When the rhythms become unstable, what new rhythms 
are observed? 

From a purely mathematical perspective, nonlinear dynamics has a rich 
history with important contributions from leading mathematicians going 
back to Henri Poincare at the end of the nineteenth century. The recognition 
of the potential of nonlinear dynamics to help understand dynamics in the 
natural sciences, particularly in the biologica! sciences, has been slower to 
develop. Most strikingly in the biomedical sciences, there are still whole 
disciplines in which mathematics has a negligible impact in the training of 
students. 

This chapter focuses on introducing the main concepts of nonlinear 
dynamics in a simplified format, along with some examples to illustrate 
the applications to medicine. More complete introductions to the field of 
nonlinear dynamics can be found in a number of forums. We especially 
recommend, objectively, Kaplan and Glass (1995) for an elementary in
troduction and Strogatz (1994), Devaney (1989), and Alligood, Sauer, and 
Yorke (1997) for a more mathematically rigorous introduction. Since the 
current volume is directed toward a broad audience including individuals 
from the biologica! sciences, we introduce the main mathematical concepts 
needed in an accurate yet digestible style. 
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2.1 Main Concepts m Nonlinear Dynamics 

A number of concepts characterize the field of nonlinear dynamics. Most 
of these concepts can be associated with everyday experience, and so can 
often be appreciated with little reference to formal mathematics ( although 
there is inherent danger in taking semantic associations too seriously). The 
most important concepts are those of fixed point, oscillation, stabil
ity, bifurcation, and chaos. These concepts can be associated with an 
equation that describes the dynamics in a system, or they can refer to the 
properties of the system itself. Thus, biologica! and physical systems dis
play oscillations, as do the equations that describe the naturally occurring 
systems. 

We now give a brief description of each concept in turn. Each concept 
really describes the possible behaviors in a system. 

• Fixed point. A fixed point is a behavior that is constant in time. 
The terms steady state and equilibrium point express a similar concept 
and are sometimes used interchangeably. 

• Oscillation. An oscillation is a behavior that repeats periodically in 
time. The term cycle is synonymous and is used interchangeably. 

• Chaos. Chaos is a behavior that fluctuates irregularly in time; it is a 
behavior that is not a fixed point and not a cycle. However, not all be
havior that fluctuates irregularly in time represents chaotic behavior. 
Chaotic dynamics, as used in nonlinear dynamics, represents behav
ior that is observed in deterministic dynamical equations. Chaotic 
dynamics has the additional property that small differences in the 
initial value will grow over time, but that the dynamics will be fi
nite, and not grow indefinitely. This property is often called sensitive 
dependence on initial conditions. Because of sensitive dependence on 
initial conditions, it is impossible to make accurate long-term predic
tions about the state of the system without knowing exactly its initial 
state. Any minor uncertainty will be amplified so as to render actual 
knowledge of the state of the system impossible. In a real system (as 
opposed to an equation) it is always impossible to know the state of 
a system exactly, since there is always some measure of experimental 
uncertainty. 

• Stability. Stability is a term with many different meanings, which 
must therefore be qualified. Local stability refers to a behavior that is 
reestablished following a small perturbation. For example, if a fixed 
point or cycle is reestablished following a small perturbation, then the 
point or cycle are called (locally) stable. Global stability refers to the 
return to a cycle or fixed point following arbitrary (i.e., not necessarily 
small) perturbations. Structural stability refers to the stability of the 
dynamic features of a system, under changes to the system itself. 
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Figure 2.1. Traces showing the testing of an implantable defibrillator. The trace at 
the left shows the normal sinus rhythm. A series of shocks delivered to the heart at 
the first arrow induces ventricular fibrillation. The implantable defibrillator senses 
the abnormal rhythm and then automatically delivers a large shock, second arrow, 
that restores the normal sinus rhythm. This record illustrates the concept that the 
human heart can sustain two stable dynamically different states: the normal sinus 
rhythm and ventricular fibrillation . Tracing provided by the Harvard- Thorndike 
Cardiac Electrophysiology Laboratory, Beth Israel Deaconess Medical Center, 
Boston, MA. 

• Bifurcation. Bifurcation describes the qualitative change in dynam
ics that can be observed as the parameters in a system vary. For 
example, under variation in a parameter value, a fixed point may 
change from being stable to unstable, or a cycle might suddenly 
appear. 

These terms can all be mathematically rigorously defined, and we will 
give some illustrative examples, with mathematics, shortly. However, the 
application of the strict mathematical definitions can be difficult in the con
text of the natural sciences. In most natural systems, for example, there are 
intrinsic random fluctuations that may arise from a variety of factors such 
as random thermal fluctuations in the physical and biologica! sciences and 
random opening of channels in membranes in biology. Thus, even though it 
is often convenient to refer to fixed points and cycles in biology, invariably 
there is an intrinsic fluctuation in the behaviors that are not present in a 
deterministic mathematical model of the biologica! system. 

We illustrate these concepts with a dramatic example taken from cardi
ology. Some patients, who are at risk of dying suddenly from an abnormal 
cardiac rhythm called ventricular fibrillation, have implanted cardiac de
fibrillators. These devices detect ventricular fibrillation if it is present, and 
deliver a shock directly to the heart to reverse this dangerous rhythm and 
restore the normal rhythm called sinus rhythm. However, in order to test 
whether these devices are working, the cardiologist delivers a series of large 
electrica! shocks directly to the patient 's heart that converts the normal 
sinus rhythm to fibrillation, and then the device delivers a shock to convert 
the rhythm back to the sinus rhythm. Figure 2.1 shows an illustration. 

At the beginning of the record, the patient 's heart is in the normal sinus 
rhythm. The sinus rhythm is a locally stable cycle, since a small pertur
bation, such as a small electric shock to the heart, would leave the heart 
still in the normal sinus rhythm. It is also a structurally stable rhythm, 
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since a small change in the structure of the patient's heart, which might be 
induced, for example, by giving a drug that changes some of the electrical 
properties of the heart, or removing a small piece of heart tissue for ex
amination, would normally not change the rhythm. After the cardiologist 
delivers a series of large shocks to the heart, the cardiac rhythm is fibrilla
tion. Since this rhythm is irregular, there has been debate about whether 
this irregular rhythm is chaotic. If the fibrillation rhythm persists for a long 
time, (fortunately, this is not the case in the illustration!) then the patient 
would die, and the dynamics would not change in time. There would thus 
be a fixed point. In this example, both the normal sinus rhythm and the 
fibrillation are locally stable behaviors, but they are not reestablished after 
large perturbations. Thus a given dynamical system can have two or more 
locally stable stable behaviors, i.e., there can be bistability or multistability. 

From a dynamical point ofview, we must assume that patients who are at 
risk for sudden death have some abnormality. This anomaly in their heart 
anatomy or physiology makes it possible that some parameter change in 
the person leads to a bifurcation in the dynamics. The normal sinus rhythm 
may then no longer be locally stable and may be replaced by the abnormal 
and potentially fatal rhythm of ventricular fibrillation. One final subtlety: 
Although the sinus rhythm appears to be periodic in time and represent a 
cycle, there are usually fluctuations in the times between the normal heart 
beats, and some have claimed that these fluctuations are chaotic. 

These concepts appear in a variety of different types of equations that 
have been used to model biological systems. In this chapter we discuss two 
different types of equations, which model phenomena that are described 
using either discrete or continuous times. In the former case, the model 
takes the form of difference equations, in which the behavior of a system at 
one time is a function of the behavior at a previous time; in the latter case, 
differential equations are used to represent a system evolving continuously 
in time, under a governing rule specifying rates of change ( derivatives). 

2.2 Difference Equations in One Dimension 

A difference equation can be written as 

Xn+I = f(xn), (2.1) 

where Xn is the value of a variable x at some time n, and fis a function that 
describes the relationship between the value of x at time n and n + 1. This 
equation can be analyzed using a simple geometric interpretation, called 
the cobweb construction, which is illustrated in Figure 2.2. 

To implement this "cobweb" construction, proceed as follows. Given an 
initial condition x 0 , draw a vertical line until it intersects the graph of f: 
that height is given by XI. At this stage we may return to the horizontal axis 
and repeat the procedure to get x 2 from XI, but it is more convenient to 
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Figure 2.2. Cobweb method to iterate the quadratic map in equation (2.3). 

simply trace a horizontalline until it intersects the diagonalline Xn+l = Xn, 
and then move vertically to the curve again. The process is then iterated 
to find the subsequent points in the series. Cobweb diagrams may be useful 
in providing global geometrica! information when more analytical methods 
fail. 

We are interested in the long-term behavior of the sequence x 1 , x 2 , ... 

generated from an initial point x 0 in equation (2.1). The simplest possibility 
is that the iterates converge to a fixed point satisfying the equation x* = 

f ( x*). Fixed points are located by finding the intersection points of the 
graph of the function f with the line Xn+l = Xn. 

One important property of a fixed point is its local stability. In order 
to be locally stable, any initial condition nearby to the fixed point must 
lead to a sequence of iterates that converges to the fixed point. The local 
stability can be determined from the graph of f near the fixed point x*. 
If we replace the actual graph of f by a linear approximation, the latter 
will have as slope the derivative of the function f evaluated at x*, f'(x*). 
If we now let Yn denote the deviation of Xn from the steady-state value x*, 
Yn = Xn - x*, we must understand the behavior of the iterates of the linear 
finite-difference equation 

Yn+l = [f'(x*)]yn, (2.2) 

to see whether this difference is increasing, in which case points are being 
repelled from the steady state, or decreasing, in which case nearby points 
approach the fixed point. 

2. 2.1 Stability and Bifurcations 

The behavior in the linear approximation can be determined explic
itly, since an algebraic solution is possible. Consider equation (2.2), aud 
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compute, from an initial value y0 , 

Yl = [f'(x*)]yo, 

Y2 = [f'(x*)]YI = [J'(x*)] 2yo, ... , 

so that Yn = [J'(x*)]nYD· One can then see that if lf'(x*)l < 1, future it
erates Yn are successively closer to O, so that Xn approaches x*. On the 
contrary, if 1 f' ( x*) 1 > 1, then fu ture iterates Yn are successively bigger, 
and Xn is further away from x*. The sign of !' ( x*) can also be used to 
obtain further information in the case that the steady state is stable: If 
this sign is negative and the fixed point is stable, so that -1 < f'(x*) <O, 
then the approach to the fixed point is oscillatory; Xn alternates between 
values above and below the point x*. 

From the discussion above, we see that if the slope at a fixed point of a 
difference equation is either + 1 or -1, then it is likely that a small change 
in a parameter of the difference equation will change the stability of the 
fixed point and lead to a bifurcation of the dynamics. Several different 
bifurcations can occur. 

To illustrate bifurcations in finite-difference equations, we will consider 
the equation with f given by a quadratic function so that 

Xn+I = fLXn(1- Xn), (2.3) 

where ţL is a constant. This example is sometimes called the quadratic, or lo
gistic, map. As ţL changes, there can be qualitative changes, or bifurcations 
in the dynamics. 

Transcritical Bifurcation 

When ţL = 1, the finite-difference equation (2.3) has the unique fixed point 
x* = O, and the linearized function there has slope 1. In general, for equa
tion (2.3), the slope of the map at the fixed point x* is M(1- 2x*), and the 
fixed points are O and (M- 1) 1 ţL. For the value ţL = 1, we thus see that both 
fixed points are the same, and that f'(O) is then 1. This is a bifurcation 
point. This transcritical bifurcation, illustrated in Figure 2.3, results in an 
exchange of stability between the fixed points O and (M - 1) 1 ţL. For values 
of ţL < 1, the fixed point at O is stable, and the fixed point at (M - 1) 1 ţL is 
unstable. When ţL > 1, the fixed point at O is now unstable, and the fixed 
point at (M - 1) 1 ţL is stable. 

This bifurcation occurs when the slope of the function at the fixed point 
is 1, and some property of the finite-difference equation prevents this fixed 
point from disappearing. 

Period-Doubling Bifurcations and Chaos 

The most famous bifurcation in one-dimensional difference equations is the 
period-doubling bifurcation, which occurs when the slope of the map has 
the value -1 at a fixed point. 
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Figure 2.3. The transcritical bifurcation. 

The transition from a single steady-state to a cycle of period-two also 
occurs in the quadratic map in equation (2.3), at the value ţt = 3. This 
phenomenon is best illustrated by considering, in addition to the graph 
of f(xn), that of the second iterate, f(f(xn)) = f 2(xn), as shown in Fig
ure 2.4. A fixed point ofthe second iterate satisfies Xn+2 = Xn, and can thus 
be either a fixed point or a cycle of period-two, in which case Xn+l =f. Xn 
but Xn+2 = Xn. 

A cobweb representation of the first and second iterates indicates that as 
the steady state becomes unstable, a pair of fixed points for the second iter
ate P is horn, and thus a period-doubling bifurcation occurs. The stability 
of this new cycle can be determined as for the original map, by looking at 
the slope at the fixed point, which corresponds, in the original map, to the 
product of the slopes at the two points constituting the periodic orbit. 

To summarize, we have seen for the quadratic map equation (2.3) that: 
( i) when O < ţt < 1, the steady state O is stable; (ii) there is a transcritical 
bifurcation at ţt = 1, and the steady state (J.l-- 1) / ţt is stable for 1 < ţt < 3; 
( iii) there is a period-doubling bifurcation at ţt = 3, and a stable cycle 
of period two for ţt > 3. We do not really expect the cycle of period two 
to be stable for all values of ţt, and indeed it is not. It can be shown, by 
computing the slope of P at one point of the period-two cycle, that another 
period-doubling bifurcation takes place when ţt = 1 + J6. The period-two 
cycle becomes unstable and there is creation of a stable cycle of period 4. 

There is an infinite number of period-doubling bifurcations in equa
tion (2.3) as ţt goes from 3 to about 3.57, as shown in the bifurcation 
diagram of Figure 2.5. 

This diagram is obtained by iterating numerically, for each value of ţt, 
equation (2.3) and displaying a number of points from the sequence of 
iterates at this value of ţt. The "clouds" visible for values of ţt above 3.57 
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Figure 2.4. Convergence to a stable fixed point (left) before the period-doubling 
bifurcation, and to a period-two cycle (right) after the period-doubling bifurca
tion. In each illustration, the function f is displayed in panel A, and its second 
iterate is displayed in panel B. 

correspond to the absence of a stable cycle. There exist values of ţL for 
which all the iterates of some initial points remain in the interval (0, 1), 
and the iterates do not converge to any finite cycle. The equation displays 
chaos (Feigenbaum 1980). 

The quantitative measure of this sensitive dependence on initial condi
tions is the Lyapunov exponent Â of an orbit starting at the initial point 
x 0 , which is defined as 

Â = lim [_!_ ~ lnlf'(xi)ll, 
n--+oo n ~ 

i=O 
(2.4) 

and essentially corresponds to the average slope of the cycle starting at 
the point x 0 . When Â is negative, that average slope is less than 1, so the 
dynamics are stable, whereas for positive Lyapunov exponent, the distance 
between neighboring points grows exponentially. 
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Figure 2.5. Bifurcation diagram for the quadratic map. 

A word of caution is in order in interpreting the bifurcation diagram 
of the quadratic map. For values of J.L slightly above 3.83, one can see a 
stable cycle of period three that attracts almost ali initial conditions. An 
initial point x0 taken at random in the interval (0, 1) will almost certainly 
converge to this cycle. So why did Li and Yorke (1975) claim "Period three 
implies chaos?" (Li and Yorke 1975). 

The answer lies in the definition of chaos. For Li and Yorke, chaos meant 
an infinite number of cycles, and also an uncountable number of points that 
do not converge to any of these cycles. That definition does not involve the 
stability of the cycles. As is seen in this periodic window, it is possible 
for the only observable cycle to be a stable cycle, even though some initial 
conditions may be associated with unstable fixed points or cycles. 

This example shows that one must pay attention to definitions. The 
most common and relevant definition of chaos for applications involves the 
sensitive dependence on initial conditions, i.e., positivity of Lyapunov expo
nents. However, this definition is difficult to implement in the investigation 
of experimental systems, since it is applicable only to deterministic sys
tems. As mentioned at the beginning of this chapter, biologica! systems in 
particular are in most cases not described entirely accurately by determin
istic systems of equations (the modeling process involving a simplification 
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procedure of some sort). Consequently, a determination of a positive Lya
punov exponent cannot be taken as definite evidence for chaotic dynamics 
in an experimental system. 

As an example, consider the effects of periodic stimulation on a spatially 
homogeneous excitable aggregate of cells from embryonic chick heart that 
is not spontaneously beating (Guevara, Ward, Shrier, and Glass 1984). In 
this preparation, electrica! stimulations are applied at regular time intervals 
t 8 , and an excitation of duration APD is observed. Figure 2.6 shows the 
response at two different frequencies of stimulation. In this system, the 
action-potential duration can be obtained as a function of the previous 
action-potential duration. We can graph the duration of the ( n+ l)st action
potential, APDn+l, as a function of APDn as shown in Figure 2. 7. There 
is alternation between two different values of the action-potential duration, 
and an unstable fixed point between the two values, with slope greater than 
one. 

1 :1 

2:2 

Figure 2.6. Intracellular recording of transmembrane potential from a periodically 
stimulated quiescent heart-cell aggregate. In the upper trace, the period of the 
stimulation is 300 msec, and in the lower trace it is 180 msec. From Guevara, 
Ward, Shrier, and Glass (1984). 

Saddle-Node Bifurcation 

Another bifurcation in finite-difference equations is the saddle-node bifur
cation. This bifurcation occurs when two fixed points, one stable and one 
unstable, coalesce and annihilate one another in a saddle-node bifurcation, 
sometimes called the tangent bifurcation. 
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Figure 2. 7. Cobweb diagram for the iteration of APDn when heart cell aggregates 
are stimulated with a period 170 msec. There is a stable cycle with APD alternat
ing between 94 msec and 156 msec, and a stable steady state with AP D = 187 
msec. From Guevara, Ward, Shrier, and Glass (1984). 

This bifurcation can be illustrated in the following modification of the 
quadratic map, 

Xn+l = C + JLXn(1- Xn), JL > O. (2.5) 

When c = O, this is the quadratic map. 
To illustrate the saddle-node bifurcation, we consider what happens as c 

decreases from O, for ţ.t = 3. The fixed points are given by 

* 1±Jf+c 
X = 3 . (2.6) 

Figure 2.8 shows the values of the fixed points as a function of c. As c 
passes through -1, the two bifurcation points coalesce and annihilate each 
other: for c < -1, there are no fixed points. In this case, the dynamics 
would approach -oo under iterations. 

2.3 Ordinary Differential Equations 

Many biologica! systems are best suited to a representation in continuous 
time, so that they can be described at any instant and not just at isolated 
times as in difference equations. In addition, realistic systems involve the 
interaction of several variables. Depending on the setting, these variables 
may represent, for example, animal species, ionic currents, different types 
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c 

Figure 2.8. The saddle-node or tangent bifurcation. The fixed points in 
equation (2.5) as a function of c. 

of circulating blood cells, or drug concentrations in different body com
partments. The dynamics in these systems are often well approximated at 
first by ordinary differential equations that define the rates of change of 
the variables in terms of the current state. In the physical sciences, there is 
strong emphasis on analytic computation of the dynamics as a function of 
time. Our approach is more geometric. In biology, we start with the knowl
edge that any equation is an approximation of the real system. Further, the 
qualitative features of the dynamics, whether there are steady states, cy
cles, or chaos, are the most compelling aspects of the experimental setting. 
Therefore, in the analysis of biologica! systems, there is often a strong em
phasis on adopting a geometric approach to investigate qualitative aspects 
of the dynamics. 

2. 3.1 One-Dimensional N onlinear Differential Equations 
First consider a nonlinear differential equation with one variable, 

dx 
dt = f(x). (2.7) 

This equation contains a derivative, and we assume that f(x) is a single
valued nonlinear function. 

The global flow of equation (2.7) can be determined from a graphical 
representation of the function f on its right-hand side. We consider, nev
ertheless, a construction that will become essential in higher-dimensional 
systems, namely, the approximation of the full equation in (2. 7) by a linear 
equation. 

We replace the function f(x) on the right-hand side of equation (2.7) by 
a linear function. Consider values of x close to a fixed point x*. If we let 
X(t) = x(t) - x*, the slope at the fixed point is given by the derivative 
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f' ( x*), and the linear approximation becomes 

d: = [J'(x*)] X= a X, (2.8) 

where a= f'(x*). 
Equation (2.8) is an example of a linear differential equation. In most 

cases, such equations have exponential functions as their solution. Con
sequently, the general form of a solution of equation (2.8) is K eat. This 
last function decreases to O, in absolute value, when a < O, and becomes 
unbounded when a > O. The fixed point x* is thus locally stable when 
f'(x*) <O, and locally unstable when f'(x*) >O. 

We illustrate a one-dimensional differential equation with a simple model 
for drug administration (Glantz 1979). 

i { ~ass) 
t1me 

k {~ass) 
q t1me 

Figure 2.9. One-compartment description for drug distribution and metabolism. 

Consider the one-compartment description for drug distribution and 
metabolism illustrated in Figure 2.9. In this representation, we assume 
that a drug is infused at a constant rate i into a compartment (organ or 
system) of constant volume V, and that it is removed ata constant rate kq, 
where q is the quantity of drug in the compartment. Under homogeneity of 
distribution of material in the compartment, it is possible to derive, from 
the conservation principle, the governing equation for the concentration 
c = qjV of drug in the compartment as 

de i 
dt = V - kc . (2.9) 

This equation states that the rate of change of the concentration c as a 
function of time is the difference between the intake i/V and the removal 
kc. A fixed-point solution c* of equation (2.9) satisfies c* = i/kV. The 
right-hand side of equation (2.9) has a derivative (with respect to c) that 
is the negative constant -k. The steady state c* is stable, and in fact, the 
monotonicity of the decreasing function (i/V) - kc implies that this sta
tionary solution attracts all solutions of equation (2.9). The time evolution 
of the concentration c(t) = (i/kV)(1- e-kt) is illustrated in Figure 2.10. 

For an arbitrary nonlinear function f(x), it might be difficult or impos
sible to determine a solution analytically. However, if we can draw a graph 
of f(x), then we can determine important qualitative features of the dy-



22 Belair and Gla.ss 

i 
kV 

~ 
c 
o 
~ -c 
Q) 
(.) 
c o 
(.) 

Time (t) 

Figure 2.10. Drug distribution evolution in the one-compartment model. 

namics. For example, any point for which f(x) =O is a fixed point. A fixed 
point will be unstable if the slope of f(x) is positive, and a fixed point will 
be stable if the slope of f(x) at the fixed point is negative. 

In one-dimensional nonlinear differential equations, the derivative always 
depends on the current value of the variable. If the derivative is positive, 
then the variable will monotonically increase until a fixed point is reached, 
or until the variable approaches infinity. If the derivative is negative, then 
the variable will decrease until a fixed point is reached, or until the variable 
approaches negative infinity. Neither oscillations nor chaos are possible: 
more variables or time delays are needed to observe these types of dynamics 
in nonlinear differential equations. 

2. 3. 2 Two-Dimensional Differential Equations 
Two-dimensional nonlinear ordinary differential equations are written in 
the form 

dx 
dt = f(x,y), 

dy 
dt = g(x,y), (2.10) 

where f(x, y) and g(x, y) are functions of x and y which may be nonlinear. 
In a fashion similar to the analysis of stability in one-dimensional ordi

nary differential equations, we analyze the dynamics of equation (2.10) 
in a neighborhood of a fixed point at (x*, y*). By definition, a fixed 
point (x*, y*) satisfies f(x*, y*) = g(x*, y*) = O in equation (2.10). We 
carry out an expansion of the nonlinear functions f(x, y) and g(x, y) in a 
neighborhood of (x*, y*). The Taylor expansion of a function f(x, y) is 

f(x, y) = f(x*, y*) + ~~ 1 (x- x*) + ~~ 1 (y- y*) + · · · , (2.11) 
X x*,y* Y x*,y* 
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where the dots represent terms with higher-order derivatives. If we now 
make the change of variables 

X = x - x*, Y = y - y*, (2.12) 

so that X and Y denote the deviations of the solutions from the steady 
state, we can expand equation (2.10) to obtain 

dX 
-=AX+BY+··· dt , 
dY dt =CX +DY+···, (2.13) 

where 

A= q_tl B = q_tl 
ax x*,y*' 8y x*,y*' 

c- !!.9.1 D- !!.9.1 
- ax x"',y*' - ay x*,y*. 

(2.14) 

Equation (2.13) can be written in matrix form as 

(2.15) 

Suppose we could define two variables, ~ and ry, such that for some constants 
a, (3, 'Y and 8, 

and such that 

X= a~+ (Jry, 

Y = 'Y~ + ory, (2.16) 

(2.17) 

This equation is much easier to solve because it is two uncoupled equations 

~ = A1~ and ~ = A2'TJ, 

each of which is one-dimensional. From the previous section, we know that 
these two equations have the solution ~(t) = K~e>-1 t and ry(t) = K1Je>.2t. 

Now it would be easy to find X(t) and Y(t) simply by applying (2.16). The 
problem of finding ~ and rJ that satisfy equations (2.16) and (2.17) is well 
known in linear algebra as the eigenvalue problem. It involves solving the 
equation 

1 
A-A B 1 det C D _A =O, (2.18) 

where det denotes the determinant of the matrix. The determinant of a 
matrix with 2 rows and 2 columns is defined by 

det 1 ~ ~ 1 = ad - bc. 
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Equation (2.18) is called the characteristic equation. Computing the 
determinant in (2.18) yields 

>.2 - (A+ D)>. + (AD- BC) =O, (2.19) 

which is equivalent to equation (2. 1 8). This equation will have two solutions 
given by 

A+D J(A-D)2+4BC 
>.1 = --2- + 2 ' 

>.2 = A+D _ J(A-D)2+4BC_ 
2 2 

The roots of the characteristic equation are called the characteristic roots, 
or eigenvalues. 

The solutions of equation (2.15) are given by 

X(t) = K 1e>-. 1 t + K 2 e>-.2 t, 

Y(t) = K3e>-. 1 t + K 4 e>-. 2 t, (2.20) 

where K 1 , K 2 , K 3 , and K 4 are constants that are typically set by the initial 
conditions. 

In equation (2.10) therc are two variables. One way to display the solu
tions is to plot the values of x and y as a function of time. A different way 
to display the solution is to consider time an implicit variable and to plot 
the evolution of x and y in the (x, y) plane. The (x, y) plane is called the 
state space or phase plane. Starting at some initial condition, x(O), y(O), the 
equations determine a path or trajectory. The trajectories defined by equa
tion (2.10) have distinctive geometries in a neighborhood of fixed points. 
These geometric features are classified by the linearized equations. 

The classification is illustrated in Figure 2.11, where the vertical axis is 
the determinant (AD- BC), while the horizontal axis is the trace (A+ D) 
of the matrix in equation (2.15). The insets in the figure are schematic 
illustrations of the phase plane portraits of the flows in a neighborhood of 
the fixed points. 

There are three types of flows: 

• Focus. (A- D) 2 + 4BC <O. The eigenvalues are complex numbers. 
The flow winds around the fixed point in a spiral. The size of the 
imaginary part tells how fast the winding occurs. The real part is 
AţD. lf AţD < O, the focus is stable, and if AţD > O, the focus is 
unstable. The special case where AţD =O is called a center. 

• Node. (A- D) 2 + 4BC >O and IA+ Dl > IJ(A- D) 2 + 4BCI. 
The eigenvalues are both real and of the same sign. If AţD < O, the 
node is stable, and if AţD > O, the node is unstable. 
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Figure 2.11. Qualitative behavior of two-dimensionallinear systems of ordinary 
differential equations. The vertical axis is the determinant, while the horizontal 
axis is the trace of the matrix in equation (2.15). From Edelstein-Keshet (1988). 

• Saddle point. (A-D) 2+4BC >O and JA + Dj < IJ(A- D) 2 + 4BC,. 
In this case, the eigenvalues are both real, but with different signs. 

Glucose tolerance test 

We illustrate the dynamics in two-dimensional ordinary differential equa
tions by considering the glucose tolerance test. Diabetes mellitus is a disease 
of metabolism that is characterized by too much sugar (glucose) in the 
blood and urine. A diabetic's body is unable to burn off its carbohy
drates because of an insufficient, or ineffective, supply of insulin. Diabetes 
is quite complicated, since it involves a number of interacting hormones 
and systems of the organism. 

A common diagnostic technique to determine whether an individual has 
a problem controlling the blood sugar level is the oral glucose tolerance 
test (American Diabetes Association 1995). This test consists in having a 
patient who has fasted for 10 hours ingest 75 g of glucose. Blood samples 
are collected before the oral administration, and then at 30-minute intervals 
for two hours (Figure 2.12). The plasma glucose value taken before the test, 
the fasting value, is considered to be the basal value for the patient. 
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Figure 2.12. Plasma glucose levels during the oral glucose tolerance test. Average 
concentration from 11 subjects. From Breda, Cavaghan, Toffolo, Polonsky, and 
Cobelli. (2001). 

The glucose-insulin interaction in the blood during this test has been 
modeled by Ackerman, Gatewood, Rosevar, and Molnar (1969) by the 
equations 

dg 
dt = -m1g - m2h, 

dh 
dt = m4g- m3h, (2.21) 

where g is the displacement of the plasma glucose from its basal value, h is 
the displacement of insulin from its basal value, and m 1 , m 2 , m 3 , and m 4 
are positive constants. The glucose displacement g(t) satisfies, under this 
assumption, a second-order linear equation, whose characteristic equation 
is given by 

(2.22) 

with roots 

(2.23) 

Since ( m3 - mi) 2 + 4m2m 4 > O, both characteristic roots are real. Further
more, the null solution is stable, since m 1 + m3 > O. This is consistent with 
a return to basal value after the initial ingestion. We display in Figure 2.13 
the solution g(t) = c1e.\1 t + c2 e.\zt for one particular combination of the 
constants c1 and c2. 

2. 3. 3 Three-Dimensional Ordinary Differential Equations 
The techniques of the previous sections can be generalized to systems of 
three or more dimensions: an n-dimensional system of first-order ordinary 
differential equations can be derived from a Taylor series expansion in a 
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Figure 2.13. A solution g(t) to equation (2.21). The initial conditions are g(O) =O 
and g'(O) >O. 

neighborhood of a fixed point, in which case the associated linear system 
will have a Jacobian matrix as matrix of coefficients. The classification 
of the type and stability of fixed points is not as clean and elegant as in 
the case of two-dimensional systems, and, of course, phase spaces of high 
dimension are difficult to represent graphically! The matrix approach is 
necessary in these cases to carry out a systematic investigation. 

For the systems of dimension three, 

dx 
dt = f(x, y, z), 

dy 
dt = g(x, y, z), (2.24) 

dy 
dt = h(x,y,z), 

there will be three eigenvalues to characterize the stability of a fixed point, 
corresponding to three roots of a cubic polynomial, which is given as the 
determinant of a matrix. Depending on these roots, and whether they are 
complex or not, we obtain phase space representations for linear systems 
close to the steady state. The latter is stable when the real parts of all 
three roots ..\1, ..\z, and >.3 are negative. 

2.4 Limit Cycles and the Hopf Bifurcation 

Although it is extremely useful to understand the stability of fixed points 
and the geometric structure of the ftows in a neighborhood of fixed points, 
this still leaves open the question of the nature of the dynamics away from 
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the fixed points. Of course, one possibility is that the dynamics will always 
approach a stable fixed point in the limit t ~ oo. However, other behaviors 
are also possible. 

In Figure 2.1 we showed a normal sinus rhythm. From a perspective of 
nonlinear dynamics, such a rhythm would be associated with a stable limit 
cycle oscillation. A stable limit cycle oscillation is a cycle that is approached 
in the limit at t ~ oo for all points in a neighborhood of the cycle. Luckily, 
the normal small perturbations to the heart (rather than the large one 
illustrated in Figure 2.1) would not change the qualitative features of the 
dynamics, so that the sinus rhythm would be stably maintained. 

To illustrate some of the important concepts associated with limit cycles, 
we consider two-dimensional ordinary differential equations in a polar co
ordinate system where r is the distance from the origin and cjJ is the angular 
coordinate. Consider the equations 

dr 
dt = f(r,p,), 

dep 
dt = 27f' 

(2.25) 

where f(r, p,) is a nonlinear function that depends on a parameter p,. Since 
dc/J/dt is constant, any fixed point of the function f(r, p,) would correspond 
to a limit cycle. It follows from the properties of one-dimensional differential 
equations that in equation (2.25) a stable fixed point of f(r, p,) corresponds 
to a stable limit cycle, and an unstable fixed point of f(r, p,) corresponds to 
an unstable limit cycle. Consequently, changes in the number or stability of 
the fixed points of f(r, p,) would lead to changes in the number and stability 
of limit cycle oscillations in equation (2.25). 

We illustrate these concepts with a prototypical example. First assume 
that 

(2.26) 

If p, < O, there is one stable fixed point of f(r, p,) at r = O, whereas for 
p, > O, there is an unstable fixed point of f(r, p,) at r =O, and a stable fixed 
point of f(r, p,) at r = y7i (remember that in a polar coordinate system 
the radial coordinate r corresponds to the distance of a point from the 
origin and is always taken to be positive). The phase plane portrait of the 
dynamics is shown in Figure 2.14(a). 

If p, increases from negative to positive, a stable limit cycle will be horn 
as p, crosses O. The amplitude ofthe limit cycle is shown in Figure 2.14(b). 
This is called a supercritical Hopf bifurcation, and it reftects one of the 
classic ways in which limit cycles can gain their stability. 

A different scenario for generating a limit cycle, albeit an unstable limit 
cycle, occurs when 

(2.27) 
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Figure 2.14. Supercritical Hopf bifurcation. (a) Phase plane representation of 
the dynamics in equation (2.25) with f(r) defined in equation (2.26). (b) The 
amplitude of the limit cycles, where the solid curve corresponds to the stable 
solutions and the dashed curve refers to the unstable solutions. From Glass and 
Mackey (1988). 

Application of the methods of this chapter shows that for J.L > O there is 
a single stable fixed point at r = O, and for J.L < O there is a single unstable 
fixed point at r = O and an unstable limit cycle with an amplitude of 
r = FJJ,. This scenario is called the subcritical Hopf bifurcation. This 
bifurcation is often associated with the appearance of a large-amplitude 
stable limit cycle oscillation (see Section 3.5.3). 

2.5 Time-Delay Differential Equations 

Another mathematical formulation is sometimes useful to describe physi
ological systems in continuous time, especially when the regulated process 
involves a number of well-defined stages, and the modeled variable is the 
end of these stages. The system thus depends on its history, and such sys-
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tems are sometimes called hereditary. We employ the more common term 
delay differential equation. In the current volume, we use delay differential 
equations in the models for control of blood cell production, Chapter 8, 
and pupil dynamics, Chapter 9. Here we give an introduction to some of 
the basic properties of delay differential equations. 

As an example, consider the equation, with t denoting time, 

dx 
dt = j(x(t- T))- "(X(t), (2.28) 

in which the rate of evolution of a quantity x depends not only on its current 
value x( t), but also on its value at some time ( called the time delay) T in 
the past, x(t- T). In equation (2.28), 'Y is a decay constant and f is a 
nonlinear function. In contrast to ordinary differential equations, for which 
we need only to specify an initial condition as a particular point in the 
phase space for a given time, for delay differential equations we have to 
specify an initial condition in the form of a function defined for a period 
of time equal to the duration of the time delay, usually for the interval 
-T :S: t' :S: 0. 

The differential delay equation in (2.28) is an infinite-dimensional system, 
since the function that specifies the initial value requires an infinite number 
of points to specify it. Consequently, delay differential equations can have 
oscillatory and chaotic dynamic behaviors. 

The most elementary technique to investigate delay differential equations 
involves local stability analysis of a fixed point. Notice that equation (2.28) 
has a fixed point x* at values for which f(x*) = "fX*, independently of 
the value of T. A Taylor series expansion similar to the one performed 
in the previous sections for finite-difference and differential equations can 
also be computed close to this stationary solution (see Exercise 9.7-1). One 
technical difference worth mentioning is that since the system is infinite
dimensional, there will be an infinite number of eigenvalues in the linearized 
equation. Conditions can also be given for the emergence of a periodic 
solution when a stationary solution becomes unstable, so that a Hopf bi
furcation can be established in the context of delay differential equations. 
Also in some situations, the right-hand side of the equation can be given as 
a piecewise linear function, and this can allow determination of an analytic 
solution (Glass and Mackey 1979). 

In order to illustrate the properties of time-delay equations, we consider 
two different forms for the nonlinear control function (Mackey and Glass 
1977). Assume that the nonlinear function is a monotonically decreasing 
function, 

dx {3em 
dt = x(t- T)m + em -"(X, (2.29) 

where m and e are constants. Then the dynamics will either approach 
a fixed point, or show a stable limit cycle oscillation (Mackey and Glass 
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1977). For example, in Figure 2.15a, we show a stable limit cycle for the 
parameters f3 = 2, () = 1, 1 = 1, m = 10, T = 2. In contrast, if the 
nonlinear function is a single-humped function, 

dx f30mx(t- r) 
dt = x(t- r)m + ()m -/X, (2.30) 

then for the same parameters, the dynamics are chaotic; Figure 2.16a 
(Mackey and Glass 1977). 

In the initial analyses of this delay differential equation carried out in 
1977, Michael Mackey and one of us (Leon Glass) plotted out the time 
series using a time-delayed embedding by plotting x(t- r) as a function of 
x(t) for different values of the parameters. Figure 2.15b shows a time-delay 
embedding for the limit cycle oscillation, and 2.16b for the chaotic time 
series. When looking at these time-delay embedding plots, the presence of 
loops in the time-delayed representation of a limit cycle with one set of 
parameter values often heralded the appearance of chaotic dynamics for 
some not too different set of parameter values. 

There is an interesting sidelight to this use of time-delayed embeddings in 
nonlinear dynamics. In a New York Academy of Sciences meeting in Novem
ber 1977, one of us (Leon Glass) presented a sequence of time-delayed 
embeddings for equation (2.30), showing a period doubling bifurcation 
sequence. At the same meeting, David Ruelle made some interesting sugges
tions to Glass concerning the possibility of examining the Poincare map (see 
next section) along a line transverse to the trajectories. The proceedings 
of the meeting eventually appeared in 1979, showing the same sequence 
of time-delayed embeddings that had been presented at the meeting. In 
1980, Norman Packard and colleagues used an embedding in which the 
derivative of a variable is plotted as a function of the variable (Packard, 
Crutchfield, Farmer, and Shaw 1980). They also mention the possibility of 
using time-delayed embeddings to extract geometry from a time series. In 
1982, Doyne Farmer developed in great detail the use of time-delay em
beddings, using as an example the current delay equation (Farmer 1982). 
In this work, Farmer called this equation the Mackey-Glass equation, and 
introduced its interesting properties to a broad audience. 

2.6 The Poincare Map 

So far we have discussed the dynamics in difference equations and differ
ential equations as distinct topics. However, the analysis of the dynamics 
in differential equations can often be facilitated by analyzing a difference 
equation that captures the qualitative features of the differential equation. 

One way to do this would be to consider the dynamics in a neighbor
hood of a (stable or unstable) cycle in a differential equation. To make 
visualization easier, we assume that there is a cycle in a three-dimensional 
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Figure 2.15. Limit cycle oscillation in a time delayed negative feedback system, 
equation (2.29) with {3 = 2, B = 1, Î = 1, m = 10, and T = 2. Time-delayed 
embedding of the time series in the left-hand panel. Thanks to S. Bernard for 
generating this figure. 
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Figure 2.16. Chaotic dynamics with single-humped feedback equation (2.30) with 
{3 = 2, B = 1, Î = 1, m = 10, and T = 2. Time-delayed embedding of t he time 
series in the left-hand panel. Thanks to S. Bernard for generating this figure. 

differential equation. Imagine a two-dimensional plane that cuts across the 
cycle. Consider the point where the cycle cuts through the plane. After 
integrating the differential equation for a length of time that is equal to 
the period of the cycle, the point will once again return to the intersection 
of the cycle and the plane. Consider, however, other points in the plane 
in a neighborhood of the cycle. Assume that when the equations of mo
tion are integrated, each of these points returns to the plane and that ali 
trajectories transversely cross the plane. 

2 

1.4 
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Take the intersection of the cycle and the plane as the origin and assume 
that the coordinates of a point in a neighborhood of the cycle are (xo, Yo). 
Then when the equation is integrated, the point (x0 , y0 ) will return to the 
cross-sectional plane at coordinates (x1 ,y1); Figure 2.17. More generally, 
we have the two-dimensional difference equation 

Xn+l = f(xn, Yn), 

Yn+l = g(xn, Yn), (2.31) 

where f(xn, Yn) and g(xn, Yn) are nonlinear functions. In general, a function 
that maps a hyperplane that is transverse to a fiow back to itself under the 
action of the fiow is called a Poincare map. From the construction, it is 
clear that fixed points of the Poincare map correspond to limit cycles in 
the associated differential equation, and consequently, an analysis of the 
stability of the fixed points of the Poincare map might be an important 
step in the analysis of the dynamics of a differential equation. 

Figure 2.17. Illustration of the Poincare map. 

The stability of fixed points in equation (2.31) follows along the same 
procedures that have been carried out earlier in this chapter, and so we will 
not repeat them in detail here. Briefiy, to carry out the stability analysis, 
there are three steps: (i) Solve for the fixed points; (ii) in a neighborhood of 
each fixed point, determine the linearized difference equation; and (iii) de
termine the eigenvalues of the linearized difference equation. In the case of 
the Poincare map, the eigenvalues are also sometimes called by the unlikely 
term Floquet multipliers. Since this is a map, the fixed point will be stable 
if all the eigenvalues are within the unit circle, and it will be unstable other
wise. If both eigenvalues are real and one is inside the unit circle and one is 
outside the unit circle, then the fixed point is called a saddle point. If both 
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eigenvalues are real and both are either inside or outside the unit circle, 
then the fixed point is called a node. On the other hand, if the eigenvalues 
are complex, then the fixed point is called a focus if eigenvalues lie outside 
the unit circle, and a center if the eigenvalues lie on the unit circle. 

One point of caution. The terms node, focus, saddle point, and center are 
also used to describe thc geometry of fixed points in differential equations. 
Indeed, an integration of equation (2.10) using the Euler method, starting 
from an initial condition (xo, Yo) for a time interval D..t, gives (x1, Yl) = 
(xo+ f(x, y)D..t, Yo+g(x, y)D..t). Thus, a nonlinear two-dimensional map can 
emerge naturally from a two-dimensional nonlinear differential equation. 
The computer exercise in Section 2.9 should help you to understand the 
geometric features of fixed points in maps and differential equations in two 
dimensions. 

Just as one-dimensional difference equations are more complex than one
dimensional differential equations, the two-dimensional difference equations 
are much more complex than the two-dimensional differential equations, 
and we will not cover their remarkable properties, but see Devaney (1989) 
for an excellent introduction to this topic. 

2. 7 Conclusions 

This chapter introduces the concepts of nonlinear dynamics and gives ap
plications to physiological dynamics. The main types of dynamics are fixed 
points, cycles, and chaotic dynamics. These types of behaviors can be found 
in difference equations, ordinary differential equations, and delay differ
ential equations. In a neighborhood of fixed points, dynamical equations 
can be approximated by linear equations. The eigenvalues of the linear 
equations give information about the stability of the fixed points in the 
original equations. It is generally impossible to know the exact equations 
of any physiological system. Consequently, in the development of math
ematical models for physiological systems, it is often important that the 
main qualitative features of the physiological system be preserved in the 
mathematical model. The methods of nonlinear dynamics deal with these 
matters, so there is a close link between the physiological approach and the 
mathematical approach. 

2.8 Computer Exercises: Iterating Finite-Difference 
Equations 

These exercises introduce you to the iteration of finite-difference equations, 
or "maps." The particular map studied will be the quadratic map: 

Xn+l = J-L(l- Xn)Xn· (2.32) 
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Software 

There are 4 Matlab* programs: 

fditer(function, xzero, mu, niter) This program iterates the map spec
ified in function. There are three additional arguments: xzero is the 
initial condition; mu is the bifurcation parameter J.L; and niter is the 
number of iterations. The output is a vector y of length niter con
taining the iterated values. For example, to iterate 100 times the 
quadratic map, with J.L = 4 starting at x0 = 0.1: 

y = fditer( 'quadmap' ,0.1,4,100); 

testper(y,epsilon,maxper) This program determines whether there is 
a periodic orbit in the sequence given by the vector y whose period is 
less than or equal to maxper. The convergence criterion is that two 
iterates of y are closer than epsilon. The output is the period per. 
If no convergence is found the output is -1. 

bifurc(function, mubegin,muend) This program plots the bifurcation 
diagram for the specified map, using 100 steps of the bifurcation 
parameter J.L between mubegin and muend. 

cobweb(function, xzero,mu,niter) This program iterates the specified 
finite-difference equation and displays the cobweb diagram. There are 
four arguments: function is the name of the map to use ( enclosed 
in single quotes); xzero is the initial condition; mu is the parame
ter; niter is the number of iterations for which you will display the 
cobweb. 

Although for the present we will be using only the quadratic map (im
plemented in the Matlab function 'quadmap', other maps are available 
(e.g., 'sinemap', 'tentmap'), and additional ones can easily be written 
by you following the template of 'quadmap'. 

H ow to Run the Programs 

The following steps give an illustrative example of how to run these 
programs. 

• To generate 100 iterations of the quadratic map with an initial 
condition of x 1 = 0.5, J.L = 3.973, type 

y=fditer('quadmap' ,0.5,3.973,100); 

• To plot the time series from this iteration, type 

plot(y, '+'); 

*See Introduction to Matlab in Appendix B. 
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• To determine whether there is a period of length less than or equal 
to 20 with a convergence of 0.00001 of the time series y, type 

per=testper(y,.00001,20); 

In this case there is no period, and the program returns per= -1. 
If a value ţL = 3.2 had been used to generate the time series in the 
quadratic program, the program testperiod returns a value of per= 
2. 

• To plot a cobweb diagram for the quadratic map with an initial 
condition of xzero=0.3 and ţL = 3.825 with 12 steps, type 

cobweb('quadmap' ,0.3,3.825,12); 

Exercises 

Ex. 2.8-1. Feigenbaum's number. This exercise asks you to determine 
Feigenbaum's number. 

Feigenbaum's number is defined as follows. Call ~n the range of ţL 
values that give a period-n orbit. Then Feigenbaum found that in a 
sequence of period-doubling bifurcations, 

Iim ~n = 4.6692 .... 
n-+oo L.l.2n 

The constant 4.6692 ... is now called Feigenbaum's number. 

According to Feigenbaum, he initially discovered this number by car
rying out numerica! iterations on a hand calculator. As the period 
of the cycle gets longer, the range of parameter values over which a 
given period is found gets smaller. Therefore, it is necessary to think 
carefully about what is involved in the calculation. 

Try to numerically compute 

~8 
~16. 

You will want to vary ţL over a range of values and to determine the 
value of ţL where the period changes. It may be useful to make use of 
some of the programs above. In order to do this exercise, you need to 
be aware that the actual parameter value numerically determined for 
the bifurcation points will depend on the number of iterations you 
have selected and the convergence criterion. Therefore, the numeri
cally determined value of Feigenbaum's number will depend on the 
parameters in your test programs. 
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There are other period-doubling sequences for this map. For example, 
when ţL = 3.83 there is a period-3 orbit. Compute the ratio 

~3 ~6 
~6, ~12, ... 

as J.L is increased from 3.83. Does Feigenbaum's number also appear 
in this period-doubling sequence? 

Ex. 2.8-2. Universal sequence of the quadratic map. The purpose of 
this exercise is to compute the sequence of periodic orbits encoun
tered as J.L is increased. 

Try to find all ranges of J.L that give periodic orbits up to period 6. As 
J.L is increased you should be able to find windows that give periodic 
orbits in the sequence 1, 2, 4, 6, 5, 3, 6, 5, 6, 4, 6, 5, 6. Note: The win
dow giving a particular periodic orbit is not necessarily adjacent to 
the window giving the next periodic orbit in the series. You will need 
to increment J.L in very small steps to find the different periodic orbits. 

The sequence of periodic orbits is called the universal sequence. It is 
the same for all maps with a quadratic maximum and a single hump. 

Ex. 2.8-3. Single-humped sine map. The behaviors found for the 
quadratic map here are also found in other simple maps, complicated 
equations, and a variety of experimental systems. It is this univer
sal behavior that has attracted the attention of physicists and others. 

You can use the programs to carry out similar computations for the 
single-humped sine map 

(2.33) 

where O < J.L < 1, which is implemented in Matlab as sinemap. 

2.9 Computer Exercises: Geometry of Fixed Points 
in Two-Dimensional Maps 

This set of exercises enables you to generate correlated random dot pat
terns. These exercises are based on observations made in Glass (1969) and 
Glass and Perez (1973). These papers deal with the patterns that are gen
erated by superimposing a random set of dots on itself following a linear 
transformation on the original set of dots. This is equivalent to selecting 
a set of random points and then transforming them by a two-dimensional 
map. 
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The programs show a random pattern of 400 dots superimposed on itself 
following a rescaling a in the x-coordinate, b in the y-coordinate, and a 
rotation by the angle 8. There is a fixed point at x = y =O. 

This transformation is given by the equations 

Xn+l = axn cos O- byn sin O, 
Yn+l = axn sin O+ byn cos O. 

The eigenvalues of this map are given by 

A _ (a+ b) cos O± y'(a- b)2- (a+ b)2 sin O 
±- 2 ' 

(2.34) 

(2.35) 

(2.36) 

The eigenvalues of this map reflect the geometry of the map at the fixed 
point at x = y = O. If the eigenvalues are complex numbers, the fixed point 
is a focus; if the eigenvalues are real and are both inside or outside the unit 
circle, the fixed point is a node; if the eigenvalues are real and one is inside 
the unit circle and the other is outside the unit circle, the fixed point is a 
saddle. If the eigenvalues are pure imaginary, the fixed point is a center. 

Software 

There is one Matlabt program: 

dots(a,b,thetam,numb). This program generates 400 random dots and 
numb iterates of each of these dots using the transformation above. 
(Use 4 iterates for better visualization, but a single iterate can also 
suffice. To see just the random dots, with no iterates, use O for numb.) 
The program dots plots the random dots and their iterates, and 
calculates the eigenvalues of the transformation, which are printed 
underneath the figure. 

H ow to Run the Program 

To display a plot with a= 0.95, b = 1.05, and (} = 0.4/7r, type 

dots(0.95,1.05,0.4/pi,4); 

Exercises 

Ex. 2.9-1. Parameter values to give centers, focuses, nodes, and 
saddles. You may wish to see what happens for particular values 
of the parameters. Try to find parameters that give centers, focuses, 
nodes, and saddles. 

tsee Introduction to Matlab in Appendix B. 
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Ex. 2.9-2. Vis ual perception. Increase the angle of rotation until you can 
no longer perceive the geometry of the transformation but simply see 
a pattern of random dots. For example, if a = 1 and b = 1, then 
you will observe a circular geometry characteristic of a center for a 
limited range of rotation angles. Try to find the maximum rotation 
angle that allows you to visually perceive the circular geometry. Can 
you predict theoretically the criticat parameters that destroy your 
ability to perceive the geometry of the transformation rather than a 
pattern of random dots? If so, this might be a good result in the field 
of visual perception. 

Ex. 2.9-3. Bifurcation from a saddle to a focus. Here is a problem. In 
general, it should be impossible to find a bifurcation from a saddle to a 
focus except in exceptional cases. Consider the bifurcations observed 
with a = 0.95, b = 1.05 as () varies. 

Ex. 2.9-4. Direct bifurcation from a saddle to a focus? Is there a 
direct bifurcation from a saddle to a focus? Try to determine this 
(a) by looking at the pictures and (b) analytically. Which is simpler 
and which is more informative, (a) or (b)? 




