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A quantum symmetry may be defined as the representation ρ of a group 𝒢 that leaves the
physically measurable transition probabilities invariant.

P(β → α) = |⟨ψβ|ψα⟩|2 = |⟨ψβ|ρ(g)|ψα⟩|2, |ψδ⟩ ∈ H, g ∈ 𝒢

Wigner showed that these representations ρ are always equivalent to a unitary linear or
anti-unitary anti-linear repesentation ν. Furthermore, if ν(g) for g ∈ 𝒢 leaves invariant the
transition probabilities, so do also the representations ν(g̃) where g̃ are elements of a cen-
tral extension 𝒢 ) that satisfies the short exact sequence e → 𝒜 → 𝒢 → 𝒢 → e for some
abelian group𝒜 injected into the center of 𝒢 . If 𝒢 is not connected, there may be mul-
tiple inequivalent central extensions. However, if the group is connected, then only uni-
tary representations are admissable and the central extension is unique and maximal. The
quantum symmetries are then fully characterized by the ordinary unitary representations
of the central extension of the symmetry group𝒢 with respect to the direct product of the
fundamental homotopy group and the second cohomology group,𝒜 ≃ π1(𝒢 )⊗H2(𝒢 ,ℝ).
For special relativistic quantum mechanics, where the symmetry is the inhomogeneous
Lorentz group IO(1, n), n = 3, the results are well known; H2(IO(1, n), ℝ) ≃ e and so the
central extension is the topological central extension IO(1, n). O(1, n) is not connected
and there are 4 inequivalent topological central extension including the two inequivalent
Pin group. The cover of the connected Lorentz subgroup ℒ(1, 3) ⊂ IO(1, n) is uniquely
the spin group Spin(1, 3) ≃ Sℒ(2, ℂ). Irreducible unitary representations of the central
extension characterize the inertial special relativistic particle states that are labeled by the
eigenvalues of the representations of the mass and spin Casimir invariants. This is funda-
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mental to our understanding of special relativistic quantum mechanics and the departure
point for quantum field theory [1].

However, the above quantum symmetry formulation makes no mention and gives no in-
sight into the Heisenberg commutation relations that are foundational to quantum me-
chanics. To understand the quantum symmetry origin of these relations, we study the
inhomogeneous symplectic group ISp(2n) that is a symmetry of Hamilton’s mechanics on
a flat manifold. Using exactly the same methods as above for the connected groups case,
we can determine the projective representations of ISp(2n) that are equivalent to the uni-
tary representations of its unique central extension. In this case, H2(ISp(2n), ℝ) ≃ 𝒜 (1),
𝒜 (m) ≃ (ℝm, +) and the central extension isℋ Sp(2n) ≃ Sp(2n) ⊗s ℋ (n) whereℋ (n) is
theWeyl-Heisenberg group that is the central extension e → 𝒜 (1) → ℋ (n) → 𝒜 (2n) →
e. This is the quantum symmetry origin of the the Weyl-Heisenberg group; the inhomo-
geneous symplectic group is a symmetry of classical Hamiltons mechanics and the corre-
sponding quantum symmetry is given by its projective representations that are equivalent
to the ordinary unitary representations of its central extension. TheHeisenberg commuta-
tion relations are the Hermitian representation of the Lie algebra of the Weyl-Heisenberg
normal subgroup of the central extension of the inhomogeneous symplectic group.

We compute the unitary representations ofℋ Sp(2n) using the same Mackey methods as
for the inhomogeneous Lorentz group. These theorems originate in the constraint that
the semidirect product structure of the group places on the unitary dual. However, as the
normal subgroupℋ (n) is nonabelian, the manner in which the constraint on the unitary
dual determines the unitary irreducible representations is quite different than the inhomo-
geneous Lorentz group with its abelian normal subgroup. We will show how the unitary
irreducible representations of ℋ Sp(2n) are expressed in terms of the ordinary unitary
irreducible representations of the cover of the symplectic group, the ordinary unitary ir-
reducible representations of theWeyl-Heisenberg group and theWeil unitary metaplectic
representations of the symplectic group [2]. These are equivalent to the faithful projective
representations of the inhomogeneous symplectic group.
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