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We address a geometric inverse problem: Consider a simply connected Riemannian 3-
manifold (M, g) with boundary. Assume The Batalin-Vilkovisky (BV) formalism was first
discovered in the context of the quantization of gauge theories via the path integral ap-
proach. Given a physical theory (X0, S0, 𝒢 ), where X0 is the (field) configuration space,
S0 ∶ X0 → ℝ is the action functional and 𝒢 is a gauge group, acting on X0 and leaving
unchanged S0, the path-integral approach leads to the problem of computing integrals of
the following type:

⟨g⟩ = 
X0

ge−S0 [dμ],

where ⟨g⟩ denotes the expectation value of a functional g on X0. However, besides the
path integral not being well defined beyond perturbation theory, another problem appears
when we apply this quantization procedure to a non-abelian gauge theory, due to the pres-
ence of local invariance in the action functional S0. In 1969 Faddeev and Popov suggested
the idea of introducing extra (non-physical) fields: the Faddeev-Popov ghost fields. In the
years, this idea has been developed, arriving to the codification of a quantization procedure
known as the Batalin-Vilkovisky (BV) formalism. The BV formalism provides a method to
construct, given an initial gauge theory (X0, S0), a corresponding extended theory (X̃, S̃),
where

X̃ = X0 ∪ {ghost and anti-ghost fields} S̃ = S0 + terms involving ghost/anti-ghost fields.

To properly implement the BV construction, further conditions need to be imposed on
the pair (X̃, S̃). As a consequence, each BV-extended theory (X̃, S̃) naturally induces a co-
homology complex, which is known as the (gauge-fixed) BRST cohomology complex, that
allows to recover, in same sense, the gauge symmetry:

H0(X̃|Ψ, dS̃|Ψ) = (classical) observables of the initial gauge theory (X0, S0).
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But, can this construction be interpreted in geometrical terms? In this talk, I will explain
how noncommutative geometry (NCG) provides a very promising mathematical frame-
work to describe this construction. In particular, I will focus on a class of gauge theories
with

X0 = {A ∈ Mn(ℂ) ∶ A∗ = A} ≅ 𝔸n2
ℝ , S0 = Tr(f(A)) and 𝒢 = U(n), (1)

for f ∈ Polℝ(x). These theories are naturally induced by the following finite spectral triple:

(𝒜0,ℋ0,D0) ≅ (Mn(ℂ), ℂn,D0)

with D0 a self-adjoint n × n-matrix. The main result presented will be the construction
of a so-called BV-spectral triple, to encode the BV extended theory (X̃, S̃) in (noncommu-
tative) geometrical terms. Moreover, this new object gives an interpretation in terms of
NCG to all the physical properties of ghost/anti-ghost fields: for example, the mixed KO-
dim. reflects the presence of bosons and fermions in X̃. As a consequence, the whole BV
construction could be completely described within the framework of NCG, as depicted in
the following diagram (for simplicity referring to the case of n = 2):

Noncommutative geometry

(M2(ℂ), ℂ2,D0)
initial spectral triple

?
(X0, S0)

initial gauge
theory

-

(M2(ℂ),M2(ℂ) ⊕M2(ℂ),DBV, JBV)
BV-spectral triple
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(X̃, S̃)
BV-extended

theory

-
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(ℂ,M2(ℂ) ⊕M2(ℂ) ⊕ ℂ2 ⊕ ℂ2,Daux, Jaux)
auxiliary spectral triple
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Ψ ∈ ℱ −1
𝒪X0

(ℋBV,f ⊕ℋaux,f)
gauge-fixing fermion

(Xtot, Stot)
total theory

- (Xtot|Ψ , Stot|Ψ)
gauge-fixed theory

- 𝒞 •(X̃|Ψ, dS̃|Ψ)
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⨁i+j=mℱ i(X0) ⊕ ℱ j(ℋBV,f)
dS̃|Ψ = {S0, −} + {SBV, −}

BRST-cohomology
complex

BRST construction
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