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The invariant classification of the Painlevé equations has attracted considerable attention
[3, 4, 1]. The solution of this problem requires the application of the equivalence method
for second-order ordinary differential equationwith the transformation group being either
the fibre preserving transformations, or the more general group of point transformations
[6, Chapter 12].

Previous characterizations rely on the vanishing of certain complicated differential invari-
ants. We propose a much simpler criterion, based on the notion of invariant classification
(IC) order. Roughly speaking, the equivalence problem of an equation

uxx = q(x,u,ux)

relies on the jets of the function q. The question then arises, what jet-order is required
for invariant classification? We are now able to show that the worst-case scenario involves
10th order jets of q(x,u,ux) and that that the Painlevé-I equations are precisely the simplest
instance of such maximal order equations.

The formal description of this result requires a slight technical detour because 2nd order
ODE’s enjoy a certain duality, first remarked by E. Cartan [2, 5]. Thus, the Painlevé equa-
tions have a Cartan dual which also enjoys the maximal IC order property. Distinguishing
between the two classes requires the introduction of certain fundamental 4th order invari-
ants.
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