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1. Jurassic park

Calogero-Moser Hamiltonian

1
HCWL::§ AE: (p?%—x?)+— z:; (Xj——Xk)72

1<j<n 1<j<k<n

Equations of motion

Xj = —x%; +2 Z i—xk) (=1,...,m)
1<k<n
KA

Algebraic equations for the equilibrium configuration

=2 > (-x)? (=1..n (C)
1<k<n
KA
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Theorem (Calogero *77)

The roots x1,...,xn of the Hermite polynomial

Ha(x) = (-1 (S e) = 2" (e mxa) -+ (e = )

provide a solution to (C).

Idea of proof: via Stieltjes’ 1885 ‘electrostatic interpretation’

@ Diff. eq. for H,(x) implies that

X =2 Z i—xk) 0 G=1,...,n) (S)
1<ksn
k#j
so the roots xq, ..., X, minimize
1
VX1, 5Xn) = 3 Z xj2 — Z log Ixj — xx
1<sn 1< <ksn

harmonic well electrostatic potential
@ Calogero’s trick = the (real-valued) solutions of (S) also satisfy (C).
O



2. What about favorite integrable particle model?

Here’s mine (vD '94):

He= Y (cosh(p;)IV;(x)| — Re[Vj(x)])

1<isn
where
Vix) =wix) [ v +xdvig —x)
1<ksn
k#j
with
vix) = s1n(.x+tg)
sin(x)
wix) = sin(x + igq) sin(x + igy ) cos(x + ig¢) cos(x + igq)

sin?(x) cos?(x)
Note: This model belongs to the Ruijsenaars-Schneider family.
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Observation (vD ’05):

@ Hg is nonnegative.

@ The absolute lower bound H¢ = 0 is attained iff

p;=0 and Im[Vj(x)] =0 G=1,...,n)

i.e.
sin(x; +1gq) sin(x; +igp ) cos(x;j 4+ igc) cos(x; +iga)
sin(x; —1igq) sin(x; —igp ) cos(x; —igc) cos(x; —iga)
5 H sin(xj + xx +ig) s%n(x]- —xx + .tg) _1 (BAE)
1<k sin(x; + xx —1g) sin(x; — xi —ig)
k#)
] = ]" ’n
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3. Bethe Ansatz equations

These are Bethe Ansatz equations studied by Ismail, Lin and
Roan (’04):

Theorem (Ismail et al '04)

The system (BAE) is solved by the roots xi,...,xn of the nth
degree Askey-Wilson polynomial.

Corollary (vD ’05, Odake-Sasaki ’05)

The ground-state equilibrium configuration of Hy is attained at
the roots of the Askey-Wilson polynomial.

Note: RS <+ AW parameters

gq=e¢ 29, a=e 299, b=¢ 29 c=—¢g 29 d=—¢ 29¢

)
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4. Askey-Wilson polynomials

(Askey-Wilson ’85)

Explicit basic hypergeometric representation
(ab, ac, ad; q)n
(2a)*(abcdq™1; q)n
q ™, abcdq™ !, aett ae ¢
ab, ac,ad

pn(&a,b,c,d;q) =

x 4 @3 14, q

(£ =2x).
g-Difference equation
A(E) (pn (& —1l0g(q)) — pn(&)) + A(—E) (Pn (& + ilog(q)) — pn(E))
= Enpn (&)
with

(11— ae'®)(1—Dbe'®)(1—ce'®)(1 — de'®)
A(E) = (1= eZ) (1 — qe?) :

En=q ™(1—q™)(1—abcdqg™ )
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Orthogonality
e p,(&a,b,c,d;q) is a polynomial of degree 1 in cos &,

o The AW polynomials form an orthogonal basis with respect
to the density
(e2i£§ )oo

A = . . - -
(&) (aeit belt celt deté; q)oo

O0<§&<m
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5. Bethe Ansatz

( vD 05, Odake-Sasaki '05, Bihun-Calogero '16)
Solve AW g-difference Eq. by Bethe Ansatz:
@ Substitute Bethe Ansatz
Pn (&) = (cos(&) —cos(&:1)) (cos(&) —cos(&y)) - - (cos(&) —cos(En)).
o Evaluate polynomial T — Q identity at the Bethe roots
A(&5)pn (E5—11og(q))+A(=E; )Py (§5+ilog(q)) =0 (i=1,...,n)
o Making A(-) and p,, () explicit =>

1— ae'® 1—be'% 1—cel® 1 —de'
a—e' b — et c— et d—el%

1— qei(€j+ik) 1— qei((‘ﬂ-*&k)

=1

X

TP o) BT e
1<ksn kg 7€ g e

forj=1,...,n.
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Note: These equations are nothing else but previous

Conclusion:

(BAE)I!

pn(‘(—v) = pn(‘i; (l,b, C, d; Q)

—

roots of AW polynomial solve (BAE).
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6. Yang-Yang solution of BAE: Convexity

(vD-Emsiz '18, following Yang-Yang ’69)

Yang-Yang type Morse function:

V(&) =
1<)Z<n((n +1-j)& + Jj’ va(8) +vp(0) +v.(0) +vd(6)d9>
3 +ak Ext
+1<J<Zk<n<f )deJrJ0 vq(e)dG)
with \ . .
vq(0) = L % =1ilo (; q_eq )

(avbacv dv q € (_13 1))
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This Morse function has a unique global minimum because

V(&) is convex and V(&) — 400 as |[§] — oo.

Upshot: System for the critical points

Val(&) +ve(&5) +ve(&) +valés) (CP)
+ Z (vq(& + &) +vq(& — &) =2m(n + 1 —j),

1<K, K]
(j =1,...,n) has a unique solution given by:

The global minimum £ of V(§)

12 /17



Note: (CP) = (BAE) up to exponentiation.

The coordinates of the unique minimum

of the Morse function V(&) provide the roots of the AW
polynomial

pn(&a,b,c,d;q).
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7. Application: bounds for the AW roots

(vD-Emsiz '18)

Theorem (Bounds for AW roots)

The roots égn), e af{‘) of the AW polynomial
pn(& a,b,c, d; q) obey the inequalities

(n+1—j)m < o n+1—j)m

K™(a,b,c,diq) 7 kM(abc,diq)

where

+1
1—|ql
k™(a,b,c,d;q) = (n—1 +
+ (a q)=( )<1+q|>

+1 el gell
L T S e U A S S <A
2 1+]a 1+ [b| 1+]c|

1—1d|
1+|d]

)
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Proof: Immediate from (CP) via mean value theorem using

_ 42
1—|q < 1—q < 1+1q
L+Iq] = 1—2qcos(d) +q* ~ 1—|q|
vy (D)
(for -1 < q<1). O
Example:
n=>5 ‘ aénJ (t-»z(;n) al())n) Eén) agnJ ‘

Lower bound ‘ 0.400 0.800 1.200 1.600 2.000‘
Upper bound‘().675 1.350 2.025 2.700 3.375 ‘

| Root | 0.496 0.997 1508 2.033 2577 |
|
|

(n=>5, a=0.300, b =—0.200, ¢ = 0.150, d = 0.100, and q = 0.100.)

15 /17



Bibliography

Talk based on:
@ J. F. van Diejen & E. Emsiz, Solutions of convex Bethe Ansatz equations and the zeros
of (basic) hypergeometric orthogonal polynomials, Lett. Math. Phys. 2018,
https://doi.org/10.1007/s11005-018-1101-0
A (short) selection of other relevant references:

@ R. Askey and J. Wilson, Some basic hypergeometric orthogonal polynomials that
generalize Jacobi polynomials, Mem. Amer. Math. Soc. 1985.

@ P. Baseilhac, The q-deformed analogue of the Onsager algebra: beyond the Bethe ansatz
approach, Nuclear Phys. B 2006.

@ O. Bihun and F. Calogero, Properties of the zeros of the polynomials belonging to the
q-Askey scheme, J. Math. Anal. Appl. 2016.

@ F. Calogero F, Equilibrium configuration of the one-dimensional n-body problem with
quadratic and inversely quadratic pair potentials, Lett. Nuovo Cimento 1977.

@ J.F. van Diejen, Deformations of Calogero-Moser systems and finite Toda chains,
Theoret. and Math. Phys. 1994.

@ J.F. van Diejen, On the equilibrium configuration of the BC-type Ruijsenaars-Schneider
system, J. Nonlinear Math. Phys. 2005.

@ M.E.H. Ismail, S.S. Lin, and S.S. Roan, Bethe Ansatz Equations of XXZ Model and
g-Sturm-Liouville Problems, arXiv:math-ph/0407033.

@ M.E.H. Ismail, Classical and Quantum Orthogonal Polynomials in One Variable,
Cambridge University Press, 2005.

@ K.K. Kozlowski and E.K. Sklyanin, Combinatorics of generalized Bethe equations, Lett.
Math. Phys. 2013.

@ S. Odake and R. Sasaki, Equilibrium positions, shape invariance and Askey-Wilson
polynomials, J. Math. Phys. 2005.

@ G. Szegd, Orthogonal Polynomials, Fourth Edition, AMS, 1975.

@ C.N. Yang and C.P. Yang, Thermodynamics of a one-dimensional system of bosons with

repulsive delta-function interaction, J. Math. Phys. 1969.
16 /17



Merci Beaucoup!

17 /17



