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Example: AlphaGo



Supervised Learning

Given: Input data and desired output 
Eg: Images and parts of interest 

Goal: find a function that can be used for new inputs, and that 
matches the provided examples



Deep learning



Reinforcement Learning

Reward:  Food or 
shock

Reward: Positive and negative 
numbers

•Learning by trial-and-error
•Reward is often delayed



Computational framework



Example: AlphaGo

• Perceptions: state of the board
• Actions: legal moves
• Reward: +1 or -1 at the end of the game
• Trained by playing games against itself
• Invented new ways of playing which seem superior

 

The Game of Go

~10170 unique positions

~200 moves long

~200 branching factor

~10360 complexity



Basic Principles of Reinforcement Learning
• All machine learning is driven to minimize prediction errors

• We use calculus to change parameters for this goal

• In reinforcement learning, the algorithm makes 
predictions at every time step

• The prediction error is computed between one time 
step and the next 

• We want these predictions to be consistent, i.e. similar 
to each other

• If the situation improved since last time step, pick more the 
last action



Some definitions



Temporal-difference learning 
(Sutton, 1988)



Explaining dopaminergic neural activity

Cf. Shultz et al, 1996 and much current work



Actor-critic architecture



Learning transferrable representations

• How can we use reinforcement learning to build automatically 
higher-level representations?

• What is the right time scale for actions and computations?
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Temporal abstraction

•Consider an activity such as cooking dinner

–  High-level steps: choose a recipe, make a grocery list, 
get groceries, cook,... 
–  Medium-level steps: get a pot, put ingredients in the 
pot, stir until smooth, check the recipe ... 
–  Low-level steps: wrist and arm movement while driving 
the car, stirring, ... 

All have to be seamlessly integrated! 



Temporal abstraction in 
Reinforcement Learning

• Options framework: an option is an extended action that 
has an initiation condition, an internal way of choosing 
actions, and a termination condition

• Eg. robot navigation: if there is no obstacle in front 
(initiation condition) go forward until something is too 
close (termination condition)

• Learning and planning algorithms work the same way at all 
levels of abstraction



Options framework
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High level 

Low level

Trajectory, time



Illustration: Navigation task



Bottleneck states
284 C. Diuk et al.

Fig. 5 Graphs underlying the maps of the cities for the first version of the experiment (a) and the
second one (b). Node labels identify the betweenness of each node
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Fig. 6 (a) Average performance ratio, over all participants, as a function of trials of experience
with the “town.” The value on the y-axis in the figure represents the ratio of steps taken to the
minimum number of steps, taking into account the optimal bus-stop location. A ratio of 1 indicates
optimal performance, i.e., choice of the shortest path from start to goal, assuming an optimal
(bottleneck) choice of bus stop. The two dashed data series indicate minimum and maximum
score across participants. (b) Number of times, out of 16 five-trial blocks, that the bottleneck
state was chosen for the bus-stop location. Participants in the x-axis are sorted by performance.
The horizontal line indicates the expected performance if participants chose bus-stop locations
randomly

Panel a shows that, over the course of the experiment, participants increasingly
picked out the shortest path from start to goal. This simply provides evidence that
participants learned something about the layout of the town as they went along.
More important are the data in panel b, which show the number of blocks (out of a
total of 16) in which each participant chose to place the bus stop at the bottleneck
location. Although there was some variability across participants, the data clearly
confirm a general capacity to detect and exploit the presence of a bottleneck.

The results of this experiment do not, however, allow us to make conclusions
about how participants identified the bottleneck location. In particular, while we
were interested in the possibility that they leveraged structural or topological knowl-
edge, it is possible that participants instead used simple frequency information. Over
the course of multiple shortest-path deliveries, the bottleneck location would be

Botvinick, Niv et al



People discover bottleneck states

284 C. Diuk et al.

Fig. 5 Graphs underlying the maps of the cities for the first version of the experiment (a) and the
second one (b). Node labels identify the betweenness of each node
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Fig. 6 (a) Average performance ratio, over all participants, as a function of trials of experience
with the “town.” The value on the y-axis in the figure represents the ratio of steps taken to the
minimum number of steps, taking into account the optimal bus-stop location. A ratio of 1 indicates
optimal performance, i.e., choice of the shortest path from start to goal, assuming an optimal
(bottleneck) choice of bus stop. The two dashed data series indicate minimum and maximum
score across participants. (b) Number of times, out of 16 five-trial blocks, that the bottleneck
state was chosen for the bus-stop location. Participants in the x-axis are sorted by performance.
The horizontal line indicates the expected performance if participants chose bus-stop locations
randomly

Panel a shows that, over the course of the experiment, participants increasingly
picked out the shortest path from start to goal. This simply provides evidence that
participants learned something about the layout of the town as they went along.
More important are the data in panel b, which show the number of blocks (out of a
total of 16) in which each participant chose to place the bus stop at the bottleneck
location. Although there was some variability across participants, the data clearly
confirm a general capacity to detect and exploit the presence of a bottleneck.

The results of this experiment do not, however, allow us to make conclusions
about how participants identified the bottleneck location. In particular, while we
were interested in the possibility that they leveraged structural or topological knowl-
edge, it is possible that participants instead used simple frequency information. Over
the course of multiple shortest-path deliveries, the bottleneck location would be



Neural signature for subgoals

and another third included a jump of type E. Type D jumps, by
increasing the distance to the subgoal, were again intended to
trigger a PPE. However, in the fMRI version of the task, unlike
the EEG version, the exact increase in subgoal distance varied
across trials. Therefore, type D jumps were intended to induce
PPEs that varied in magnitude (Figure 2). Our analyses took
a model-based approach (O’Doherty et al., 2007), testing for
regions that showed phasic activation correlating positively
with predicted PPE size.
A whole-brain general linear model analysis, thresholded at

p < 0.01 (cluster-size thresholded to correct for multiple compar-
isons), revealed such a correlation in the dorsal anterior cingulate
cortex (ACC; Figure 4). This region has been proposed to contain
the generator of the FRN (Holroyd and Coles, 2002, although see
Nieuwenhuis et al., 2005 and Discussion below). In this regard
the fMRI result is consistent with the result of our EEG experi-
ment. The same parametric fMRI effect was also observed bilat-
erally in the anterior insula, a region often coactivated with the
ACC in the setting of unanticipated negative events (Phan
et al., 2004). The effect was also detected in right supramarginal
gyrus, the medial part of lingual gyrus, and, with a negative coef-
ficient, in the left inferior frontal gyrus. However, in a follow-up
analysis we controlled for subgoal displacement (e.g., the
distance between the original package location and point D in
Figure 2), a nuisance variable moderately correlated, across
trials, with the change in distance to subgoal. Within this analysis
only the ACC (p < 0.01), bilateral anterior insula (p < 0.01 left,

p < 0.05 right), and right lingual gyrus (p < 0.01) continued to
show significant correlations with the PPE.
In a series of region-of-interest (ROI) analyses, we focused in

on additional neural structures that, like the ACC, have been
previously proposed to encode negative RPEs: the habenular
complex (Salas et al., 2010; Ullsperger and von Cramon, 2003),
nucleus accumbens (NAcc) (Seymour et al., 2007), and amyg-
dala (Breiter et al., 2001; Yacubian et al., 2006). (These analyses
were intended to bring greater statistical power to bear on these
regions, in part because their small size may have undermined
our ability to detect activation in them in our whole-brain
analysis, where a cluster-size threshold was employed.) The
habenular complex was found to display greater activity
following type D than type E jumps (p < 0.05), consistent with
the idea that this structure is also engaged by negative PPEs.
A comparable effect was also observed in the right, though not
left, amygdala (p < 0.05).
In the NAcc, where some studies have observed deactivation

accompanying negative RPEs (Knutson et al., 2005), no signifi-
cant PPE effect was observed. However, it should be noted
that NAcc deactivation with negative RPEs has been an incon-
sistent finding in previous work (for example, see Cooper and
Knutson, 2008; O’Doherty et al., 2006). More robust is the asso-
ciation between NAcc activation and positive RPEs (Hare et al.,
2008; Niv, 2009; Seymour et al., 2004). To test this directly, we
ran a second, smaller fMRI study designed to elicit positive
PPEs, specifically looking for activation within a NAcc ROI. A
total of 14 participants performed the delivery task, with jumps
of type C (in Figure 2) occurring on one-third of trials and jumps
of type E on another third. As described earlier, a positive PPE is
predicted to occur in association with type C jumps, and in this
setting significant activation (p < 0.05) was observed in the right
(though not left) NAcc, scaling with predicted PPE magnitude.

Behavioral Experiment
We have characterized the results from our EEG and fMRI exper-
iments as displaying a ‘‘signature’’ of HRL, in the sense that the
PPE signal is predicted by HRL but not by standard RL algo-
rithms (Figure 2). However, there is an important caveat that
we now consider. In our neuroimaging experiments we assumed
that reaching the goal (the house) would be associated with
primary reward. (The same points hold if ‘‘primary reward’’ is
replaced with ‘‘secondary’’ or ‘‘conditioned reinforcement.’’)
We also assumed that reaching the subgoal (the package) was
not associated with primary reward but only with pseudo-
reward. However, what if participants did attach primary reward
to the subgoal? If this were the case, it would present a difficulty
for the interpretation of our neuroimaging results because it
would lead standard RL to predict an RPE in association with
events that change only subgoal distance (including C and D
jumps in our neuroimaging task).
In view of these points, it was necessary to establish whether

participants performing the delivery task did or did not attach
primary reward to subgoal attainment. In order to evaluate this,
we devised a modified version of the task. Here, 22 participants
delivered packages as before, though without jump events.
However, at the beginning of each delivery trial, two packages
were presented in the display, which defined paths that could

Figure 4. Results of fMRI Experiment 1
Shown are regions displaying a positive correlation with the PPE, independent

of subgoal displacement. Talairach coordinates of peak are 0, 9, and 39 for the

dorsal ACC, and 45, 12, and 0 for right anterior insula. Not shown are foci in left

anterior insula (!45, 9, !3) and lingual gyrus (0, !66, 0). Color indicates

general linear model parameter estimates, ranging from 3.0 3 10!4 (palest

yellow) to 1.2 3 10!3 (darkest orange).

Neuron

Hierarchical Reinforcement Learning

Neuron 71, 370–379, July 28, 2011 ª2011 Elsevier Inc. 373

Cf Ribas-Fernandez et al, 2011



Option-critic architecture
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in fact ergodic, and a stationary distribution over state-option
pairs exists.

We will now compute the gradient of this objective, as-
suming the intra-option policies are stochastic and differen-
tiable in ✓. From (1 , 2), it follows that:
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We can further expand the right hand side using (3) and (4),
which yields the following theorem:
Theorem 1 (Intra-Option Policy Gradient Theorem). Given
a set of Markov options with stochastic intra-option poli-
cies differentiable in their parameters ✓, the gradient of the
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The proof is in the appendix. This gradient describes the

effect of a local change at the primitive level on the global
expected discounted return. In contrast, subgoal or pseudo-
reward methods assume the objective of an option is simply
to optimize its own reward function, ignoring how a pro-
posed change would propagate in the overall objective.

We now turn our attention to computing gradients for the
termination functions, assumed again to be stochastic and
differentiable in #. From (1, 2, 3), we have:
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Hence, the key quantity is the gradient of U . This is a natural
consequence of the call-and-return execution, in which the
“goodness” of termination functions can only be evaluated
upon entering the next state. The relevant gradient can be
further expanded as:
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Expanding @U(!0,s00)
@# recursively leads to a similar form as

in theorem (1) but where the weighting of state-option pairs
is now according to a Markov chain shifted by one time step:
µ

⌦
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) (details are in the appendix).
Theorem 2 (Termination Gradient Theorem). Given a set of
Markov options with stochastic termination functions differ-
entiable in their parameters #, the gradient of the expected
discounted return objective with respect to # is:
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The advantage function often appears in policy gradient

methods (Sutton et al. 2000) when forming a baseline to re-
duce the variance in the gradient estimates. Its presence in
that context has to do mostly with algorithm design. It is in-
teresting that in our case, it follows as a direct consequence
of the derivation, and gives the theorem an intuitive interpre-
tation: when the option choice is suboptimal with respect to
the expected value over all options, the advantage function is
negative and it drives the gradient corrections up, which in-
creases the odds of terminating. After termination, the agent
has the opportunity to pick a better option using ⇡

⌦

. A sim-
ilar idea also underlies the interrupting execution model of
options (Sutton, Precup, and Singh 1999), in which termina-
tion is forced whenever the value of Q

⌦

(s0,!) for the cur-
rent option ! is less than V

⌦

(s0). (Mann, Mankowitz, and
Mannor 2014) recently studied interrupting options through
the lens of an interrupting Bellman Operator in a value-
iteration setting. The termination gradient theorem can be
interpreted as providing a gradient-based interrupting Bell-
man operator.

Algorithms and Architecture
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Figure 1: Diagram of the option-critic architecture. The op-
tion execution model is depicted by a switch ? over the
contacts (. A new option is selected according to ⇡

⌦

only
when the current option terminates.

Based on theorems 1 and 2, we can now design a gradient
ascent procedure for learning options. Since µ

⌦

, QU and A

⌦

will generally be approximate, we will use a stochastic gra-
dient procedure. Using a two-timescale framework (Konda
and Tsitsiklis 2000), we propose to learn the values at a fast
timescale while updating the intra-option policies and termi-
nation functions at a slower rate.

We refer to the resulting system as an option-critic archi-
tecture, in reference to the actor-critic architectures (Sutton
1984). The intra-option policies, termination functions and



Transfer learning with options
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Learned options are intuitive
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Option 1 Option 2

Option 3 Option 4



Deep Learning Option-critic

Gradient-based learning:
• Optimization criterion: return
• Secondary consideration: avoid switching too often
• Internal policy over options moves to take better

actions more often
• Termination conditions shorten if the next option has

a large advantage, lengthen otherwise

Figure 3: Termination probabilities for the option-critic
agent learning with 4 options. The darkest color represents
the walls in the environment while lighter colors encode
higher termination probabilities.

In the two temporally extended settings, with 4 options
and 8 options, termination events are more likely to occur
near the doorways (Figure 3), agreeing with the intuition
that they would be good subgoals. As opposed to (Sutton,
Precup, and Singh 1999), we did not encode this knowledge
ourselves but simply let the agents find options that would
maximize the expected discounted return.

Pinball Domain

Figure 4: Pinball: Sample trajectory of the solution found
after 250 episodes of training using 4 options All options
(color-coded) are used by the policy over options in success-
ful trajectories. The initial state is in the top left corner and
the goal is in the bottom right one (red circle).

In the Pinball domain (Konidaris and Barto 2009), a ball
must be guided through a maze of arbitrarily shaped poly-
gons to a designated target location. The state space is con-
tinuous over the position and velocity of the ball in the x-
y plane. At every step, the agent must choose among five
discrete primitive actions: move the ball faster or slower, in
the vertical or horizontal direction, or take the null action.
Collisions with obstacles are elastic and can be used to the
advantage of the agent. In this domain, a drag coefficient of
0.995 effectively stops ball movements after a finite num-
ber of steps when the null action is chosen repeatedly. Each
thrust action incurs a penalty of �5 while taking no action
costs �1. The episode terminates with +10000 reward when
the agent reaches the target. We interrupted any episode tak-
ing more than 10000 steps and set the discount factor to 0.99.

We used intra-option Q-learning in the critic with linear
function approximation over Fourier bases (Konidaris et al.

2011) of order 3. We experimented with 2, 3 or 4 options.
We used Boltzmann policies for the intra-option policies and
linear-sigmoid functions for the termination functions. The
learning rates were set to 0.01 for the critic and 0.001 for
both the intra and termination gradients. We used an epsilon-
greedy policy over options with ✏ = 0.01.
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Figure 5: Learning curves in the Pinball domain.

In (Konidaris and Barto 2009), an option can only be
used and updated after a gestation period of 10 episodes. As
learning is fully integrated in option-critic, by 40 episodes a
near optimal set of options had already been learned in all
settings. From a qualitative point of view, the options ex-
hibit temporal extension and specialization (fig. 4). We also
observed that across many successful trajectories the red op-
tion would consistently be used in the vicinity of the goal.

Arcade Learning Environment
We applied the option-critic architecture in the Arcade
Learning Environment (ALE) (Bellemare et al. 2013) using
a deep neural network to approximate the critic and repre-
sent the intra-option policies and termination functions. We
used the same configuration as (Mnih et al. 2013) for the
first 3 convolutional layers of the network. We used 32 con-
volutional filters of size 8⇥8 and stride of 4 in the first layer,
64 filters of size 4 ⇥ 4 with a stride of 2 in the second and
64 3 ⇥ 3 filters with a stride of 1 in the third layer. We then
fed the output of the third layer into a dense shared layer of
512 neurons, as depicted in Figure 6. We fixed the learning
rate for the intra-option policies and termination gradient to
0.00025 and used RMSProp for the critic.

⇡⌦(·|s)

{�!(s)}
{⇡!(·|s)}

Figure 6: Deep neural network architecture. A concatenation
of the last 4 images is fed through the convolutional layers,
producing a dense representation shared across intra-option
policies, termination functions and policy over options.

We represented the intra-option policies as linear-softmax



Results (Atari)

• Results match or exceed those of DQN within a single task
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Learned options are intuitive
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• Learned options are intuitive

Option 1: downward shooting sequences Option 2: upward shooting sequences 

Transition from option 1 to 2 

Action trajectory, time White: option 1 Black: option 2



Temporal Abstraction: What is a Good 
Time Scale for Actions?

(a) Without a deliberation cost, options ter-
minate instantly and are used in any scenario
without specialization.

(b) Options are used for extended periods
and in specific scenarios through a trajectory,
when using a deliberation cost.

(c) Termination is sparse when using the
deliberation cost. The agent terminates op-
tions at intersections requiring high level de-
cisions.

Figure 2: We show the effects of using deliberation costs on both the option termination and policies. In figures (a) and (b),
every color in the agent trajectory represents a different option being executed. This environment is the game Amidar, of the
Atari 2600 suite.

of deliberation cost with previous notions of regularization
from (Mann et al. 2014) and (Bacon et al. 2017).

The deliberation cost goes beyond only the idea of pe-
nalizing for lengthy computation. It can also be used to in-
corporate other forms of bounds intrinsic to an agent in its
environment. One interesting direction for future work is to
also think of deliberation cost in terms of missed opportunity
and opening the way for an implicit form of regularization
when interacting asynchronously with an environment. An-
other interesting form of limitation inherent to reinforcement
learning agents has to do with their representational capaci-
ties when estimating action values. Preliminary work seems
to indicate that the error decomposition for the action values
could be also be expressed in the form of a deliberation cost.
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Summary

• Reinforcement learning is used both to build 
sophisticated controllers for automated tasks, 
and to model decision making in the brain 
(dopamine neutrons)

• To solve large problems, we need temporal 
abstraction

• Abstractions can be learned automatically 
from data


