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Thanks to work of Schiffmann–Vasserot and Feigin–Tsymbauliak, we know that various
operators arising in the theory ofMacdonald polynomials belong to an action of the Schiff-
mann algebraℰ (a.k.a. elliptic Hall algebra) on the algebra of symmetric functionsΛ over
ℚ(𝑞, 𝑡). Using this, one can express the (𝑞, 𝑡)-Catalans 𝐶𝑛(𝑞, 𝑡), ‘higher’ analogs 𝐶

(𝑚)
𝑛 (𝑞, 𝑡),

and Frobenius characteristics ∇𝑚𝑒𝑛 of higher diagonal coinvariants, by means of formulas
computable within ℰ .

The Schiffman algebra has defining relations symmetric in 𝑞, 𝑡 and 1/(𝑞𝑡), that is, in three
parameters 𝑞, 𝑡, 𝑢 related by 𝑞𝑡𝑢 = 1. This symmetry does not pass to the action of ℰ
on Λ, because ℰ contains a pair of central elements 𝑞𝑥, 𝑞𝑦 which act on Λ as 𝑞𝑥 = 1,
𝑞𝑦 = 1/(𝑞𝑡) = 𝑢, breaking the symmetry between 𝑢 and the other two parameters.

We show that with 𝑞𝑥 = 1 and 𝑞𝑦 generic, ℰ has a natural irreducible module 𝑉 , with a
basis indexed by 3-dimensional Young diagrams, which exhibits the full 𝑞, 𝑡, 𝑢 symmetry.
On specializing 𝑞𝑦 = 𝑢,𝑉 becomes reducible, withmaximal proper submodule𝑁 spanned
by the basis elements indexed by strictly 3-dimensional diagrams. The quotient 𝑉/𝑁 is
isomorphic toΛ, with the surviving basis elements of𝑉 , indexed by 2-dimensional Young
diagrams, identified with the Macdonald basis of Λ. More generally, setting 𝑞𝑦 = 𝑢𝑘 gives
an irreducible quotient 𝑉/𝑁 in which the basis elements for diagrams with at most 𝑘 2-
dimensional ‘layers’ survive.

The formulas withinℰ for the𝐶𝑛(𝑞, 𝑡) and their cousins can be expressed as 𝑞𝑦 = 𝑢 special-
izations of formulas symmetric in 𝑞, 𝑡, 𝑢, with 𝑞𝑦 generic. The picture involving𝑉 suggests
that setting 𝑞𝑦 = 0 in these formulas might yield the 3-parameter Catalans 𝐶𝑛(𝑞, 𝑡, 𝑢),
higher Catalans, Frobenius series of diagonal coinvariants, and so forth, specialized to
𝑞𝑡𝑢 = 1. This last possibility remains conjectural, but computations for small 𝑚 and 𝑛
appear to confirm it beautifully.
*Department of Mathematics, University of California, Berkeley, 970 Evans Hall, Berkeley, CA 94720-3840,
USA

mailto:mhaiman@math.berkeley.edu

