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Canonical metrics after Calabi

Look for the critical points of the simplest functionals:

Second attempt:



Where:

Basic question: How large is the space of manifolds which  
admit an extremal metric?



Building blocks: 1) Base Kcsc or extremal Orbifold



2) Local ALE scalar flat resolutions of singularities

We assume the existence of  
local resolutions: 

1) ALE 
2) Kähler 
3) Scalar flat

Such models are known to 
exist for and finite subgroup of  
U(2) [Kronheimer-Calderbank- 
Singer-Lock-Viaclovsky] and  

SU(3) [Nakajima] 
plus some sporadic examples.

The leading coefficient e 
is the ADM mass 

(Arnowitt-Deser-Misner).



Generalized connected sums



Final output



The above strategy has been described for the first time 
in the 70’s by the Oxford (added in proof: Cambridge!!) 
physicists applied to the Calabi-Yau equation (KE, Ricci 

flat), in the case when the base orbifold is a flat torus 
quotient by an involution.

A rigorous proof in this case was given in 1993 by LeBrun-
Singer with twistor theory.

It was then used in 1995 by Joyce to construct, starting 
again from quotients of flat 7-tori, the first compact 

manifolds with holonomy G2 and Spin(7).

By this procedure one gets some feeling of how a  
Ricci-flat metric actually looks like at least on  

some special K3 surfaces, and it has then  
been called “Kummer construction”.



The Extremal case

This fits well with the deformation theory of LeBrun-Simanca for extremal  
metrics on smooth manifolds when keeping the complex structure fixed  

and moving the Kähler class.



The Kcsc case
In this case we know the problem is obstructed by the 

vanishing of the Futaki invariant.



The new technical aspect in the above 
theorem is that the “balancing” condition 

comes from both the linear and the nonlinear 
analysis!





On the Futaki invariant for generalized 
connected sums







Consequences: 
!

1) Partial converse to the existence Theorem (cfr. 
Stoppa for the blow-up of smooth points);

2) Alternative proof of the Kcsc existence Theorem; thanks to 
non-degeneracy condition Fut=0 at first order implies Fut=0 at 

any order for perturbed Kahler classes.

Problem: What if the non-degeneracy condition fails? 
Szekelyhidi managed to handle this case for the blow-up of a 

smooth point.



Applications:
1) Examples:



2) The Tian-Yau-Donaldson Conjecture 
holds for these manifolds.

3) By looking at the classification of Fano toric 3-folds 
one finds examples of such KE orbifolds for which our 

construction does NOT work. This means these objects are 
not limit of Kcsc resolutions (other type of limits?)…

I obtained these results in collaborations with A. Della Vedova, L. Mazzieri and R. Lena



Extension to conical (not necessarily quotient) 
singularities). J.w. with C. Spotti



Extensions to non-compact spaces, j/w with C. Spotti

Interesting problem:  
how does this construction 

depend on the distance  
from the exceptional divisor?

Biquard-Minerbe for the  
Calabi-Yau equation



Relationship with Hein-LeBrun







With Cristiano we are working on the general asymptotically conical models.  
!

Ok if the cone at infinity is a Ricci-flat cone and very likely to work even in 
the case of scalar flat limiting cone.  

!
But we do not have a good definition of Mass for these objects. 



“Nil ego contulerim iucundo 
sanus amico” 

!
salut from the poet Horatius, ca. 30 B.C., to his best friends Virgil and 

Maecenas

[“While I am sane I shall compare nothing to a joyful friend”]

Summary of the talk:


