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Random Plane Wave

• A 1-dim version of the Random Wave was used by Rice to
investigate the likelihood of a given signal to exceed a level.

• In 1950 Longuet-Higgins generalised Rice’s model to 2-dim
plane to describe ocean waves.

• In 1977 M. Berry conjectured that high energy behaviour of
eigenfunctions in the chaotic case is universal and have
statistically the same behaviour as random plane wave.



Random Plane Wave
• Space of spherical harmonics of degree l is of dimension

2l + 1, let {φi}i=1,...2`+1 be an arbitrary L2-orthonormal
basis. Define random Gaussian spherical harmonic

fl =

2l+1∑

i=1

ciφi

ci are i.i.d. standard Gaussian variables. RPW is the
scaling limit of the Gaussian spherical harmonic.

• We can relate high energy Gaussian spherical harmonics
with to the the behaviour of RPW inside a big ball.

• Here we focus on critical points in small balls and
repulsion.



Random Plane Wave

Definition

The Random Plane Wave with energy E = k2 is the centred
Gaussian field on R2 with covariance kernel

K(x, y) = J0(k|x− y|).

One may think of RPW as a random Gaussian solution of

∆f + k2f = 0

i.e.

F (x) =

∞∑

n=−∞
cnJ|n|(kr)e

inθ

cn are standard Gaussian independent save to c−n = c̄n.



Critical Points

We study the critical point set

{x ∈ R2 : ∇F (x) = 0}.

We are interested in the spatial distribution of critical points
across the surface.

We fix k = 1 since RPW with different values of k differ by the
scaling.



Motivations
Nodal lines {x ∈ R2 : F (x) = 0}
Nodal domains R2\{x ∈ R2 : F (x) = 0}
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Percolation model for nodal domains of chaotic wave functions
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Nodal domains are regions where a function has definite
sign. In [1] it is conjectured that the distribution of nodal do-
mains for quantum eigenfunctions of chaotic systems is uni-
versal. We propose a percolation-like model for description of
these nodal domains which permits to calculate all interest-
ing quantities analytically, agrees well with numerical simula-
tions, and due to the relation to percolation theory opens the
way of deeper understanding of the structure of chaotic wave
functions.
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In a recent paper [1] Smilansky et al. consider the
following problem. Let !(x, y) be a real eigenfunctions
of a 2-dimensional quantum problem. The equation
!(x, y) = 0 determines a set of nodal lines which sep-
arate nodal domains where !(x, y) is of opposite signs.
In [1] it is argued that the distribution of the number of
these regions for high excited states is (i) universal for
integrable as well as for chaotic models but (ii) it clearly
distinguishes between these two types of models.

For chaotic (billiard) systems it is conjectured in [1]
that this distribution coincides with the distribution of
nodal domains for Gaussian random functions which are
known to give a good description of wave functions of
chaotic systems [2]:

!(x, y) =

!!

m="!
Cm!(0)

m (x, y), (1)

where !
(0)
m (x, y) = J|m|(kr)eim! form the standard ba-

sis for billiard problems, k is the momentum, E = k2,
and Cm = C#

"m are independent random variables with
Gaussian distribution. Only numerical calculations of
this distribution have been performed in [1].

The purpose of this letter is to demonstrate that nodal
domains of random functions (1) (and, consequently,
wave functions of generic chaotic systems [2], [1]) can be
described by a simple percolation-like model where all
interesting quantities can be calculated analytically. The
model permits also to apply ideas and methods devel-
oped within the percolation theory to the field of quan-
tum chaos.

To understand how the nodal domains look like we give
in Fig. 1 their picture for random function (1) with k =
100. The figure corresponds to a square window of the
size L = 4 which contains 907 connected nodal domains.
The largest of them and the largest of the domains which
do not touch the boundary are highlighted.

Our first step is to calculate the mean number of zeros
of random functions (1) along a straight line (say the
vertical one). This can be achieved by noting that, if the
size in y-direction is Ly, the approximate quantization
condition reads k̄yLy ! !m where m is an integer and
k̄y is the mean square momentum along the y-axis, k̄2

y =
k2/2. Therefore when x is fixed

"̄(y) =
m

Ly
=

k

!
"

2
. (2)

FIG. 1. Nodal domains for a realization of random func-
tion (1) with k = 100. Two di!erent connected domains are
highlighted.

The rigorous derivation of this relation using the
method of [3] will be given elsewhere [4]. The same an-
swer, of course, can be obtained for the mean density of
nodal lines along any other straight lines [5].

These simple arguments show that the mean density of
intersections of any straight line with nodal lines of ran-
dom functions (1) is the same as in (2) and nodal lines of
these random functions can in the mean be considered as
forming an approximate rectangular lattice whose total
number of sites is asymptotically

Ntot ! k2A

2!2
=

2

!
N̄(E), (3)

where A is the area of the billiard and N̄ = AE/4! is
the mean number of levels (for billiards) with energy less
than E.

1

Nodal domains for
k = 100.
Two nodal
domains are
highlighted
[Bogomolny-
Schmit
2002]



Motivations

[Bogomolny-Schmit 2002] introduce a bond percolation
model on the square lattice to describe nodal domains.

But this simple picture can be valid only in the mean.
When !(x, y) = !̄(x, y)+!!(x, y) where function !̄(x, y)
has a crossing of nodal lines as in Fig. 2a, the addition
of a small correction !!(x, y) will change, in general, the
true crossing to one of two possible avoided crossings as
in Figs. 2b and 2c.

c)a) b)

FIG. 2. a) True nodal crossing. b) and c) Avoided nodal
crossings.

Consequently, one can conjecture that the distribution
of nodal domains for random functions is the same as
for the following random percolation-like process. Let us
consider a rectangular lattice with the total number of
sites Ntot = 2N̄(E)/" as in (3). Each line crossing with
probability 1/2 is changed either to the avoided crossing
as in Fig. 2b or to the one as in Fig. 2c. These rules
give a well defined random percolation-like process. One
realization of such a process is presented in Fig. 3.

FIG. 3. A realization of random percolation-like process.
Plus and minus form two dual lattices. Solid and dashed
lines indicate graphs for respectively negative and positive
dual lattices.

The original lattice gives rise to two dual lattices called
below positive and negative whose vertices are in the cen-
ters of regions where our function is positive or negative
(see Fig. 3) and whose size, a, coincides with de Broglie
wave length (cf. (2)): a = 2"/k. Any realization of the
above mentioned random process uniquely defines two
graphs on these lattices, (which we call also positive and
negative) with the following properties (i) their vertices
coincide with the vertices of the corresponding lattice,
(ii) their edges join together the connected components
of this lattice. (A point is also a component of the graph.)

One can choose arbitrarily a graph on one lattice (say
negative) and any of such graphs will correspond to an
allowed realization and vice versa. Therefore our ran-
dom process is determines mostly by the bond percola-
tion model on one of dual lattices (see e.g. [6]) where with
probability 1/2 one connects 2 nearby sites by a bond.

The number of connected nodal domains coincides with
the sum of the numbers of di"erent components of both
positive and negative graphs. As in [1] we first are inter-
ested in the distribution of these numbers. To compute
this quantity (unusual for the percolation) it is conve-
nient to connect this model with the Potts model (see
e.g. [7]) similarly as it was done in [8] for a slightly dif-
ferent problem.

Let n± be the numbers of connected components of
positive and negative graphs. The generating function of
their sum is

Z(x) =
!

realizations

xn!+n+ , (4)

where variable x plays the role of the fugacity.
The negative and positive graphs, by construction, are

dual to each other [9] and their properties are interre-
lated. In particular (see e.g. [7] p. 242) n+ = C! + 1
where C! is the number of independent circuits on the
negative (dual to the positive) graph. According to the
Euler relation this quantity can be expressed as follows
C! = b! + n! ! N! where b! is the number of bonds,
n! is the number of connected components and N! is
the number of vertices of the negative graph.

These relations permit to express the generation func-
tion (4) through the properties of only negative graph,
G!,

Z(x) = x1!Ns

!

G!

xb!(x2)n! (5)

where we take into account that N! equals the total num-
ber of sites of negative lattice, Ns = Ntot/2.

But this quantity is directly connected with the parti-
tion sum of the Potts model [7], [10]. The later can be
defined for an arbitrary graph by the formal sum

ZPotts(v, q) =
!

G

vb(G)qn(G), (6)

where the summation is performed over all graphs, G,
which cover the original graph. b(G) is the number of
bonds of this graph, n(G) is its number of connected com-
ponents. q is the number of states of the Potts model,
v = eK ! 1 is a parameter related with the inverse tem-
perature K.

Comparing (5) and (6) one gets

Z(x) = x1!NsZPotts(x, x2). (7)

The last sum corresponds to the Potts model in the crit-
ical point v2 = q; for large rectangular lattice and q < 4
it was computed analytically [10]
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Motivations

[Beliaev-Kereta 2013] introduce a bond percolation on a
random graph where nodes are local maxima and edges are
gradient streamlines passing through saddles.

Alternative Percolation Model

We propose to consider bond percolation on a random graph
generated by the random plane wave. The nodes of the graph are
local maxima and the edges are gradient streamlines passing
through saddles. Simulations by T. Sharpe

Alternative Percolation Model

We propose to consider bond percolation on a random graph
generated by the random plane wave. The nodes of the graph are
local maxima and the edges are gradient streamlines passing
through saddles. Simulations by T. Sharpe

Alternative Percolation Model

We propose to consider bond percolation on a random graph
generated by the random plane wave. The nodes of the graph are
local maxima and the edges are gradient streamlines passing
through saddles. Simulations by T. Sharpe

Pictures by D. Beliaev and T. Sharpe.



Motivations
Critical points of RPW. Picture by D. Beliaev.

Critical points
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Figure : Critical points

2 1. INTRODUCTION

FIGURE 1. Samples of translation invariant point processes in the
plane: Poisson (left), determinantal (center) and permanental for
K(z,w) = 1

º
ezw° 1

2 (|z|2+|w|2). Determinantal processes exhibit repul-
sion, while permanental processes exhibit clumping.

one of two important classes of point processes having negative correlations that we
study in this book.

This brings us to the next natural question and that is of central importance
to this book. Are there interesting point processes that have less clumping than
Poisson processes? As we shall see, one natural way of getting such a process without
putting in the anti-clumping property by hand, is to extract zero sets of random
polynomials or analytic functions, for instance, zeros of random polynomials with
stochastically independent coefficients. On the other hand it is also possible to build
anti-clumping into the very definition. A particularly nice class of such processes,
known as determinantal point processes, is another important object of study in this
book.

We study these point processes only in the plane and give some examples on the
line, that is, we restrict ourselves to random analytic functions in one variable. One
can get point processes in R2n by considering the joint zeros of n random analytic
functions on Cn, but we do not consider them in this book. Determinantal processes
have no dimensional barrier, but it should be admitted that most of the determi-
nantal processes studied have been in one and two dimensions. In contrast to Cox
processes that we described earlier, determinantal point processes seem mathemat-
ically more interesting to study because, for one, they are apparently not just built
out of Poisson processes1.

Next we turn to the reason why these processes (zeros of random polynomials
and determinantal processes) have less clustering of points than Poisson processes.
Determinantal processes have this anti-clustering or repulsion built into their defi-
nition (chapter 4, definition 4.2.1), and below we give an explanation as to why zeros
of random polynomials tend to repel in general. Before going into this, we invite
the reader to look at Figure 1. All the three samples shown are portions of certain
translation invariant point processes in the plane, with the same average number of
points per unit area. Nevertheless, they visibly differ from each other qualitatively,
in terms of the clustering they exhibit.

1“Do not listen to the prophets of doom who preach that every point process will eventually be found
out to be a Poisson process in disguise!” - Gian-Carlo Rota.

Figure : Poisson

Repulsion?



Expectation and Variance

N c
ρ = #{x ∈ B(ρ) : ∇F (x) = 0}

Theorem (Beliaev-C.-Wigman)

For every ρ > 0

E[N c
ρ ] =

1

2
√

3
ρ2.

As ρ→ 0

E[N c
ρ (N c

ρ − 1)] =
1

25 3
√

3
ρ4 +O(ρ6).



Proof

• Critical points density K1 : R2 → R

K1(x) = φ∇F (x)(0, 0) · E[|detHF (x)|
∣∣∇F (x) = 0]

• Two-point correlation function K2 : R2 × R2 → R

K2(x, y) = φ(∇F (x),∇F (y))(0,0)

· E[|detHF (x)| · |detHF (y)|
∣∣∇F (x) = ∇F (y) = 0].



Proof

We apply a suitably modified version of Kac-Rice formula for
counting the number of zeros of the gradient of F :

E[N c
ρ ] =

∫

B(0,ρ)
K1(x)dx,

and, for x 6= y,

E[N c
ρ · (N c

ρ − 1)] =

∫∫

B(0,ρ)×B(0,ρ)
K2(x, y)dxdy;

provided that the Gaussian distribution of (∇F (x),∇F (y)) ∈ R4

is non-degenerate for all (x, y) ∈ B(0, ρ)× B(0, ρ).



Proof

Lemma

For every x ∈ R2

K1(x) =
1

2
√

3π
.

As r = d(x, y)→ 0

K2(r) =
1

96
√

3π2
+O(r2).



No repulsion!

Critical points
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Figure : Critical points

As r → 0

K2(r)

(K1(r))2
=

1

23
√

3
+O(r2)
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one of two important classes of point processes having negative correlations that we
study in this book.

This brings us to the next natural question and that is of central importance
to this book. Are there interesting point processes that have less clumping than
Poisson processes? As we shall see, one natural way of getting such a process without
putting in the anti-clumping property by hand, is to extract zero sets of random
polynomials or analytic functions, for instance, zeros of random polynomials with
stochastically independent coefficients. On the other hand it is also possible to build
anti-clumping into the very definition. A particularly nice class of such processes,
known as determinantal point processes, is another important object of study in this
book.

We study these point processes only in the plane and give some examples on the
line, that is, we restrict ourselves to random analytic functions in one variable. One
can get point processes in R2n by considering the joint zeros of n random analytic
functions on Cn, but we do not consider them in this book. Determinantal processes
have no dimensional barrier, but it should be admitted that most of the determi-
nantal processes studied have been in one and two dimensions. In contrast to Cox
processes that we described earlier, determinantal point processes seem mathemat-
ically more interesting to study because, for one, they are apparently not just built
out of Poisson processes1.

Next we turn to the reason why these processes (zeros of random polynomials
and determinantal processes) have less clustering of points than Poisson processes.
Determinantal processes have this anti-clustering or repulsion built into their defi-
nition (chapter 4, definition 4.2.1), and below we give an explanation as to why zeros
of random polynomials tend to repel in general. Before going into this, we invite
the reader to look at Figure 1. All the three samples shown are portions of certain
translation invariant point processes in the plane, with the same average number of
points per unit area. Nevertheless, they visibly differ from each other qualitatively,
in terms of the clustering they exhibit.

1“Do not listen to the prophets of doom who preach that every point process will eventually be found
out to be a Poisson process in disguise!” - Gian-Carlo Rota.

Figure : Poisson

r > 0

K2(r)

(K1(r))2
= 1



Probability of 0, 1 pts

N c
ρ = #{x ∈ B(ρ) : ∇F (x) = 0}

Corollary

As ρ→ 0

P(N c
ρ = 0) = 1− 1

2
√

3
ρ2 +O(ρ4),

P(N c
ρ = 1) =

1

2
√

3
ρ2 +O(ρ4).



Proof

P(N c
ρ = 1) ≤ P(N c

ρ ≥ 1) ≤
∞∑

k=1

k P(N c
ρ = k) = E[N c

ρ ] =
1

2
√

3
ρ2.

We note that

E[N ] = P(N = 1) +

∞∑

k=2

k P(N = k)

and

P(N = 1) = E[N ]−
∞∑

k=2

k P(N = k) ≥ E[N ]−
∞∑

k=2

k(k − 1)P(N = k)

= E[N ]− E[N (N − 1)]

then

P(N c
ρ = 1) ≥ 1

2
√

3
ρ2 − 1

25 3
√

3
ρ4 +O(ρ6).



Proof - Lemma

• Critical point density K1

K1(x) = φ∇F (x)(0, 0) · E[|detHF (x)|
∣∣∇F (x) = 0],

where
φ∇F (x)(0, 0) =

1

π
,

and

E[|detHF (x)|
∣∣∇F (x) = 0] = E[|detHF (x)|] =

1

2
√

3
.

• Two-point correlation function K2 around the origin =⇒
perturbation theory.



Proof - Lemma

• Write the two-point correlation K2 function as a function of
the perturbing elements of the covariance matrix ∆(r) of
(∇2F (x),∇2F (y)|∇F (x) = ∇F (y) = 0).

• The Gaussian expectations K2 is analytic functions of the
of the perturbing elements of ∆(r).

• K2 is a smooth function, defined on some neighbourhood
of the origin.

• We can Taylor expand K2 around the origin.



Proof - Lemma

K2(r) =
1

(2π)5
√

detA(r)

∫

R6

|x1x3 − x22| · |x4x6 − x25|

× 1√
det∆(r)

exp

{
−1

2
xt∆(r)−1x

}
dx.

• For every r > 0 ∆(r) is symmetric =⇒ we diagonalise ∆(r):
∆(r) = P (r)tΛ(r)P (r)

• Compute the eigenvalues and eigenvectors of the perturbed
matrix ∆(r).

• Note that

1√
det∆(r)

exp{−1

2
xt∆(r)−1x} =

1√∏
λi(r)

exp{−1

2
(P (r)x)tΛ(r)−1P (r)x}.

• Change variable: z = P (r)x i.e. x = P (r)−1z.



Proof - Lemma

• Finally

K2(r)

=
1

(2π)5
√

detA(r)

∫

R6

∣∣f(r, z)
∣∣ exp

{
−1

2

6∑

i=1

z2i

}
dz

=
1

π52
√

3r2 +O(r4)

[ r2
384

∫

R6

z24z
2
6 exp

{
−1

2

6∑

i=1

z2i

}
dz +O(r4)

]

=
1

96
√

3π2
+O(r2).



And...
• E[N c

ρ (N c
ρ − 1) (N c

ρ − 2)]∗ = ∗O(ρ6)

=⇒ P(N c
ρ = 2)∗ = ∗ 1

26 3
√
3
ρ4 +O(ρ6)

• Repulsion between saddles?



Thank You!


